Supplementary Material to \Optimal linear
discriminant analysis for hlgh -dimensional
functional data"

1 Notations

First we recall the basic notations used throughout the paper. For every J  p,,, consider

the diagonal matrices or structures

A; = diagfl,1; V0 0100; A = diagfl,;;::0; 14,0 A = diagfl, s 11; Vjsnt2r 0100,
A = diagfl,i; V00100, A§. = diagfl,;;::0; 14,0 A = diagf¥; o 115 Vjsnsor i1l 0,
we then denote several block matrices or structures as
A=diagfA;:j  pg AV =diagfA" :j  p.g; A® =diagfAP :j  pag;
Ar =diagfA; - j2Tg, AP =diagfAV 1 j 2Ty AP = diagfA? 1 j 2 Tg;
A= diangj ] Pa0; AM = diagff\g-l) ) Pag; A®) = diagf/if) ) pag;

~

Ap =diagfA;:j2Tg, AP =diagfAY 1 j2Tg;, AP = diagfA? 1 j 2 Tg:

Similar to the constructions of ) and (Tl ) welet @ = (?) SEESE ;(,?])/)’ with sub-vectors
SR ( Vo ;i01), and () a5 stacking £ ¥ : j 2 Tg i 1 Gi ind
j Jsn+1lr Gisn+2r--- ) T gr J g 1n a column. ven 1mdaex

sets T and N, we define several covariance matrices and structures as
1 . 1 . 1 1. (1. 1 1. (1.
Spp=var( ¢ Sy =var( )i gy =cov( 1 ¥ S =cov(1 1),
2 2)5. 2 2)5. 2 2). (2)\. 2 2). (2)\.
S = ) S = §) S = eon £ 9 S = eon( ;8

1,2 1. (2)y. 1,2 1. (2. 1,2 1. (2.
S =cov( ps i) SN =cov( W5 W) SR = cov( s )

[

1,2 N 2,1 2). (. 2,1 2). (1)y.
S = on( 5 P SED —eov( 5 ) B = eon( £ )

2,1 2). (1)y.
Sy = cov( ¥ V)



Similar to the constructions of the vectors (1), (1), (1), and (1), we define .(1), A(l),
T 1,7 2T T oI 1T
AS%, and Aél) as restricting the vectors i(l), Agl), Agl), and "M to the discriminant set T.

Given index sets T and N, we define several sample covariance matrices as

sO=fn 1SP+(n, 1sPg=(n 2);
S =F(m 1S+ (. 1)S§h,0=(n 2);
S\r =f(ni DS+ (ne 1)S{Rr0=(n 2);
where
>
1 1 ~(1 1 NONE .
sV= (7 G yEme
i€ Hy
X
1 1 ~(1 1 NONE .
st = (7 oI PyEme v
1€Ho
>
1 1 ~(1 1 (1) v/ .
Sthr= (2 “UpCE Ey=me 1,
i€H1
>
1 1 ~(1 1 NONE .
Sthr = (7 SpCE 8yEme 1y,
i€EH>
>
1 1 ~(1 1 ~(1) v/ .
sihr= (5% "T0CE Dy
i€Hq
>
1 1 ~(1 1 ~(1) v/ .
sihr= (3 "S0CE Hy=me 1)
i€EH>
Similar to the definitions of 5), gl), N 51%, élgp, and Tl), we denote for any *

22) :E( (Z)JY — s):(~§? ,1~§i21)/’
~(2 "2 ¢ . caee S T T
gj) = E( ]( )JY = ) = ( j,sn+1s  Lisp+21 -+ ), 2R )= 1, L P
22% formed by stacking ng) :J2Tg in a column,
2 _ @ (2). 2 _ ® (2.
= 2 1 T T 2T 1,7

1;2,



Similar to the constructions of () and ;1), we denote *(), ;(1), *(2) and ;(2) as
W) = (W ~(Y with each j(l) =( o )
;(1) formed by stacking f ;(1) :J2Tg in a column,
% *(2) ... .. *(2) . *(2 * .k A
@ = ( 1( Verrts pr(f) ) with each j( ) = ( Fontts genaariii)s
;(2) . formed by stacking f ;(2) :J2Tg in a column.

In the next section, we present the proofs of the main results, Theorems 1-2 and Corollary 1.

2 Proofs of Theorems 1-2 and Corollary 1

Proof of Theorem 1: Under conditions (A1) and (A2), property (i) holds directly from

Lemma 1. To show property (ii), first note that

A=( 7Sy 7)'2 =T LY (A Srer AT (A )"
X X
o PkAL? ke = ¢ Vi YR
JET* k=1
Together with condition (A3), it can be seen that

AT 1; as n?¥ 1 (1)

Hence, property (ii) holds from (6) in the main paper and (1). To show property (iii), first

note that
AW =F1 o(r,!) +o(r,? YgAa ¥ 1 (2)
by Lemma 1 and (1). Moreover, by definition, it is not hard to verify that

R()FR( W)= (14 200)( 1+ 20)7'Qs; (3)



where

=@ A=2+]log( 1= 2)=A)=®( A=2+log( 2= 1)=A);
Qg :(I)( A(l):2+10g( 1= 2):A(1)):®< A(l):2+10g< o= 1):A(1)),

Qs = &( A=24log( o= 1)=A)=d( AW=2 4 log( ,= 1)=AW):
For the term €2¢, it can be rewritten as
O =0 %/2(1+#,)=0( %/%); (4)

where %, = FA=2 log( 2= 1)=Ag? and #, = 4log( 2= 1)=FA? 2log( o= 1)g. Since

%, ¥ A1 and %,#, ¥ log( 2= ;) under (1), we immediately conclude that

by applying Lemma 1 of Shao et al. (2011) to (4). Similar argument leads to
Q, ¥ ,= g (6)
For the term (13, it can be expressed as
Q= O( %,/2(1+#,))=0( B/*); (7)

where %, = FAM=2 log( 4= 1)=AWg2 and #, = [FAAD+2log( 4= 1)g(A AM)=FAAD?2

2log( 2= 1)Ag. Based on (2) and (A3), one can show that
%, ¥ A %,#, 1O
Together with (7) and Lemma 1 of Shao et al. (2011), it can be concluded that
Q; ¥ 1.

Together with (3), (5) and (6), we have R( *)=R°( (V) ¥ 1, which completes the proof. [

4



Remark: Although not part of the proof, it is important to justify that the ideal classifier

in (3) of the main article is really the optimal rule. By definition, we have

which implies
29y =1 N2 1), 225y =20 N2 400):
Therefore, the conditional density functions of z = £1%/2  take the form:
f.(zjY =i) Zexpf 273z XV )Yz =MV2 )g;, for i=1;2

By change of variables, the conditional density functions of = X2



where Vr is defined in (16) of the main paper and

Vr = fninon~t(n - 2) 7 'gfl + nA%)/S;(pl%flf\(Tl)msgn( (Tl))g 1+

_ 1 A1) (D=1 A(1) —1g(l)=1(1 1)—13 (1)1/2 1)y.
fmont(n o 27 sy ) TS s AR sen( g):

To prove property (i), based on (8), (9) and the Karush-Kuhn-Tucker conditions, it is

sufficient to show that there exist positive constants Cs; Cg = 0 such that

P fninon'(n 2)7'g°Y S8 4+ ninpni(in - 2)7 Wi, =
AP sgn(Ur) 1 [P 0a)S.07" + (0a8.) ! + Flog(n)g '+

exp( N 1=12) +exp( N 2=12)]; (10)
and

P AP fmon~tin - 2)7'g"Y S+ nmoniin 2P 'g

Vo w1 cs[f(pn 90)Sn@ "+ (GnSn) "t + Flog(n)g~ '+

o0

exp( N 1=12) +exp( n ,=12)]: (11)

Note that the random quantity S](\PT can be expressed as S](\})T = f(n, 1)881)\@ + (N,
P
) 1 1 ~(1 D A1)y 1
DS5xrg=(n 2), where S{3r = (i UM Tip)E(m 1) and 853 =
P
ic, 1(1]3, Aglj)v)( Z(lT) Agl%)’ =(ny 1). Since Vr is the solution to the convex optimization

problem specified in Lemma 2, the first order condition together with Lemma 11 yields (10)

immediately. To show (11), we first note that

AP fninpni(n 2)7'g"Y £SU) + ninpni(n 2)7! (12)

AJ(\})A:(Fl)/gVT o0 1+kA§\1f)_1/2A5\?1/2 Lo —an)snKmax KWKo,

where ¥ = AR S0 + mnent(n - 2710 Pgur  faimoni(in - 2)7lg° . By



definition, conditional on any nonempty set Y, =vy,07 , \ M,,
(n 2)ADPSOAWAZIFY, —y,gl N M,

Wishart(n ~ 2JAW=1/2nMAMD=1/2y: (13)

where the set M,, = f =2 n,=n 3 1=2g \ T =2 Ny=n 3 2=2¢ is defined in

Lemma 3. Moreover, conditional on any nonempty fY; = y;g" ; \ M,,,
(n 2)AD2gWAM-12 5 ~(),

where the symbol ? means independent of. Together with (13), it can be concluded that
there exists a collection 2,9~ 2 of N 2 random vectors in RPr*n satisfying (14) to (16) as

follows.

>
(n 2)AD2SWAL-Y2 7,7 (14)

=1

Conditional on any nonempty set fY; =y;0 ; \ M,,,
fz,gr-2 2 W (15)

Conditional on any nonempty set fY; =vy,07 , \ M,,
ZifY; =y, \ M, "IN (0 AD2SOAM=2y g 2 (16)

For each | = 1;:::;n 2, we write the vector Z; = (Z~l’1; iz ) 2 RP*n with sub-

vectors Z~lj = (Zij1;:11,Z1js,)” 2 R°. Similarly, for each | = 1;::5;n 2, we let Z;p =

(21/1; e 'Z’ ) 2R™n and Z; v = (Z~l’ PIIETRE Z’ )2 R(Pn=an)sn  Accordingly, we denote

ZT :[Zl,T; e Zn_27T] 2 RCInSnX(n—Q);

ZN :[Zl»N; i Zn—Q,N] 2 R(Pn—Qn)snX(n—Q); (17)



It follows from (15) and (17) that conditional on nonempty set fY; =y,07; \ M,,,
z ? "W (18)
Based on (14) and (17), it can be observed that

(n DAYISEAD Y = 2 Z) = A SO A2, 2

Wy AP zZ o)
The terms Zy A%)fl/QE%)TZ(Tl%flA(TmQZT and Zr can be expressed as

Zy  AYTE R TAN Yz =Wz W2, ),

where

W = [ Ag\}')_l/ng\lf’)ng}'])“_lA,(Tl)l/2; I(pn_qn)sn] 2 R(pn—Qn)SnXpnsn;

* . gnSn Xpnsn-
W* = [IQnsn' OQnSnX(pn—Qn)Sn] 2R .

Based on (16) and (20), it can be deduced that

2 3
WZ, ii.d
8 L =y \M, (21)
W+*Z,
2 3
1)—1/2 1 1 1)—-1w(1 1)—-1/2 1
AV NN IRRSETERNAR T Opn-—quisnxansn 5
N Opnsnxl; l
1)-1/2(1 1)—-1/2
OQnSnX(pn —(In)Sn A’g—') / Z;%A;) /

for I = 1;:::;n 2. Hence, by combining (16), (20) with (21), it can be concluded that

conditional on any nonempty set fY; =y;,g" , \ M,,,

Zr ? Zy AP Q U027 (22)



Note that (18) entails that conditional on any nonempty set fY; = y,07; \ M,,,

~(1 . 1)-1/2(1 1)—1 1/2
W2 £z zy AV TR0 IAD Yz,

D2z AP 2
W2z

Piecing (22) and (23) together yields that conditional on any nonempty set fY; =y;07; \

M,
W zrg 2 zy APPSR s AWRZ, (24)

(D-1/2 (1)
AN N

In a similar fashion, the quantity can be decomposed into

1/2 A 1)—1/2 1 1 1)—1 (1) 1)—-1/2 1)—1.(1).
AD=Y2-@) _ AD=120+) $0) SM-1-0)y | AD-1/250) $0)-1+0), (25)

It is not difficult to verify that conditional on any nonempty set Y, =vy,0” , \ M,,

2 3 2 3
AP sl Y st )
Y, =v.0" ,\M
1)—1/2 ~(1 n-1/2 (1
A(T) / ;) A(T) / ;)
(26)
2 3
1)-1/2 1) w(1)-1x(1 1)—1/2 1
AV ERN SRS ER)AY Y Opm—ampsnxansn 5 °
nn;'ny? ;
D—=1/2¢(1) 4 (1)—1/2
anSnX(Pn—‘In)Sn Ag“) / 25“7)"/\5“) /
which further entails that conditional on any nonempty set fY; =y;g" ; \ M,,,
~(1 ~(1 1) (1)—1~(1).
O 2 P s )



Based on (18), it is seen that conditional on any nonempty set fY; =y,97 ;, \ M,,,

ze 2 Y U g
~(1 1) «(1)=1~(1).
zr ? Y SEIe P (28)
z; 2 W
Together with (27) yields that conditional on any nonempty set fY; =y,97;, \ M,,,

Pz 2 P S 2

Moreover, using (19) and (25), elementary algebra yields that

U =10 I, II3 Tl (30)
with
M= 272y AV SRSy A Z0) Ze Ay
IL = #AR 720N SR
= PRGN P A 1 el )
Iy = AP 280 s AW 260 1),
where

#=fnn,n"'(n  2)'gfl + né”'Sé}%‘lAéf)”ngn( (Tl))g

1+ fnin,n~t(n 2>719A;1)’Sé1%—h;1) -1,

Similar arguments as in the proof of Lemma 11 indicates that there exist universal constants
c; > 0 and C9 > g > 0 such that with probability at least 1  ¢7[(q,S,)"" + Flog(n)g~! +

exp( N 1=12) +exp( N »=12)],
fF SO O E o S g @

10



For the term II;, it can be decomposed into

=", Y (32)

T, :#(n 2)71(ZN AS)_IMES\%Z%{_ A(T 1/2Z )ZTA I/QS;% 1A;1);

To= o(n 2712y AP0 0 ANz, 20 ADVES DT A 2son (- (D):

At this point, we denote fejgg»’:l_q”)sn as the standard basis in R®n—®)sn  Moreover, ac-

cording to (20), (21) and (24), it can be deduced that conditional on any nonempty set

Y, =y, \ M, \ ng); Zrg and for any j  (Pn 0n)Sn,

(Zx AN TPENSr AP Zr) e Y = yigl N ML\ Zig

N O FEAD T, SOOSIAD gl

which implies that conditional on any nonempty set fY; =vy,0, \M,, \fAél); Zrg and for

any j  (Pn Gn)Sn,
e;»Tl 'I:YZ = Yig?:1 \ Mn\fAéwl),ZTg N(O,F]),
with each

; _ 1)-1/2 (1 1) «(1)=15(1) \ A (D)=1/2 (1) 1
L=#(n 27 Ay Sy SRS SR)AY g r sy

#n 27 p sy
Together with the maximal inequality, we have that for any t 0,

P kYikse tFY;=vyigl, \M,\F:;Z.qg

2P Gu)Snexp  ATE ST Wgting?

11






with each

5= an o 2) AR TSNy SRS T SE)AY T Peafsen( ;)

]\(T 1/2STT A 1/2sgn( (Tl))g

w(n2) Msgu( YA ST AL Psen( )g:

n

Together with maximal inequality, we have that for any t 0,

P KTokse tFY; =ygr, \ M, \F;Zg

2Pn Gu)Snexp 471 Fsgn( WYADV2STTAW 250y (- (g Int?

Setting t = [8 2fsgn( WYAWYASIIT A 250n (- D)glogf(p,  4n)S.0=N]"/2 in the above

inequality yields
P KTokeo [8 2Fsgn( ¢)ATSETAR Psgn( §))g]"?
logf(p,  Gn)s.0=n]""2 FY; = y,g7, \ M, \ F"{); Z1g

1 2f(p, 0.)8.9°"

Together with similar reasoning as in (34), one has

P kY. [8 ifsgn( ;1))/\%)1/28 A )1/2Sgn( (1))9]1/2

1/2

logf(p, 0,)s,0=N]

1 C13[f(pn qn)sng_l +6Xp( n 1:12) —|-6Xp( n 2:12)]'

for some universal constant ¢i3 = 0. Then, it follows from the above inequality and
Lemma 9 that there exist universal constants Cy4;C;5 = 0 such that with probability at

least 1 Cuu[f(Pn  0n)Sn@7 " + (4.Sn) "t + Flog(n)g™ +exp( N 1=12) +exp( n ,=12)],

1/2

KYoKs  C15(0,,Sn logf(p,  0,)S,0=N]"* ,:

13






For the term I3, it follows from condition (C2) and Lemma 5 that there exist universal
constants Cop; Co2 > 0 such that with probability at least 1 €91 %(,S,) ' +exp( n 1=12)+
exp( N ,=12)g, we have KIl3k,,  CooFq,S, log(q,S,)=ng"/? ,. Together with (37), (36)
and (30), there exists a universal constant Co3 > 0 such that with probability at least
1 Cos[f(Pn  0n)Sng '+ (0nSn) ' + Flog(n)g~' +exp( N 1=12) +exp( N 5=12)], we have
KUk, (1 =2) ,. Together with (12) and Lemma 6, the assertion (11) holds trivially,
which completes the proof of property (i). To show property (iii), we recall that v =
(V5;0') 2 RPrsn - where Vrp is defined in Lemma 2. Together with (9), we have that there
exists a universal constants €y > 0 such that with probability at least 1 Co4F(q,S,) " +

flog(n)g™" +exp( n 1=12) +exp( N »=12)g,
R(V) = R*(V) = 1 + 20 (38)
where

Q=0 vl ) 27 4+ ST g Vg Flog(ne=ny )g

Q=0 Vi ( él)T gl)T) 2710, 1 RS rgfL g Flog(na=n, g

Also recalling from (11) of the main paper that

RE( W)= 10+ 50 (39)
with
Q= f 2(1) 1 T1)91/2+10g( o= )F ;1) E(1) 1 (T1)g_1/2 ;
Q=0 27 ST g dog( o= )F PR g

15



We denote a,, b,, X,, and U,, as

a, =47 PSR W by =log( 0= )F VSR PgT

X, = 20"\ 1)+ v Wefvsiveg 2 E WS g



For the term V’TSFSFI%VT, using (42), we have

VpSvp =#2 W=t 4y 41y, (44)

where 1, = #2-'SW-T-0 g2 (YS@-1 O 1 el Wy RaN/2gM-1

Al )l/zsgn( (1)) I, = 2# nAél)/S(Tl% A(1)1/2sgn( gpl)) For the term 1;, since jlj
#] A;I)/S(Tl%_l Aé” ;1)'2;1%_1 ;Dj—i-j# # (2#ti+j# #) ;1)/2(;%_1 ;1)7 it follows from Lem-
ma 4, (31), (41), and (43) that there exist constants Ca7; Cos = 0 such that with probability

at least 1 Co7[(0,S,) ™! + Flog(n)g™ + exp( N 1=12) +exp( N »=12)],

jli cosf st Mg g, s,=n + floglog(n)=ng"/?] + cps F (V51 Bg-1/2

[(GnSn)*?=n + 0,5, 1og(0,,S,)=ng"/* + g, log log(n)=ng'/*:

To bound the term Iy, since jloj < 20,8, 1+ fsgn( {yAW2g0)1 A2
sgn( Mg Fsgn( (1)) A(l)l/QZ(Tl%_lA(Tl)l/ngn( i(pl))g*1 1 , it follows from Lemma 9 that
there exist universal constants Cyg; C390 > 0 such that with probability at least 1 Cog[(0,S,) '+

flog(N)g=! +exp( N 1=12) +exp( N »=12)],

o 2
J I 2J CSO nqnsn

(1) 1A(1)1/2 (1)) ;1)’E(Tl%—1A(T1)1/2

For the term I3, since jlsj 2 oj# | T S sgn(
sgn( i+ 21 £, WsWTIADY 2600 Mg, it follows from Lemma 10, (93) and (31)
that there exist constants C31; €32 > 0 such that with probability at least 1 ¢31[(q,S,) ' +

flog(n)g~" +exp( N 1=12) +exp( N »=12)],
j|3j C32( iqnsn)lﬂf T g_l/z:

By combining the above three inequalities with (44), we have that there exist universal

constants C33; €34 => 0 such that with probability at least 1 €33[(0.S,) " + flog(n)g™" +

17



exp( N 1=12) +exp( N »=12)],

/

9800 # s ) e ( 2q,s,) V2 (Unl)t g2, (45)

Since VrSppVr VeSVnl  max(AP ST IAY KA A (S5 SE)AY T ke S i,
it follows from Lemma 7 and Lemma 8 that there exist constants Css;C3s = 0 such that

with probability at least 1 ¢35F(q,S,) ! +exp( n 1=12) +exp( N »=12)g,

9800 U csefa?s? log(q,8,)=ng S vy (46)

For the term V7, A:(Fl), using (42) again, it has the form

VoW =& WS 0 Ly, vy, (47)
where V, = #Aj(ﬂl)fs(;%q Ag) & 7(})/2(;%4 7(}) and Vy = nAj(“l)/S;lq): Al )1/2Sgn( (Tl)> q.

ince jVij  j# j° T () e (Tl) ;1)/2(;%_1 §l)j +j# #H r}l),E%)p_l r}l), it follows from
Lemma 4, (31), (43) and (41) that there exist universal constants Cs7; C3s = 0 such that
with probability at least 1 C37[(0,S,) " + Flog(n)g™! + exp( N 1=12) + exp( n ,=12)],
iVij  Css[0nSn=n + Floglog(n)=ng"/?] + cs5 ,F (V'm0 Mgl
[(0,8,)%%=n + fq,S,, 10g(q,S,)=ng"/* + q,s, log log(n)=ng"/?:
Since [Voj  j"p Spp AP Psen( 1)) BV ST AR Psen( )i g ST AR Psen( 1),
it holds from Lemma 10, (93), and (41) that there exist constants Csg;Cso > 0 such that
with probability at least 1 C39[(0,S,) ™! + flog(n)g™ + exp( N ;=12) + exp( N »=12)],
Vai il 2008 S g
By combining the above two inequalities with (47), we conclude that there exist universal

constants C41; €42 => 0 such that with probability at least 1 €41[(0.S,) " + flog(n)g™" +

exp( N 1=12) +exp( N 9=12)],
o # WSO Vi el 2gus,)V2F SR Pgt: (48)

18



Moreover, using (31), (45), (46), (48), and the fact that 2g,s, ;1) E(T% ! (Tl) = 0(1), ele-

mentary calculation indicates that

2a/%(U, b,) =0,(1): (49)

For the term V/.( Agl)T gl)T), it follows from (42) and Holder’s inequality that

s A (1 1)\: 1)-1/2, ~(1 1 1)1/2a(1)=1, (1)1/2y 1/2
A &,%)J KA T2 ke aSn max(AR 28 TTADY?)
i s g 2+ fsgn( WYARESEITTAD Y 2sgn( (D)g! 2

Together with Lemma 4, Lemma 8, Lemma 9 and (31), it can be deduced that there
exist universal constants C43;C44 > 0 such that with probability at least 1  ¢43[(0,S,) " +

flog(N)g=! +exp( N 1=12) +exp( N »=12)],
rCUr il ca(@s)V VST e KA T O ke (50)
To bound the term kA(Tl)_1/2( Agl)T f%)koo, note that
APTECIE ) B =g N My N AR TS AL T,
Union bound inequality and the concentration inequality imply that for any t 0,
P kAP0 ke tFYi=yigl )\ M, 2q,5,expf ( 1=4)nt%g:

)—1/2( A§1

Plugging t = ¢45flog(,S,)=ng"/? with ¢45 = (8= 1)'/? into the above yields P k/\gp1 )T

— o~

})T)koo cusFlog(g,8,)=ng"/? fY; = y,g, \ M,, 1 2(0,S,)"'. Together with
Lemma 3, it can be deduced that P kA(Tl)_l/Q(“(&)F gl)T)koo c45Flog(q,S,)=ng*/?

1 2f(9,S,) ' +exp( n 1=12)+exp( n ,=12)g. Together with (50), there exist universal
constants Cy6; C47 > 0 such that with probability at least 1 C4[(9,S,) " + Flog(n)g™ +
exp( N 1=12) +exp( N »=12)],

(8 i e SR gl g,s, log(g,8,)=ng /2
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Together with (31), (45), (46), (48), and conditions (C2)—(C5), it is seen that 4a,X,, =

0,(1). Together with (49), (41), (40), and Lemma 12, it can be concluded that
Q= 81,  orwo: (51)

Similar argument leads to Q=05 ¥ 1, Q5 ¥ 0. Together with (38), (39), and (51), it holds
that R°(V)=R°( M) § 1, R°( ) ¥ 0, which completes the proof. O
Proof of Corollary 1: It follows directly from Theorems 1 and 2. O

In the next section, we present all the auxiliary lemmas with their proofs.

3 Auxiliary lemmas with their proofs

Lemma 1. Assume the following conditions (a){(b):

(a) C1 min(AT1/2ZAT1/2) maX(AT1/2EAT1/2) Ca,
i (AR OAD=L2)AO=125W A1) g,
for some universal constants 0 < ¢; < Cs.

P P

(b) JET™ Zo:s,ﬁ-l Lk j*l? = o(minjer- 2, Lk ]*k)
Then we have the following properties:

1) N N*and T* T.

2) A2 = F1 +o(r;) +o(r, /2 Y?)gA2,

where the parameter ,, = ( ;W' REn@igED =)= =D50) =y
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Proof of Lemma 1: First of all, we note that the equation ¥ * = is equivalent to
2

1 1 1,2 1,2
S S s S



Together with the triangle inequality, we have

1)—1/2 1 1)—1 *(1
A, SR
Ay T%m D

N1_122121_212 *(2 « —-1/2 *(2 .
k SV) / 5\7)1 (1 1) I'N ]\/g)k k / SVN) N()kQ’
which further 1mphes that

KAD-V2(50) 50 S0-190) sy
SIS S0l S

AP S K S &

Based on condition (a) and Lemma 14, it is trivial to show that

1)-1/2 1 1 1)-1¢(1 1)-1/2
o AP, S A

_ 1)1/2 1 1 1)—1w(1) \— 1)1/2 .
- o AR, sSSP o &

max

for the universal constant ¢; > 0 defined in condition (a). Hence, for the term kAS\l,)fl/ 2(25\1&

2 en )y W2 we have

PR SRR $
o e AV SUEOTER) AT R SUEATER) (g
APTEAPRE, SRR

(A SOYEAY TS, SRR A Al )

kAR VK (56)

where the first inequality is by (55), and the last inequality is also based on (55). According
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to condition (a) and Lemma 14 again, we have

win ARISRNAYYE = L AYTERARTT (57)
min AR TENRADTYE e (58)
o A2 SIS -t A2e ) D12 s
o ADNEZREDEMIISO2 O enps@ e g

for the universal constants ¢; and €y defined in condition (a). Thus, for the term

kAP 250) SIS0 =22 e have

kA 1/225\1[)TETT 2TT ; k2

11/2 1)1/2 1 1)-1¢(1,2) *(2 1)—1/2 4, (1)—1/2 1 1)-1¢(1,2) *(2
o AV A (S SIS YDA S S )

1 1)—1 1,2) *(2 1)—1 1 1)—1 1,2) *(2
TP A 3 e D v O U Y LA ST
e PSSO KA 0
1,2) =* 2 1)1/2 1)1/2 1)—1 1,2) *(2
Cg(z() E( ) )(A()/ A()/ )(E() E’EFT) T( ))

TTT

— 1)-1/2(1 1)—-1/2 1,2)  *( 1)1/2 4 (1)1/2 1,2) (2
G AN (SIS SO AP S 1)

201 ADNRREDSD-1902) @12 @12 22

C3C1 " max

_ 2)1/2 %(2 .
CgCllkAgw)/ T( )kg’

where the first inequality is by (57), the fourth inequality follows from (59), the fifth
inequality is based on (58), and the last inequality is according to (60). Likewise, for the

term kA 1/225\1@2) ; k%, we have

kA 1/2 (1,2) *(2)k2 CgkA 1/2 *( kQ

YNT T
In a similar fashion, for the term kAg\l,)_l/Qilg\,)TZ(l) 12%5) ;ﬁQ)kQ we have

kAY TR sl WK el kAR WK
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In addition, for the term kKA ™/2502) *@2 one has

1)-1/2(1,2) *(2 1,2) *(2 1)—1/2 , (1)—1/2 1,2) *(2
APPSR G = (S YA SR )

ADY252 (D=1 4 (1172

12) (2 D=1/2 5 (1)=1/2+ r(1,2) #(2
Co min Ay NN DN (EEVN) N())/(A() /Agv) /)(2( ) ())

N NN N
2)1/2 (2 2)11/2« (2,1 1)—-1¢ (1,2 2)t1/2 2)1/2 (2
csAGE YA SIS AT AR )

o e AQTIEEDSOISIDAD A g

Cr e AQTVZE@ AGN/2 ) \@1/2 +@)2

n () 277927 7853 2179701 503801 230539352 () 2911 9552 27 78512 241

(1)

247 9411



where the third equality follows from T* T. For the term ;(2)IE¥% ;(2) , we have

W ) AON/2R0) AGN/2 A2 @)

T T T
> X ) X ) X )
C2 Vi jk CQO(I.ngI} Vi j&)  Caryo( Vi &)
JET* k=sn+1 J k=1 JjET* k=1
> XX
Cor o Ve 02 i ARPSpen AR (AN )oY
JET* k=1
*/ * -1 2 —1y.
( 7Xper= .)o(r,t)  Ao(r,'); (63)

where the last inequality is by (62). Regarding the term ;(1)/2(;7’12 ) ;(2), one has
C (1) (1,2) *(2); 1/2 #( 1/2 *(2)), .
J T( : 2(TT) T( 'j kA o (TT T Yy kA W T Piey:

For the term kAg?)“/QEg’Tl) ;(l)kg, we have

(D5@SED) 1) ¢ 150 =)

TT ) ~ n T T T

2)t1/2(2,1) *(1 (1)
kA / TT) ()k2< T()(Z

1/2 2 2.
KALE RIS 0 B D RS WA

where the last inequality is by (62). For the term KA} ()1/2 x( 2)k2 one has

> X X

kAT 22K S kAR PG So(min Ly ) S e S20(r,t) S A%(r;h):
JET™

k=1 JET* k=1

To this end, based on the above three inequalities, we have

j ;1) 2(12 >s<(2)J < AQ ( —-1/2 2/2): (64)

For the term :*p(l)lE(Tl% ;(1), we have

(1) 1) _ W1 (1)

*(1 1 1 *(1 1 *(1) (1 *(1 1
T Xt T = 17 X7 T (T() (T))/E()( W (T))+2T()Z()( . (T))

Tr\ T T\ T

') (1) @) @Dy

—1v(1,2) (2 *(l)’ (12) *(2)
= T “TT T T TT “TT Z(TT) @ 2 E

T
1) «(1 1 *(2) < (2) *(2 *(1 1,2) *(2
_ s Pow R 0 2 g

= 2 Spr ¢+ A%(r ),
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where the second equality follows from (61), and the last equality is based on (63) and
(64). Together with (64), (63) and (62), it can be concluded that AM2? = 1 + o(r; ') +
0(r;1/2 +*)gA?, which completes the proof. O
Lemma 2. Assume the invertibility of S,}l% and consider the following optimization prob-

lem:
i

Vir Ay vy san( )

(1) NiNa 1)~y v nny
nn 27 7 " nn 27

1

. /
min =V S
vreRansn 21 TIT

where vy = (vi;:::;V/

qn)' with sub-vectors v; = (v;1;:::;V,s,) 2 R*. Let Vp be the

solution of this optimization problem where vp = (Vi;:::;V/
(Vj1;::0;V56,) 2 R*n, then we have:
Vr =fninon'(n - 2) lgfl 4+, SEITADY 2500 (D)g
L+ funont(n 2)7'g sy ) sl sy AR Psgn( ):
Proof of Lemma 2: The proof is analogous to that of Lemma 16. m
Lemma 3. De ne the events M,, and M as
M,=TF =2 nm=n 3 =20\ T =2 ny=n 3 ,=2g;
M:=F | ;=4 nn,=n* 9 | ,=4g:
Then we have the following properties:
1) P(M,) 1 2exp( n ;=12) 2exp( n »=12).
2) P(M;) 1 2exp( n 1=12) 2exp( n 5=12).
Proof of Lemma 3: First of all, note that n;  Binomial(n; ;). Invoking the chernoff tail

bounds for binomial random variables, we have that for any 2 [0;1],
Pfn, (1+ )n ;g exp( n ; 2=3);

Pfn, (1 )n g exp( n; ?=3):
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Then, we substitute = 1=2 into the above two inequalities to obtain

P(nlzn 3 1:2) exp( n 1:12),

P(n1=n 1:2) exp( n 1:12): (65)
Accordingly, we have

P( 1=2 n{=n 3 1=2) =1 P(n1=n >3 1=2) P(n1=n < 1=2>

1 2exp( n ;=12);
where the last inequality is by (65). By symmetry, one has
P( 272 ny=n 3 5=2) 1 2exp( n »=12):

To this end, based on the above two inequalities, we can deduce that P (M,,) 1
2exp( n 1=12)  2exp( N 5=12), which completes the proof of 1). Property 2) follows

from the fact that M,, M*. O

n

Lemma 4. For any % 2 (e7"/1%°;1=100), de ne the event M, (%) as

n
Ma,(h) = “/Spp 8 7780 1) S dusemn 4 log(h7)=n

+ GuS,=n + Flog()=ng!/? £ Vs 1



Proof of Lemma 4: First of all, note that

A1) o(1)=1A(1 1Y «(1)-1 (1
P P Y

(1) =~ (1) 57(1)=1~(1)

A(1) w(1)—=1 ~(1) 1)« (1)=1 1)y, ~1) a(1)=1 4
:(ZI(“EEF% CI(“ C(F)ETC)F i(r))(é“)si(rT T T T T 1)

(1) 53 ()=1 (1)~ (1) g()=1~ (1)~ (1) §7(1) =1 ~(1) ~(1) 57 (1) =1~ (1) 1)/ (D=1 (D).
T 3 (T N CES 1Y U auis G DINEY (VD AR L 5 A o

which implies that
(1) e ()=1~(1 1)/ ~(1)—1 (1);
FESED )

A1) w()-1A(1 1 «(1)=1 (1): :~(1)a(1)=1A(1)_~(1) «(1)—1(1 .
ST P ) s Pt

1D w(1)=1 (1);~(1) a(1)=1~(1)_ ~(1) =(1)=1 (1 C (1) (1) =1 (1 1) «(1)-1 (1);.

+ P Py s P s Y u+ig s P P

Together with Lemma 18 and Lemma 19, we conclude that with probability at least 1
4%  4dexp( n 1=12) 4dexp( n 9=12),

A1) o(1)-14(1
oW g-1-0)

1) «(1)—1
0RO} (1) 5(1)

T &TT ;l)j <4uSn=n +log(%")=n + g,s,=n + Flog(%~')=ng"’?
£ Mg+ g teng e Vs g
which completes the proof. O
Lemma 5. Assume the following condition (a):
() log(qns.) = o(n).
Then there exist universal constants ¢; > 0 and ¢, > 0 such that:
1) P KAVAD ™ 1K CiFlog(ges,)=ngt? 1 coF(q,s,) !

+exp( N 1=12) +exp( N »=12)g.

2) P KAWADYT 1 Knax  CiFlog(,s,)=ngY2 1 coF(g,S,) !

+exp( N ;=12) +exp( N ,=12)g.
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3) P KAWYEAD T2 K CiFlog(0.S,)=ng2 1 coF(Q,S,) !

+exp( N 1=12) +exp( N »=12)g.

4) P kAWYZADTZ K CiFlog(0,S,)=ngY2 1 coF(g,S,)

+exp( N 1=12) +exp( n 2=12)g.
Note that 1,,,, denotes the q,s,, 0,S, identity matrix.

Proof of Lemma 5: Before showing the Lemma, we prepare some notations. For any
sub-exponential random variable X, its sub-exponential norm is denoted as kXk, =
supq21q*1fE(ij‘1)gl/‘1. Now, we are in a position to start the proof. First of all, no-

tice that

kAg})Ag})_l IfInSn kmax - I?EaTX IkIELlGi(J !]k !]791 1J (66>

Moreover, by definition, we have that for every j 2T and k s,

h x> < i
L,=n 2)7'n (ijk Lk)2=n 4Ny (irjk oik) =Ny
1€Hq i'eHp
h > < i
(n 2)7' ny( ijk=N1 k) + ny( injk =2 2ik)?
11€H, i2€H

which implies that for every j 2 T and K s,

—1 -1 -1 > —1/2 2
i€Hq

-1 —1>< —-1/2 2
+(n 2)7ny n, U7 20)9”

i'€H>
X
_ _ — 2
(n 27'mnt P00 )
i1€H,
<X
_ _ — 2 _
(n 2 'enyt P00 o) 20 2)7h
i2€EH
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Together with (66), we obtain

KASAD ™l K 207 MYy + 207 00Ty + 207 Y3+ 207", T3 + 307 (67)

. 1 —1/2 2 .
To=mamang' PGP0 gt L
n
- 1€H,
. 1 -1/2 2 .
Lo=mapomac iyt PP 08 13
n
- i'€H>
. > 12
Ty = Tea%(giix n; L (irjk Ljk)
=°n
11€H1
. 1 —-1/2 .
To=mgrpr et G o)
- 12€H?

At this point, note that for every i 2 Hy;j  0,;K S,, the sub-exponential norms of the

sub-exponential random variables f!j_kl/ 2( ik ljk)gg satisfy
kF12( )97k 4 ;2e%°g: 68
Vi "Cae 1uk)9'ky  maxFd ;2e7°g: (68)

For the term T, conditional on any nonempty fY; = y;g” ; \ M,,, one can show that for

any t O,

PYT, tfY,=y0.,\M,

>X X h X , i
P nl_ f!]kz ( ijk ljk)g 1 t sz = yig:‘L:l \ Mn
GET k<sn i€Hy
20,8, exp €y minft?; tgn ; (69)

for some universal constant ¢; > 0, where the first inequality holds from the union bound
inequality, and the second inequality follows from (68) and the Bernstein inequality in

Lemma H.2 of Ning and Liu (2017). Similar reasoning gives the result that for any t 0,
PY, tfY,=v,g",\M, 20,S,exp C,minft*tgn ; (70)
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for some universal constant ¢, > 0. Regarding the term T3, it is clear that for any t 0,

PT; tfY,=y,00,\M,

>X X h X p i
P ny Vi "Cage e) Ut =v00, \ M,
JET k<sn i1€H,
20,,S, exp(  Cc3nt?); (71)

for some universal constant ¢3 > 0, where the first inequality is based on the union bound
inequality, and the second inequality follows from Hoeffding inequality. Similar argument

leads to the result that for any t 0,
PY, tfY,=v,g",\M, 2g,S,exp( c4nt?); (72)

for some universal constant ¢4 > 0. To this end, conditional on any nonempty FY; =
Y01 \ M, it can be deduced that for any t 0,

P KAWAD™ 1 o Koax T Y =g, \ M,

P 2n'ni Y +2n" 'y Yy +2n7'ny Y3 +2ntnp Y+ 307t t

Y, =vy.00,\ M,

PY +To+T5+T24+nt st fY; =vy,g, \ M,

PY, 5'tfY,=y0",\M, +P Ty, 5 'ctfY,=y,0", \M,

+P Ty 522 FY, =yigl, \ M,

+P T, 522 EY =yt \ M,

+P n !t 5t FY; = yi0l, \ M,

40,Snexp  Cgminft?; tgn 4+ 4q,S, exp( cgnt) +P (Nt 57'cst)

80nSnexp  Ceminft?;tgn +P(n~t  57'cst);
for some carefully chosen universal constants ¢; > 0 and ¢s > 0, where the first inequality
is by (67), the second inequality comes from the definition of M, in Lemma 3, the fourth
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inequality is based on (69), (70), (71) and (72). Accordingly, we set ¢; = (2¢5')/? and

substitute t = ¢;flog(q,s,)=ng"/? into the above inequality to obtain

P kfX(Tl)A(Tl)_1 losnKmax  CrFlog(0,8,)=ng"? FY; =y,g" .\ M, 1 8(g,s,) "
(73)

It then follows that

P KAYAD™ 1 o Knax  CrFlog(a,s,)=ng"/?
P KADVAY ™ 1yokma =ng"/? fY; = y,q" = Yig}
T T gnsn Nmax 7 Og(qnsn>_ng sz —yzgz‘:l P sz _yzgizl
{yitiLieEMn
X

1 8(g.s.)'g P fY;,=vig", =Ffl 8(g,s,) 'gP(M,)
{yi}iL 1 €EMn

1 8F(g,s,) ' H+exp( N 1=12) +exp( n »=12)g;

where the second inequality is by (73), and the last inequality follows from Lemma 3.
Therefore, property 1) holds from the above inequality. Moreover, it can be verified that

under the event k/A\gﬂl)Ag})fl lynsnKmax  CrFlog(d,s,)=ng'/? |
1) (1)-1 NOINOE! )
KASDAD ™ 1 ke 2KAADTY 1 K
Hence, based on the above two inequalities, we conclude that

P KAVAD™ 1 Knax  2¢7Flog(a,S,,)=ng"/>

1 8F(Q,s,) ' +exp( N 1=12) +exp( N 5=12)g; (74)

which completes the proof of property 2). Property 3) can be directly proved by using the
fact that kf\gpl)l/zAgpl)_l/z L sn Kmax k/igpl)A(Tl)_l ljnsnKmax. Likewise, one can show

property 4), which finishes the proof. ]

Lemma 6. Assume the following conditions (a){(b):
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F)
(@) sup;,, e <1, min(A%)) CoS,,* for some constants ¢, >0 and a > 1.

(b) s**logf(p, 0,.)s.g =o0(n).
Then there exist universal constants ¢; > 0 and ¢, > 0 such that:

1) P KAYAY ™ Tpnamsnkmae  Cillogf(pn 0a)S,0=n]"2 1 Go[f(p, Gu)S.g~' +

exp( N 1=12) +exp( n ,=12)].

2) P KAWAD™ 1y gskmax  CillogF(Dn  0,)8,070]"2 1 Co[f(pn Gn)Sng~ +

exp( N 1=12) +exp( n 9=12)].

3) P kAg\lf)l/QAS\lf)il/z I(pnfqn)sn kmax Cl[Ing(pn qn)sng:n]1/2 1 Co [f(pn

0n)Sng ™" +exp( N 1=12) +exp( N 9=12)].

4) P KAV PAY T M gsnkmax  Cillogf(p, Gu)s.g=n]Y2 1 coff(p,

0n)Sng ™" +exp( N 1=12) +exp( N 9=12)].

5) Pfdet(A\) 609 1 c[f(pn  0u)Sng ! +exp( N 1=12) +exp( N 5=12)].
Note that I, _,.)s, denotes the (p, 0,)S,  (Pn  Un)S, identity matrix.

Proof of Lemma 6: The proof of property 1) is analogous to that of property 1) in Lemma 5.
Then, it can be deduced that there exists c3 > 0 and ¢4 > 0 such that with probability at

least 1 c3[f(p,  Gn)Sn0 ' +exp( N 1=12) +exp( N 5=12)],
A1 1 Dy, 2 (1) 4 (1)=1 —a.
mm(AEV)) mzn(A§V)> max(AgV))kAgV)AgV) I(pn—qn)snkmax C4Sn ,
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where the last inequality is based on (a), (b) and property 1). As a result, property 5)
holds true from the above inequality. Finally, properties 2) to 4) can be derived in a similar

fashion as properties 2) to 4) in Lemma 5, which finishes the proof. O
Lemma 7. Assume the following condition (a):
() log(qnsn) = o(n).
Then there exist universal constants ¢; > 0 and ¢, > 0 such that:
P kAg})flmsé}%A(Tl)fl/z A%l)fl/zz(Tl%A(Tl)flka leqgsi log(qnsn)=ngl/2
1 cof(gnS,) ' +exp( n 1=12) +exp( N ,=12)g:
Proof of Lemma 7: First of all, we note that
KA TSN T2 AR TERRAR T Ky Qi+ Qe+ Qs+ Qu+ Q5 (75)
where

> h

_ _ ~1/2
0 =2n"'n,0,,S,max maxmax max n; ! L k/
J2€T k2<sn j1€T k1<sn - JirFL

1€

( ij1k1 1j1/€1)

i
172 . .
Voo Cigoka  1jaka)  COTT( jikas joka)
> h
0y =2n"'N0,,S n;! 112
g = 20, Sp,maxmaxmaxmax N,

j2€T kp<sn j1€T k1<sn . Jaka
i€EH>

( ij1k1 2j1]€1>

i
—-1/2 . .
!jzkzé ( ij2k2 2j2k2) COI‘I‘( Jjikis j2k2> ’

>

_ _ ~1/2
Q5 =2n"'n,0,,S,max maxmaxmax nll L k/
J2€T k2<sn j1€T k1<sn en Jak

1€

( i1j1k1 1j1k1)

n‘1>< U0 ok2)
1 = joka \ i1j2k2 1j2k2 )

i1€H,

_ _ ~1/2
Q4 =2n"'n,0,,S,max max max max n, ! Ly k/
j2€T k2<sn j1€T k1<sn . Js

ip€H>

(igjaks  2jak1)

X
n-t 2L k)
2 = joko \ i2j2k2 2j2k2 )

i2€H>2

Qs =4n"'q,,8,:
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For the term €2y, conditional on any nonempty fY; = y;0/"; \ M, it can be shown that

forany t 0,

> h
P maxmaxmaxmax Ny " l71/2( ok itk l.’l/Q( . Vinka)
j2€T ka<snji€Tki<sn © Juky R WA i j2kz | 112h2 T2k2
1€EHy
1
. —1 n
COH( Jikis jzkz) (3 1qnsn) t in =VYi0;—1 \ Mn
XX > X XX > h
P nt r1/2( N ) rl/z( y )
1 = jiky \ tjaka 1j1ka = ok \ ij2k2 1j2k2
J2€T kp=1j1€T k1=1 i€H

1
COH( jikis jzkz) (3 1qnsn)_1t in = yl‘g?:1 \ Mn

X > X >
2exp  ¢;nminf(q,s,) *t? (4.S,) " 'tg
Jo€T ka=1 j1€T k1 =1

—2(gusa)exp N minf(Q,S,) 2t (4.5,) g

for some universal constant ¢; > 0, where the first inequality is by the definition of M,
in Lemma 3, the second inequality holds from the union bound inequality, and the last
inequality is based on Bernstein inequality and the definition of M,,. To this end, we set
Co = (c;=3)""/2 and substitute t = ¢,fg2s? log(4,S,)=ng"/? into the above inequality to

obtain

P Q¢ fgs2log(q,s,)=ng"? FY; = y,g" . \M,,  2(g,s,) "% (76)
Similar reasoning yields that

P Qy csfg’s?log(q,s,)=ng"? Y, =yv,0" . \ M, 2(0.S,) " (77)

for some universal constant ¢c3 > 0. For the term (23, it is apparent to see that for any
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P Qs tfY,=vy0-,\M,

X > X XX » > 1 s
P !jlkl (ivjaka Ljakr) (3 10nSn) t
J2€T k2=1j1€T k1=1 i1€H,
X > X X » > 1
Y =yigie \ My, + P n Viro Cinjoka  1joka)
J2€T k2=1 j1€T k1=1 i1€H1

(3 1qnsn)_1/2t1/2 Y, =vy,0, \ M,

4(0,S,)? exp( canqy,'s,'t);

n

for some universal constant ¢, > 0, where the last inequality follows from Hoeffding inequal-
ity and the definition of M,,. Therefore, we set ¢5 = 3¢, ' and plug t = €50,,S,, 10g(q,S,)=n

into the above inequality to obtain

P Q3  C50,S,10g(0n8n)=n FY; = y,0', \ M, 4(q,8,)
Similar reasoning leads to

P Q4 C60,Snlog(0,S,)=n FY; =y, 0, \ M, 4(q,S,) "

for some universal constant ¢ > 0. Accordingly, we set C; = Cy + C3 + C5 + Cs + 1. By

combining the above two inequalities with (76), (77), and (75), it can be deduced that

P kAL TGl AW =2 A=) AD=121, eofg2s2 1og(,8,)=ng "2 FY; = yig7, \ M,

1 12(9,8,)" " (78)
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Finally, we have

=) kA(Tl)fl/zs(T1T)A(T1)71/2 A(Tl)fl/zz(Tl:)rA(Tl)fl/sz c7fq§silog(qnsn)=ngl/2

P IAWI2GI A2 A5 12
{yitL1EMn

C0,S, Flog(q,s,)=ng"? Y, =y,g, P Y, =yigl,

X
1 12(g.s.)"'g P fY,=vyg, =F1 12(q,s,) 'gP(M,)
{yi}{L1EMn

1 12f(q.s,) " +exp( n =12) +exp( N 5=12)g;

where the second inequality is by (78), and the last inequality follows from Lemma 3. This

completes the proof. O
Lemma 8. Assume the following conditions (a){(b):
@ q?msgL log(g.Sn) = o(n).

() ¢ (AYTEEWADT2y L (ART2ERANTY2) ¢, for some universal

constants 0 < ¢; < Cs.
Then we have the following properties:

1) There exist universal constants c; > 0 and ¢, > 0 such that

P(kAgﬂl)_l/Qsj(}%Agﬂl)_l/2k2 C3) 1 C4f(ann)_1+eXp( n 1=12)+6Xp( n 2:12)9

2) There exist universal constants ¢; > 0 and cg > 0 such that

PKAVZSITIAMY 2k, ) 1 cof(0uSn) ! +exp( N 1=12) +exp( N 5=12)g.
Proof of Lemma 8: First of all, we note that
kADT12gW AL, g AD=12g M AW=1/2 \W=1257(W AD=12) ) 4 ce
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where Cy is defined in condition (b). Together with condition (a) and Lemma 7, it can be
concluded that there exist universal constants ¢c3 > 0 and ¢4 > 0 such that with probability
at least 1 c3F(q,S,) "' +exp( n 1=12) +exp( n ,=12)g,
KA TISAR ™ ke cifas) log(0us,)=ng " e 20,
which completes the proof of property 1). To show the second property, we first notice that
APVISE AL g = L (S A (7

Moreover, it is apparent to deduce that

1)—-1/2a(1 1)—-1/2 1)-1/2c(1 1)—1/2 1)—-1/2¢(1 1)-1/2
AP ISHAL Y o, AR IESHAR I DAY



~

2) P fsgn( o) yAPYRR AR 2sgn( D)g=Fsgn( YA ASEITIAR sgn( 1)g
1 cs flog(g,s,)=ng'/? + floglog(n)=ng'/?

1 ¢4 (0,8,) " + Flog(n)g! +exp( N 1=12) +exp( N »=12) .

Proof of Lemma 9: First of all, we note that

~

sgn( (Tl)) A(T)l/QS;T A 1/QSgn( é})) = sgn( ;1))’]\(;)1/28;% A(1)1/2sgn( (1)) +Q +20;
(80)

where

1 2 (1)1/2 1)—1/2 1)1/2 1)—1 1)1/2 1)—1/2 4% (1)1/2 1)\.
O =sgn( )Y APPADT2 1 AP AP (AT A2, Osen( ),

0y = Sgn( (1) ) (A(l)l/ZS(l) 1A(1 1/2)(A(1) 1/2A§F)1/2 Lypsr )52 ( él)):
For the term €2, it can be deduced that
O GuSn kA 1/28 A(l 1/2k kA(l)l/QA(l) V2 e

gnSn “max"*

Together with condition (a), condition (b), Lemma 8, and Lemma 5, it can be concluded

that there exist universal constants ¢z = 0 and ¢4 = 0 such that
PfQ,  €30,S,102(0.S)=ng 1 ¢y F(0nS,) "t +exp( N 1=12) +exp( n ,=12)g: (81)
For the term €25, one has

i k(A(T)1/2S A(l 1/2> an( (T1)>k1 k(A(Tl)_I/QA(TI)I/2 1. )sen( (Tl))koo

s, KALYZSI T A2 A2 p 012y

Together with condition (a), condition (b), Lemma 8, and Lemma 5, it can be deduced

that there exist universal constants ¢; > 0 and cg > 0 such that
P csfq2s2log(qns,)=ng'?] 1  c6F(gnS,)t +exp( N 1=12) +exp( N ,=12)g:
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Together with (80) and (81), it can be concluded that there exist universal constants
¢z > 0 and cg > 0 such that with probability at least 1  ¢;f(q,S,)™! +exp( n 1=12) +

eXp( n 2:12>gu

. 1 A(D1/2a(1)—14(1)1/2 1 1 D1/2a(1)— 1)1/2 1)\:
jsgn( ¢ VAR 2 Spy T AR Asen( £))  sen( VAR P S i AR Psen( )i

C8fqgsi log(qnsn):ngl/Q
Moreover, we note that

(1)

NS )1/25gn( +)9 1

fgn( () ADZSI RN 2sgn( 1 )g=Fsgn( (V) AM "
fsgn( ) AP 20T AD  Psgn( §)g !

sgn( o YAPVPSITIAN  2sgn( ) sgn( WY APESTTIAN  sgn( V) +
fogn( ¢ VAP S0 AR Psgn( £ )g=Fsen( 1) APPSR AY Psen( £)g 1

Ca(8:8n) " san( VAR P80y AR Psgn( 1Y) san( VY AR P8y AR Psen( 1)

+ Fsgn( WY ADYESLTIAR Y sgn (- Wyg=fsgn( WY AR PERTIAD sgn( g 1

where the last inequality is based on condition (b). Therefore, by combining Lemma 22
with the above two inequalities, we conclude that there exist universal constants ¢g > 0 and
Cip > 0 such that with probability at least 1 ¢y (g,S,) "' + flog(n)g™! +exp( n ;=12) +

exp( n 2=12) ,

~

fogn( )Y APY2SH AN 2sgn( ) g=fsgn( £ ARIRR AR Psen( g 1

T
C1o Flog(0,s,)=ng"’? + q,,s,=n + Floglog(n)=ng'/?

2¢10 Flog(4,S,)=ng"/? + Floglog(n)=ng"/? ;

which completes the proof of property 1). To show the second property, we notice the fact
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that

fsgn( ¢V AP S AL Psen( p)g=Fsgu( ¢ YA S AR Bsen( g 1
= fsgn( rfpl)f\ UZST% AL )1/23gn( () )g‘fsgn( (1))A(Tl)l/QZEFl%_lA(l)l/zsgn( (1))9 1

fsgu( 3 )AY ST AR Psgn( )g=Fsgn( ) AR S0 AR sgn( 1)) T
Together with property 1), property 2) follows directly, which finishes the proof. ]

Lemma 10. Assume the following conditions (a){(b):

(a) 9,.s, =o(n).
() ¢ AP TEELD ALy (AT A2 e, for some universal

TT T

constants 0 < ¢; < C,.

Then there exist universal constants ¢c; > 0 and ¢, > 0 such that with probability at least

1 ¢3[(9.8,) 7" + Flog(n)g™ + exp( n 1=12) +exp( n »=12)], we have:

FSHAR s ) TSI an
1[48,=n + Flog (4,,)=ng'/* + flog log(n)=ng'/? j;“/z;l% AP sgn( )i

+ ¢4(0,8n)"*Flog log(n)=ng"/?[1 + (Tl)/E(Tl% +f ) ()loglog( n)=ng'/?]}/2
+ ¢4(0Sy, )Y *Flog(q.s, )=ng*/*fq,s, log(q,s, log n)=ng*/?

[1+ (Tl) E(Tl}, ! (1 +f (1)’ E%T 1) log log(n)=ng/?]*/2:

Proof of Lemma 10: First of all, we note that

i SETIAY Psgn( Yy ISTAD  2sgn( Q) 4 (82)

where
0, = | SO AD g ) SO g D

A1) e ()-17(1)1/2 1 A1) «(1)=1 4 (1)1/2 1)\:.
0, = TS0 A () TS AR g )
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For the term ;, Lemma 21 together with condition (b) imply that there exist universal
constants ¢3 > 0 and ¢4 > 0 such that with probability at least 1  c3[flog(n)g=' +

exp( N 1712) +exp( N 9=12)],
Q,  c,fg,s, loglog(n)=ng/?: (83)

For the term €25, it is clear that
Oy II; + 1y (84)

where

Hl _ J A(1)/8(1)_1/\(1)1/2(Ag})_l/2Ag})1/2

T TT T Iq



1 ¢7[(9,8,)"t + Flog(n)g™! +exp( N 1=12) +exp( N »=12)],

I, csFlog(q,s,)=ng/? j 'S AWY 2gen( )i+
csF,S,, log(0,,S,)=ng/*Fq,s, log(0,S, log n)=ng'/?

1+ 7S ¢+ f ST P loglog(n)=ng'/?]'* (85)
To bound the term Iy, we note that
Dy 070uSn(1+ 1) J0oj + 9 378 AP Psan( 370+ Mag To; (86)
where € is defined in condition (b) and

Ty =jfsgn( DYADYPSOTIAN  2ggn( Dygfsgn( YA PRGN 2 sen( gt 1j;
T, =F STT*A‘ M2sgn( Mgfsgn( ) ARY2SETIAR  sgn( g

£ Sy AP Psen( 2 )gfsen( 57V AP A sen( )g

(1)

2(1) 1A(1)1/2 gn( g )

1) «(1)—1 4 (1D)1/2 1
(W' 5 -1p 01/ (M)

T3 =j" T sen( )J

For the term T, Lemma 22 entails that there exist universal constants ¢y > 0 and ¢;o >0

such that with probability at least 1  cg[flog(n)g~! +exp( N 1=12) +exp( N ,=12)],
Y1 Ci0[d.S,=n + Floglog(n)=ng'/*]: (87)

For the term T,, by using similar arguments as in the proof of Lemma 23, it can be
deduced that there exist universal constants ¢;; = 0 and C;5 = 0 such that conditional on
any nonempty fY; =vy,0%, \ M, \ 10, and for any t 0,

Ciiexp  Conf o g Hsgn( (VYA ZR DT AW 260 (- (yge?
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By plugging t = ¢y5F 455" rg"/ 2 Fsgn( 4y APY PR TAD 2sgn( {Y)g~1/2Flog log(n)=ng"/?

with €13 = 01_21/ % into the above inequality, it yields that

P jTyj CleAlzTT B gl/Qfsgn( ’Erl))/A(Tl)l/Zzgr:)F Agrm/Q en( ;1))9_1/2
floglog(n)=ng'/? Y, = v, , \ M, \ f"1.g

1 ¢y flog(n)g™: (88)
Therefore, we have

P jTyj CleA/ ETT b gl/gfsgn( :(rl))/Ag)l/ngfl%_lAgrl)l/ngn( él))g_1/2

flog log(n)=ng*/?
<X
P iTsj oty rg A esgn( Y AR PRI AR 2sgn (- g1
{yi}P=16M“

floglog(n)=ng'/? Y, =y,g, P fY, =y,g",

> nZ
= P iai e pSiy rg P Fsgn( ¢ VAPPSR sgn( §)g
{yi}{L1EMn b
o
floglog(n)=ng"/? fY, = y,g_, \F'rg F("jfY; =vyigr)dr P FY, =yg",

X
1 ciflog(n)g™! P fY;,=vyig", =[1 cy;flog(n)g™!] P(M,)
{yi}leeMn

1 ¢y Flog(n)g™' +exp( N 1=12) +exp( N »=12) ;

for some universal constant ¢4 > 0, where f("7jfY; = y;g" ;) denotes the conditional
density function, and the second inequality is by (88). Together with Lemma 19 yields the
result that there exist universal constants C;5 > 0 and C;g > 0 such that with probability

at least 1 cy5[flog(n)g=! +exp( N 1=12) +exp( N »=12)],

iToj  Ci6[0.8,=n + loglog(n)=n + W'st D4 £ st Wloglog(n)=ng!/?) /2

(0,S,) " /*flog log(n)=ng"/?: (89)
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For the term T3, Lemma 21 leads to the result that there exist universal constants ¢i7 > 0
and €3 > 0 such that with probability at least 1  c¢i7[flog(n)g™" + exp( n ;=12) +

exp( N 9=12)],
Ts  ¢15F,S, loglog(n)=ng*/2:

Together with (87), (89) and (86), it can be observed that there exist universal constants
C19 > 0 and Cy > 0 such that with probability at least 1 cj[flog(n)g~" +exp( n ;=12)+

exp( N 9=12)],

I,  Cy[0,5,=n + loglog(n)=n + M'st=t W ¢ W57 D100 10g(n)=ng!/?]/?
(6nSn)"/*Flog log(n)=ng"/2 + ¢3[0,8,=n + Flog log(n)=ng"/?] j "M AN 2sen( D)

+ C20fg,8, loglog(n)=ng'/?  [q,8,=n + floglog(n)=ng'/*]:

Together with (84) and (85), there exist universal constants Co; > 0 and Cy2 > 0 such that

with probability at least 1 C91[(0,S,) ! + Flog(n)g™ + exp( N ;=12) + exp( N »=12)],

Qs ng((]nsn)l/Qflog;10g(n)=ngl/2
(68,0 +loglog(n)=n + WSO~ V4 £ Pt Dloglog(n)=ng'/?)'/

’

+ C22[0,8,=N + Flog(q,5,)=ng"/? + Floglog(n)=ng"/?] j 20 AN 2sgn( V)
+ ¢22f4,S, loglog(n)=ng"’* [g,s,=n + flog log(n)=ng"/?]
+ €92 0,8, 10g(0, S, )=ngY 2FQ,.S,, 10g (0, S, log N)=ng'/?

T S S Dloglog(nyeng! 7

Together with (82) and (83), it can be concluded that there exist universal constants

Co3 > 0 and Cyy > 0 such that with probability at least 1 Co3[(0,S,) "' + Flog(n)g~" +
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exp( N 1=12) +exp( N »=12)],

(1)

S A e )

1) «(1)—1 4 (1)1/2
iy s

sgn( 1))
024[qnsn:n+ﬂog(qnsn):ngl/2+ﬂoglog(n):ng1/z] i r}l),Egp% AU )1/2sgn( i(pl))J
+ C24(0uS,) V2 Flog log(n)=ng'/?[1 + V'm0 4 f sl Mloglog(n)=ng!/2]1/?

+ C24(0nSn ) *Flog(4,S,)=ng*/*fq,s, log(4,S, log n)=ng*/2

1+ 72 )+ F ST [ loglog(n)=ng!/?)'/?;
which completes the proof. n
Lemma 11. Assume the following conditions (a){(d):

(@) maxfq2s?1og(0,S,); 0nSn log(p,  .)g = 0(N).

() ¢ (APTEEWADTZ (AT ANy e, for some universal

constants 0 < ¢; < Cs.

P P,
(€) Kilogf(p, Qu)snlogng=(n 2)  ;op 2 Y 5 Kologf(p, g.)s.logng=(n 2)

1, for some su ciently large universal constants K, > K; > 0.

(d) IjIél%ligln! V2) ki > Kallogf(p,  G,)s,logng=(n 2)]'/2flog(q,s, log n)=ng'/2 +
Ks[logF(p, 0n)s,logng=(n )] KAWZRMT AN 2590 Wk +Ks[logf(p, 0.)s, log ng=(n )]
[fq,.S,, log(q,S,)=ng"/? + fq,s, loglog(n)=ng'/?], for some su ciently large universal

constant K3 > 0.
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Then there exists a universal constant c¢; > 0 such that:

P fsgn(vr) = sgn( ') =sgn( )g

1 c3[(0nS,) ! + Flog(n)g™ +exp( N 1=12) +exp( N 5=12)];
where " = 871~ "and also recall that v, is de ned in Lemma 2.

Proof of Lemma 11: First of all, we denote the two index sets S; and S, as

S =fk:e.xV W>og 5=tk e, 2 I <og:

tions (a)—(c), it can be shown that there exist universal constants ¢; > 0 and ¢, > 0 such
that

NN (1D1/2g(1)-1 (1) D1/2¢-:(H)-1 (1)
P e Ay’ “Spp g ey X g
keEST

C3[0nS,=N + Flog(q,s, logn)=ng"/?] e, AM/2n)=1 (1
oi

csFlog(a,s, logn)=ng'/? £ {'si)~" gl
1 cy[flog(n)g™ +exp( n 1=12) +exp( N »=12)]: (90)

For the term rfpl )/Z%l%_l r}l ), conditions (b) and (c) entail that

We®= O Jogf(p, qu)s.logng=(n 2) T 1; as n ¥ A:

Together with (90), there exist positive universal constants Cs, Cs and ¢; such that

NN N1/2a(1)—1 (1 (DN1/2x()-1 (1
P e;cA(T) / Sé’%_ A;) C5e;cAT ETT_ T)
keSSt
oi
Collogf(pn  n)Snlogng=(n 7)]"/*flog(d,s, logn)=ng'/?

1 cy[flog(n)g™ +exp( N 1=12) +exp( n ,=12)]: (91)
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By choosing K3 > ¢6=C; in condition (d), (91) together with condition (d) further implies

that

h~N\_n (o]
P e A28 5 1 cr[flog(n)g™' +exp( N 1=12) +exp( N 5=12)]:
keSSt

Likewise, it can be deduced that there exists a universal constant cg > 0 such that

h~N\_n ol
P e, A28 < 1 cs[flog(N)g" +exp( N 1=12) +exp( n ,=12)]:
kES2

Putting the above two inequalities together implies that there exists a universal constant

C9 = 0 such that
Pfsgn( W) =sen("")g 1 co[flog(nN)g" +exp( n 1=12) +exp( n »=12)]:  (92)
Moreover, it can be recalled from Lemma 2 that the quantity V; can be formulated as
¥ :#S(;%A Ag) nS(Tl%flf\(Tl)l/ngn( (Tl));
where

b =frnon'(n - 2)gfl+ ' SITTAN Y 2gen( (M)g

1+ fninen~i(n 2)~tg" st

To this end, by combining conditions (a)—(c) with Lemma 10, it can be deduced that there
exists a universal constant ¢;p > 0 such that with probability at least 1  ¢10[(0,,S,) "

flog(n)g~! + exp( N 1=12) +exp( N »=12)],
2SI  2sgn( Wy = SRTTAD  sgn (- (D)FL 4 o(1)g + o(1):

Similarly, by combining conditions (a)—(c) with Lemma 4, it can be deduced that there
exists a universal constant ¢;; > 0 such that with probability at least 1 ¢11[flog(n)g=" +

exp( N 1=12) +exp( n 5=12)],
A1) e (D)=1 (1 (-1 (1 ,
' Spp ) = RS L+ o(l)g:
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According to the above three inequalities and Lemma 3, it can be concluded that there exist
universal constants ;5 > 0 and €3 > 0 such that with probability at least 1  €y2[(0,S,) ' +

flog(N)g=! +exp( N 1=12) +exp( N »=12)],

#oon o ofl S A Psen( P )gfL e e P

1) «(1
. e

(1)

sgn( ;’), one has

For the term A( )1/2

1) «(1)—1 4 (1)1/2 1 1Y «(1)—-1 (1
TSI ) TS g

Fogn( DY ADI2RM-TAO1/2000 Dy < g o (51 (1Dg1/2

< [0S0 logF(pn  Gn)sn logng=n]'/2 < o(1); (93)

where the second and the third inequalities are based on (b) and (c), and the last inequality
follows from (a). Piecing the above two inequalities together yields that there exist universal
constants €;4 > 0 and C;5 > 0 such that with probability at least 1 ¢14[(0,S,)"! +

flog(n)g~" +exp( N 1=12) +exp( N »=12)],

~

# cf el Mgt

Together with (91) and (92), it can be deduced that there exist universal constants Cyg; C17; C13 >

0 such that
h~\on 1/2 1A(1 1y 1 (1 1)1/2 (1)
P #ekA()/St(r% A;) 017f()2§r:)p ()g—l( A()/EEF% 4
keS1
oi

cis[logf(p,  n)s,logng=(n 7)]"/*flog(d,s, log n)=ng"/?)

1 Cis[(GnsSn) " + Flog(n)g™! +exp( n =12) +exp( N 5=12)]:

In addition, utilizing Lemma 24 and conditions (a)—(c), it can also be justified that there
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exist universal constants C;g = 0 and Cyg = 0 such that

h \ n 1 2 N 1 2 1 1 2 1)1/2 1
P e A2 ST A 250 Dy e AT AD 2ggn (- ()]
keSS,

+ C19 »[0nSn=n + Flog(q,S, log n):ngl/z] i€l A UQZT% NS )1/2sgn( (Tl))j
oi
+Cig 5 [F0,S, log(d,S,)=ng"/? + fq,s, loglog(n)=ng'/?]

1 Co[(GnsSn) ™ + Flog(n)g™! +exp( n ;=12) +exp( N 5=12)]:

Based on the above two inequalities, it is seen that there exist positive universal constants
Ca1, Coo and Co3 that

h\ 1/2 1)’ 1)—1 (1
P AW g, o f s (gt
keSy

A PEh T 1 enllogf(p, Ga)s,logng=(n )" *flog(g,s, logn)=ng'’

Coollogf(Pn  Qa)Sulogng=(n )] jer AR PSR AN 2sgn( O
oi
Coollogf(pn  Gn)Snlogng=(n )] [F0,S,log(q,.S,)=ng"/? + Fq,s, loglog(n)=ng'/?|

1 c23[(qnsn)‘1 + ﬂog(n)g_1 +exp( n 1=12) +exp( n »=12)]:

By choosing K3 > €y in condition (d), it follows from condition (d) and the above inequality

that

h~\_n oi
P ekA( 12, >0 1 C3[(0nSn) " + Flog(n)g™ +exp( N 1=12) +exp( N »=12)]:
keSSt
Similar reasoning leads to the result that there exists a universal constants Coy = 0 such

that

h~N\_n oi
P e, A2, < 0 1 Cou[(@nSn) " + Flog(n)g " + exp( N 1=12) +exp( N 5=12)]:
kES2

Based on (92) and the above two inequalities, there exists a universal constant Co5 > 0 such

50



that

P fsgn(Vy) = sgn( :(Fl)) = sgn( A(Tl))g
1 c25[(qnsn)‘1 + ﬂog(n)g_1 +exp( n =12) +exp( n »=12)];

which concludes the proof. O]

Lemma 12. Let a,, and b,, be any two sequences of constants such thata, ¥ 1 andb, ¥ 0.
Also let X,, and U,, be any two sequences of random variables such that X, = 0,(1) and

U, = 0,(1). Assume that we have the following conditions (a){(b):
(a) a,X,, =0,(1).
() a/*(U, b,) =o,(1).
Then we have the following property:
d( al2(1+X,) +U,)=0( a/*+0n,) ¥ 1
Proof of Lemma 12: The proof is analogous to that of Lemma 1 in Shao et al. (2011). O
Lemma 13. Consider a pair A, B of p p matrices, assume the following condition (a):
@ (A B) 0.
Then we have the following property:
min(A)  min(B); max(A)  max(B):
Proof of Lemma 13: First of all, we have

min (A) min(A B) 4+ min(B) min(B);

51



where the last inequality is by condition (a). Similarly, we also have
max(A) min(A B) + max(B) max(B);
where the last inequality is by condition (a) as well, which completes the proof. O]

Lemma 14. For any p p square matrix A, partitioned as
2 3

A— QAH A12% :
A21 A22

where A;; is a k k matrix for some positive integer k < p, assume we have the following
condition (a):
(@) ¢ min(A) max(A)  Cy, for some universal constants 0 < ¢; < Cs.

Then we have the following properties:

1) ¢, min (A1 A12A2_21A21) max (A11 A12A2_21A21) Ca,

Cy min (Ag2 A21Af11A12) max (Aa2 A21Af11A12) Co.

2)  max (A12A521A21) max(A11)  Ca,
max (A21A1_11A12) max(A22)  Ca,
min(A12A5) Agp) min(A11),

min(AzlAﬂlAlz) min(A22).

Proof of Lemma 14: Based on condition (a), we have
051 min(Ail) max(Ail) Cfl;

where A~! can be expressed as
2 3
Al 2 (A ApAy Ayt AL Ara(Ax A21Af11A12)_1g .

A2_21A21 (A1 A12A2_21A21)_1 (Ag2 A21A1_11A12)_1
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Hence, we have

Cg_l min (A1 A12A2_21A21)_1) max (A1 A12A2_21A21)_1) 01_1;

¢! min(Agz  AglAlAR) ) max(Az2  AgALAL)TY) ol
which implies that

Cy min (A1 A12A§21A21) max (A11 A12A§21A21) Co;

Cy min (Ag2 A21A1_11A12) max(Azz  AnATAR)  Co

finishing the proof of property 1). Finally, by combining property 1) with Lemma 13, the

assertion in property 2) follows immediately, which completes the proof. O
Lemma 15. Let Xy;:::;X,,.,0 be a sample of random vectors in R?. Denote
X B B B X
Sl = (Xz )(1)()(Z Xl)/:(n 1), X1 = Xi:n;
i=1 i=1

P & ~ - - D
SQ = (Xz XQ)(X,L Xg)/=<m 1), X2 = Xl=m,
i=n+1 i=n+1
P & B R, &
S= X X)X X)zs(n+m 2); X= X;=(n + m);
i=1 i=1

Spoor =F(N  1)S;+ (M 1)Seg=(n+m  2):
Then we have the following property:
S =S, +Nmn+m)~(n+m 2)7H(X; Xy)(X; Xy):

Proof of Lemma 15: The term S can be decomposed as S = Iy + I with

X _ _
I, = (Xz X)(Xz X)/:<n +m 2)
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For the term I, one has

=N Dn+m 2)7'S;+nm?*(in+m)2(n+m 2)71(X; X)(X; Xy):
By symmetry, we also have

lb=m Dm+m 2)7'So+mn*(n+m)*(n+m  2)7'(X; Xy)(X; X))

Based on the above results, we conclude that S = S,,,; + nm(n+m)~'(n+m  2)71(X,

X5)(X;  Xy), which finishes the proof. O

the following optimization problem:

h I

. 1
min - oWy St e g 8 wr o owh )+ (AR Pwr)sgn( §Y)
wT nsn

v, ) with sub-vectors w; =
(Wj1; 111 Wjs, )" 2 R, then we have:
Wr= (KA D), WS ) A0 ()
Proof of Lemma 16: First of all, based on first order condition, one has
St 1 a ) 2 W= 1o ) AT Psen( ): (94)
Moreover, according to Sherman-Morrison-Woodbury formula, we have
-1

1 1 1) 1)—-1 1)—-1 (1 -1 - 1) «(1)—-1 (1)\— 1) «(1)-1
S TS S O e S P sy

1)—1 1) «(1)—-1 (1)y— -1 (1) (1) «(1)-1,
SSE e PSP s

o4



Finally, by combining the above two equations, we have

(1) (1) (1) —Lg Lo (1) nAg})l/2

Wr=Xrp+ 127 7 T (1)y

sgn( 7')g
:fz(;%*l Lol 1o ;1)/251%*1 :(Fl)) E() 1 (1) (1) 2(1) 1g
foo 0 AP sen( P
L2 - I SR b v/ 1) Rl S S VA
LI g) nA(Tl)1/2sgn( (1))9
= Lu P P+ 4. P ) ?’ﬁyﬂﬁﬁlépg
LAY sen( ) a4 0 VR0 )Y kAR Pag

= 120l kAP Pk e 2 ) nzg}%”Angn( )
which finishes the proof. ]

Lemma 17. Consider the following optimization problem:

hq , > i
m'ljlqS 2W D4, WMy oW W kA(l)l/QW Ky (95)
weRPNSN i1
where w = (wy; 1wy, )" with vectors w; = (Wjp; 1wy, )" 2 R*". Assume we have the

following conditions (a){(c):
(a) ETT Is invertible.

(b) 1 201+ nkA(Tl)l/z g)kl)(1+ 1 2 :([’1) Eg}% :(Fl)) 1(m1nm1n| kJ ]k‘J)

JET k<sn

DKAWZS A 2590 (k.

() kAW () sMWAM Y 25gn Pk, 1, for a universal constant 2 (0; 1].
Denote W as W = (W/; W) = (W} 0') with Wy = 0 2 RPn—a)sn and Wy = Wy where Wy
is de ned in Lemma 16. Then we have the following properties:

1) W is a global minimum of (95).
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2) sgn(W) = sgn( ).

Proof of Lemma 17: First of all, based on (a), (b) and the definition of W, it is trivial
to deduce that sgn(W) = sgn( 1)), finishing the proof of 2). Moreover, according to the

optimization theory, we know that W is a global minimum of (95) if and only if

Sert e ¢ We= 1oAY (1)) (96)
KAV St e W e ke (97)

where (96) and (97) serve as the Karush-Kuhn-Tucker conditions. It is apparent that (96)

follows from (94). In addition, observe that

kAf\l,)_l/Q E%Jr 12 ](\}) ;(pl)l Wr 12 ](\}) Koo
kALY S 1 ST P we ST Y ke
:kAg\})_IﬂZ%)T I+ 12 é“l) ;(pl)/ Wr 19 rEp Koo

where the first and the second equalities follow from (10) in the main paper. For the term

I+ 1 9 (Tl) (Tl)/ W, we have

= 12l kA k) 3 AR (1)

1) (1) w(1)=1 5 (1)1/2 1
Ve 1 Spr AR sen( 7))

1 - 1)1/2 1)y.
R

where the first equality is by Lemma 16. To this end, based on the above two equations,

we deduce that

kA%)_l/Q Zg\lf)j“—'— 12 ](\}) %1)/ Wp 12 1(\}) Koo

=AY S A e Pk
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where the last inequality is based on condition (c). According to the above results, it can

be concluded that W is a global minimum of (95), which completes the proof. O]

Lemma 18. For any % 2 (e="/199;1=100), de ne the event M, (%) as

Mun) = 2 @s,mn) $Flog()mng? (4SS )
2(0,S,=n) + 16ﬂog(%‘1):ngl/20:
Assume the condition (a):
(@) 4nsn =0(N).
Then we have the following property:

PFMy,,(%)g 1 2% 2exp( n 1=12) 2exp( n »=12); 8% 2 (e~/1%;1=100).

Proof of Lemma 18: First of all, based on condition (a) and the definition, it is clear to

observe that conditional on any nonempty set fY; =y,;07;, \ M,,, we have
(n 2)SEfY; =yigr, \ M, Wishart(n 2jS00); (98)

where the degree of freedom of the Wishart distribution is equal to n 2. Moreover, it is
trivial to verify that conditional on fY; = y;g ; \ M,,, one has the fact that Ag)iji =
Y0, \ M,, is independent of (n Q)S(TIT)iji =VY,0", \ M,,. Together with (98), condi-

tion (a) and Theorem 3.2.12 in Muirhead (1982), we reach a conclusion that

(n 2PN ST I EY, = vigk A M, 2

n—gnsn—1"

Together with (A.2) and (A.3) in Johnstone and Lu (2009), we conclude that for any

t 2 [0;1=2),

- _ ~(1) 1)—1 ~(1 ~(1) 1)—1 ~(1)\— -
Pin g, 17 n 2)(Ws@rt el sttt

tfY; =vig", \ M,  2expf 3(n q,s, 1)t*=16g:

o7



For any % 2 (e7/1%°;1=100), we plug t = f16(n  q,s, 1)~'log(%~!)=3g"/? into the above

inequality to obtain

- _ ~(1) 1)—1 ~(1 ~(1) 1)—1 ~(1)\— -
Pin g.s, 17'(n 2)(CPsitMedsihrt -yt

fl6(n  q,s, 1) 'log(%1)=3gV%FY; =y,g, \ M, 2%
which implies that

- _ ~(1) 1)—1 ~(1 ~(1) 1)—1 ~(1)\— -
Piin gs, D7'n 2)C sl iR sttt g

fl6(n  q.s, 1) 'log(% H)=3g"%fY, =v,g", \ M, 1 2% (99)
Therefore, it can be seen that

- _ ~(1) 1)—1 ~(1 ~(1) 1)—1 ~(1)\— -
Pin gs. 1D7'n 2(Wsht)edsiirt it )

fl6(n  q,s, 1) 'log(%')=3g'/?

x
. _ A(1) (D) =1 ~ (1) ~(1) (1) =1 ~(1)\—
P i ds. D70 2 Ty i) s )
{yi}iL eMn

1j f16(n  q.,s, 1) tlog(%1)=3gY3jfY; =y,g7, P fY,=vyig",

X
(1 2%) P fY,=vygl, =(1 2%P(M,)
{yilitieMn
1 2% 2exp( n 1=12) 2exp( N 5=12); (100)

where the second inequality is by (99), and the last inequality follows from Lemma 3. To this

end, based on condition (a), it is straightforward to verify that for any % 2 (e=/1%°; 1=100),
ML) My () (101)

in which Mi,(%) = j(n a.s. D70 290 S )0 s )T )
f16(n .S, 1) 'log(% ')=3g'/? . Finally, the assertion follows immediately from (100)

and (101). O
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Moreover, conditional on fY; =vy,097 ; \ M,,, we also note that
(N5 'n?)(q,.s,=n) + 2(n; Ny 'n?)Flog(%')=ng
+2(n7 'y ') (g,8,=N + 2mnon 2 L8R D)2 Flog(%!)=ng!/?
(400 7' 7HY? g,8,=n + log(% H=n 4+ F s Wiog%1)=ng'/? ;

according to the definition of M, in Lemma 3. Therefore, based on the above two inequal-

ities, we have

n
PSS 00 5 s gt
o
+F S Plog®=ng? Y =yigl, \ M, 1 W% (103)

Analogously, based on (102) and (8.35) of Lemma 8.1 in Birge (2001), it is obvious that
for any t > 0,

n

A(1) (1) =1 ~(1 (-1 (1 R IR
P é“l)EgFl:)F ’Er’) :(F)Eg“lf)rlz(r) (n;'ny'n?)(ns,=n)  2(n;'ny'n%)

o
(0nSn=n 4 2nnon~2 W=t ON204=0)1/2 fy, — y.g7  \ M,
exp( t):
We then substitute t = log(%~!) into the above inequality to obtain

h
P st ST (nT'ngtn?)(gus,=n)  2(ny'ng'n?)
i
(GaSn=n +2mnon=2 SO )2 Flog(ht)=ng 2 FY, = y,g \ M, 1 W

Likewise, we note that conditional on fY; =y,;01" ; \ M,,,

(N7'N5'N%)(0,5,=N)  2(n7'N5"'N2)(G,S,=n + 2nnon=2 ('St ) 1/2f100 (9 1)=ng'/2

(400 1 ;1Y log()=n+F [5py" [V log(®!)=ng!/? :
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We then derive from the above two inequalities that

n
PSP w0 1t 5 et
(@)
+f 7 2 TTl Mlog(%1)=ng'? fY; =y,g7, \ M, 1 %

Together with (103), we arrive at

Finally, we have
>
{yi}P=1€Mn
X
0 P, —ygl, = (1 29P(M,)
{yi}P:]_EMn

1 2% 2exp( N ;=12) 2exp( n =12);

where the second inequality is by (104), and the last inequality follows from Lemma 3.

This finishes the proof. O

Lemma 20. For any % 2 (e="/199;1=100), de ne the event M, (%) as

n N

M., (%) — e AR A g AR (g e

TT
7j=1
(@)
fel AP0l AL e 0" 2 Flog (g,8,%)=ng!/? ;

where fe; : J  0,S,9 denotes the standard basis for R*". Then we have the following

property:
PfMy,(%)g 1 2% 2exp( n 1=12) 2exp( N »=12); 8% 2 (e~/1%;1=100).

Proof of Lemma 20: First of all, we note that conditional on any nonempty fY; =y,g” ; \
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M.,

112 1 1A(1 n 1)1/2 1)—1 — — 1)1/2 1)—1 1)1/2y.
MDD B, g M, NS ;i a0 A A1)
(105)

Moreover, it can be observed that

DG

j=1

n
where the events My,; (%) = ’A(1)1/2 D=1~ e;Ag})l/QZ(TI%_I N R e
0
fe’A o> l)_1Agpl)l/zejglﬂﬂog(qnsn%‘l):ngl/2 for all j  0,S,. Under (105), the con-

centration inequality entails that for all j  q,S,
P My, (%) FY; =v;,g"; \M,, 1 2expf log(g.s,% g=1 2q,'s, "%
Putting the above two inequalities together leads to
P My, (%) fY; =y, \ M, 1 2%: (106)
Therefore, we have

X
(1 2%) P fYi=ygl, =1 2%6)P(M,)
{yi}P=1€M”

1 2% 2exp( n 1=12) 2exp( n ,=12);

where the second inequality is by (106), and the last inequality follows from Lemma 3.

This finishes the proof. O
Lemma 21. For any % 2 (e="/19;1=100), de ne the event My, (%) as

n
Ms, (%) = 9S8 AR 2sgn( ) s A  sgn( )
(@]
(8 11 Y2 AT S AR ) s, log(h)=ng"?

max

Then we have the following property:
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PfM:,(%)g 1 2% 2exp( n 1=12) 2exp( N »=12); 8% 2 (e7/1%;1=100).

Proof of Lemma 21: First of all, we know that conditional on any nonempty fY; =y,;07 ; \
M,

S ST AD g 40 B, = gl \ M,
N V(Tl),E(Tl%_lA(Tl)l/ngn(ﬂ(Tl)),nl_lnz_lnfsgn(ﬁ(Tl))’A(Tl)1/22%%_1A(T1)1/23gn(5§}))g .
Together with the concentration inequality, we conclude that for any t > 0
POy SR AR Psen( )t =vigl, \ M,

1 2exp 81 5FquS, max ANV 2SITIAWY g Ing?

Plugging t = (8 ' ;)2 LA AWM TANY2) £ s, log(%1)=ng!/? into the above in-

equality yields

P Ms,(%) FY; =y,g",\M,, 1 2% (107)

Finally, we have

<
(1 2%) PfY,=vyg., =1 2%P(M,)
{yi}iL EMn

1 2% 2exp( n 1=12) 2exp( N 5=12);

where the second inequality is by (107), and the last inequality follows from Lemma 3.

This completes the proof. O
Lemma 22. Assume the following condition (a):
(a) 0nSn = O(n)‘

Then there exists universal constants ¢; > 0 and ¢, > 0 such that:

63



1) P omax (e/ANPE0TAN Y 2e)=(e AN T TIAN ey 1

J<gnsn

C1 0,S,=n+Flog(q,s, logn)=ng'/? 1 ¢y flog(n)g~'+exp( N ;=12)+exp( N »=12) .

2) P max (AN IAD g (e AV 1AW )

J<gnsn

C1 0,S,=n+Flog(q,s, logn)=ng'/? 1 ¢y flog(n)g~'+exp( n 1=12)+exp( N »=12) .

3) P fsgn( YA PSR AR Psgn( ) )g=Fsgn( ) Ay Sy A Psgn( 1)
1 C1 GnS,=n + Floglog(n)=ng*/? 1 ¢y flog(n)g™! + exp( n ;=12) +

exp( N 9=12) .

4) P fsgn( YAy P8y A Psgn( p yg=Fsan( ) A Sy AR son( 3)g
1 C1 GnS,=n + Floglog(n)=ng"/? 1 ¢y flog(n)g™ + exp( n ;=12) +
exp( n 9=12) .

Recall that fe; : j  ¢,S,9 denotes the standard basis for R*n,

Proof of Lemma 22: First of all, according to (98), condition (a) and Theorem 3.2.12 in

Muirhead (1982), we know that conditional on any nonempty fY; = y;g7; \ M,,, and for

every J  GnSp,

(N 2)(EAr P8y A ey (AR S AR e Y, = vigl A\ M,

n—qnsn—1-"

Together with (A.2) and (A.3) in Johnstone and Lu (2009), it can be deduced that for any

t 2 [0; 1=2) and for every J = @,Sp,

Py ause 17U 2)(eAp) Py AN ey (A 7S AR ey

J

1j tfY,=y,0,\M, 2expf 3(n q,s, 1)t*=16g;
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which together with condition (a) implies that

P j(ejAp P AR e (AT ST A o)t

40,S,=n + 2tjfY; =y;,g",\M,, 1 2expf 3(n q,s, 1)t°=16g

1 2exp( nt>=16):
Together with the union bound inequality, it can be observed that for any t 2 [0; 1=2),

P max j(ej Ay Sy AR ey (AT S AR ) T 1

J<gnsn J

40,8,=n + 2tjifY; =y;,g", \M,, 1 20,S,exp( nt?=16):
Subsequently, we substitute t = £161og(q,.S, log n)=ng*/? into the above inequality to obtain

P max j(ej Ay Sy A ey (AR S AR ) 1

J<gnsn

49,,5,=n + 8Flog(q,.s, log N)=ng"*jfY; = y;gi, \ M,

1 2flog(n)g™": (108)
It then follows that
D1/2a(1)=1 , (1)1/2 \_ D1/2a(1)=1 , (1)1/2
P s A A e A S A )

8 08,=N + Flog(0, S, log n)=ng'/?

>
H1/2 1)—1 1H1/2 _ 1H1/2 1)—1 1H)1/2
o (AL A AL
{yi}jL1€EMn B

1/2

1 8 0,S,=n + flog(q,s, log n)=ng Y, =v.0>, P fY,=vy.0",

>
1 2flog(n)g™] P fY,=vyigl, =[1 2flog(n)g~'|P(M,)
{yi}P::LEMn

1 2 flog(n)g™' +exp( n ;=12) +exp( N 5=12) ;

where the second inequality is by (108), and the last inequality follows from Lemma 3.

Hence, property 1) is justified by the above inequality. To prove property 2), notice that
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n
under the event max (eA 1/22 A(1)1/2 e)=
J=qnSn
(0]

(ejAgp)lﬂs A(1 )1/2g e;) 1 8 0,S,=n + flog(q,s, logn)=ng'/? | it is straightforward

to verify that

max (e;A(Tl)l/zs‘Tl%*lAW/zej):(e;.A(TWZE(Tl}*lA(T”l/er) 1

J<gnsn

9 max (e;A (1)1/25 A(1 1/24 e))= ( A(1 1/28(1 A(1 1/24 e) 1:

J<gnsn

Putting the above t[(e)]3 T5125t[inequalitiest[(oge27((the)-3leadsthe)-32023 11.9552 Tf 3.985 61.1321 Td



where
. D1/2«(1)=1 ~(1 1)1/2 1 (1
Oy = je, AR PR g AP PR D
Oy —je'A 1/28T% 1a (1) e;Agrl)l/QZ%)p—lA:(Fl)j:

Invoking Lemma 20, it can be deduced that there exist universal constants ¢; > 0 and

Cy = 0 such that

h e N Oi
P Qi;  ciflog(,s, logn)=ng"/2fej ALV 2R AL e g2
j=1
1 ¢y flog(n)g™' +exp( n ;=12) +exp( N 5=12) : (110)

Regarding the term 2y, it can be seen that
Oy FeLAYVPRR AN eig JIL) (14 o) + (Q + AR 2S0 T D)) Iy,
where

y =Fel A28 - g ADY2S T IA Y 2 g1
fel A28l Dafel ARl A 2e g
Iy, = Fe/ A28 E) T A e gfel A28l T A 2 g7t 1

For the term Iy, it follows from Lemma 22 that there exist universal constants ¢3 > 0 and

cs = 0 such that

P max ITy;  C3]q,S,=n + Flog(q,s, log n)=ng"/?|

J<gnsn

1 ¢4 flog(n)g™' +exp( n ;=12) +exp( N ,=12) :

To this end, based on the above three inequalities, we conclude that there exist universal
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constants €5 > 0 and ¢cg > 0 such that

hao N
P Qo; 5 i Tl ADPR T A e g 4 [g,8,=n + Flog(q,s, log n)=ng'/?]

j=1
flog(q,,S, log n)=ng"/? fe’A Mg A 2e. g1/2 1 [g,5,=n + Flog(,s, log n)=ng"/?]
oi

Je/A 1)1/2 (1H)-1 (1); 1

Xpp 1) cs Flog(n)g™" +exp( N 1512) +exp( N »=12) :

(111)

To bound the term II,;, for every j  (,S,, we define a 2 q,S, random matrix |\7|j as
M] — [Ag})l/QeJ; AT]/ 2 R2X(In8n:

Elementary algebra shows that for every J  (,S,,

2 3
P AM/2a(M)—1, (D1/2, o A(D)1/2q (1)1~
M. Séﬁ)“ MJ/ _ gejAT Srr A 78 €A Sy Tg 2 R2X2:
AR PS )y 48y
2 3
A 1)1/2 T% A¥)1/2e~ e’-Agrl)l/ng}%_lAT
M. = T L 2 g2x2. 112
rer A2 (D1 - NESURR (112)
€Ay T T Ty T

Moreover, since " is independent of Sf(pl%, it can be shown that conditional on any nonempty

Y, =y, \ M, \T1g, and for every j  @,S,,

(n 2)(MjS(T1%_1I\7IJ’.)‘1ijZ- =y, \ M, \f'rg Wishart(n qnsnj(MjE(Tl%_IM;)‘l);
using Theorem 3.2.11 in Muirhead (1982). To this end, by combining (112), (113) with
Theorem 3(d) in Bodnar and Okhrin (2008), it is straightforward to reach a conclusion

that for every j  (,Sn,
f(n .8, 3)= ;0V2T0fY; =vigr , \ M, \F'rg t(n q.s, 3);

where t(n  q,S, 3) represents the student t-distribution with n  q,s, 3 degrees of free-

dom, and ; = F 428 rgfel AR 0T A 2e g7t Fel AR VERTT g e AR PR T AN Pe g2,
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Together with Lemma 20 in Kolar and Liu (2015), it is clear that there exist universal con-

stants ¢; > 0 and Cg > 0 such that for every j  @,S,, and for any t; 0,

P ijlly;j tfY,=v,0,\M,\Frg crexpf cs(n ¢q,s, 3) ;'tg

J
crexp 2 leenf Sl g Rl AN PR IALD e g2
which further implies that
P NP fillyj 9 7Y = v,07, \ M, \ g
D
1 crexp 2 lcenfLnl g Rl A PR IAD e g2
j=1

By plugging t; = cof 40" gl /2 e, AW 200 ANV 26,971/ Flog (4,8, log n)=ng"/? with

Co = (2¢g )2 into the above inequality, it can be obtained that

hae N
P iyi cof pxi ! rgt/2 e A28l A 26,971 2 Flog (g,s, log n)=ng '/
j=1
o i
Y =vigi, \M, \fzg 1 crflog(n)g™": (114)

It then follows that

hae N ol
P iyi cof S8 g2 e AV Y22 AL 6,971 *Flog (4,8, log n)=ng/?
j=1
> < Phq'\i njﬂljj — ETT 1. gl/Qfe’A(m/Q T1% 1A 1)1/2e g2
{yi} L EMn DTEMR  j=1
o [
flog(q,s, logn)=ng'/? fY; =y,g" , \F'r2g P Y, =vy,g", \f'1g

X X
1 crflog(n)g™'] P Y, =y,gi., \f7g =[1 crflog(n)g™'] P(M,)
{5} EMn T EMn

1 ¢y Flog(n)g™ ' +exp( N 1=12) +exp( n »=12) ;

for some universal constant €y > 0, where the second inequality is by (114). Together with
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Lemma 19, it is seen that there exist universal constants ¢;; > 0 and €15 > 0 such that,

hago N
P iMyj cufel A2 u AL e g7 2 flog(g,s, log n)=ng'/*

j=1
0,S,=N -+ log log(n)=n =+ [1 + q,,5,=n + flog log(n)=ng"/?f | )Eg}% 1 ;1)g
oi
+ floglog(n)=ng"/*f \ (1) (TT 1 (1)91/2 1/2

1 ¢y flog(n)g™ +exp( N 1=12) +exp( N »=12) :

Togethgfogéthefi Withit@s clear that there exist universal constants



() ¢ (AYTEEWADTZ L (ART2ERADTY2)y ¢, for some universal

constants 0 < ¢; < Cs.

Then there exist universal constants ¢; > 0 and ¢, > 0 such that:

hao n
P je;A(Tl)l/zsg%—lAgrl)msgn( (Tl)) e;Ag})l/QZ(TI%_IA(Tl)ngn( ;1))j

J=1

¢3 0,8, 10g(0,S,)=ng"/? + fq,,s, log log(n)=ng'/?

ol
+ cae ARG AR 2 sgn( )i gu8,7n + Flog(g,s, log n)=ng'
1 caf(gnSn) " + Flog(n)g™! + exp( N 1=12) +exp( N »=12)]:
Proof of Lemma 24: First of all, we note that for every J  (,S,,
AL ST AR Psgn( ) e APYPSTIAD Psgn( 1)) Qi+ Qo (115)

where

oy _Je/A(1)1/2S(1) 1AT1)1/2Sgn( ;1)) /A(1)1/2 (T% NS )1/2sgn( ;1))j;

;= e A(l 1/28(1 LA )1/2sgn( ;1)) e;Agﬁ)lﬂS;lT)_lf\(Tl)lﬂsgn( (1))J
For the term €;, it is apparent to see that for every j  q,S,,
Qi o' (1+Thy) Ty + ey AR 2R AR sgn( D)) T0y; (116)
where € is defined in condition (b), and

IR A S A e g AP ) A g
Iy, =fe/ A28 T A 2sg (<Tl>)gfe;A§P1/25$} A e 971

To bound the term II;;, invoking Lemma 22, it can be seen that there exist universal

constants ¢ > 0 and ¢; > 0 such that with probability at least 1  c3[flog(n)g~! +
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exp( N 1=12) +exp( N »=12)],

max IT;;  €4[0,S,=n + Flog(q,s, log n)=ng'/?: (117)

J<gnsn

To bound the term II;, based on similar argument as in the proof of Lemma 23, it can be
shown that there exist universal constants c; > 0 and ¢4 = 0 such that conditional on any

nonempty fY; =vy,07 ;, \ M, and for any t 0,
P\ fill;j  tg fY; =y, \M,, 1 50,8, expf con(gns,) 't%g:

By setting ¢; = cg1/2 and plugging t = ¢;¥q,,S, log(q,.S, log n)=ng'/? into the above inequal-

ity, it can be obtained that

P max jlly;j  ¢rfq,s,log(d,s,logn)=ng'? fY; =y,g’ , \M,, 1 c¢sflog(n)g™":

J<gnsn

Together with Lemma 3, there exist universal constants Cg = 0 and €9 > 0 such that with

probability at least 1 cg[flog(n)g™" + exp( N 1=12) +exp( N 2=12)],

max I,  CyFq,s, log(q,s, log n)=ng'/?: 118
J

J<gnsn

By combining (117), (118) with (116), it is seen that there exist universal constants €yo > 0
and ¢;; = 0 such that
e N 1)1/2(1)—1 4 (1)1/2 1
P Qi ¢10F,S, log(q,s, logn)=ng"/? + cloje;A(T) / E(T}’ A(T) Psen( §))j
j=1
oi
[0,S,=n + Flog(d,S, log n)=ng"/?]

1 cyy[flog(n)g™ +exp( n ;=12) +exp( n ,=12)]: (119)
To bound the term 255, it can be verified that

max Oy Q) VAKAD VIR | A @1/2g o

J<gnsn
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Together with Lemma 5 and Lemma 8, it is seen that there exist universal constants

Ci2;C13 >0 such that

P max Qy ¢5F0,s,log(q,s,)=ng"/?

J<gnsn

1 Ci3[(nSn) t +exp( N 1=12) +exp( n »=12)]:

Together with (115) and (119), the assertion holds trivially, which completes the proof. [
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