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SUMMARY

Section S.1 contains auxiliary lemmas which serve as building blocks for establishing the main
theorems, and their proofs are collected together in Section S.3. Section S.2 provides proofs to
the main theorems.

S.1. TECHNICAL LEMMAS

In this section, we present some useful lemmas. It is necessary to introduce the following
matrices and vectors for notational convenience. Define, for m € Ny,

e D=diag{ ;7% m ), i=i ) i=(i im)Tand j=D1;
® bo = (boz;:::ibom)™, im = {'bo andbro = Dbo;
b i:( ilyo, im)Ty im = inoand Ai:D_l i

In the sequel, we write [pq and [ Apqg for [p(u)g(u)duand [ A(u;v)p(u)q(v)dudv: The
following lemma gives the moment bounds of || i — i[|l2and ( i — i:m)2.

LEMMA S1. Under Conditions 1-3 and 5, for each 1 < i < n, on the high probability set
Om(n;N),

m2a+3 1 ma+1
Elli— ill> < - (1+Nh> +h4m3a+2°+3+—N
and
R 1 1 1
Bli— Sty (1+Nh>:

The following lemma shows that the second order derivative of the likelihood function, also
named Hessian matrix, is consistent.
LEMMA S2. Under Conditions 1-3 and 5, on the high probability set Qm(n; N),

n n

DIEE Y

i=1 i=1

= 0p(1):

© 2020 Biometrika Trust

20



25

30

35

2 H. ZHOU ET AL.

Due to the fact that the variance of jk tends to zero as k — oo, we need to do re-
parametrization such that the principal scores serve as predictor variables on a common scale
of variabilities. Define

n ~Th. )2 .
Ln(by) = 1 {Z(}Tbr)Yi — ('sr)} ; br = arg max Ln(by):

n br€RM
i=1 €

Then b = Db, by definition. The following result characterizes the discrepancy between by
and byg, which is a key building block in the proofs of Theorem 3 and 4.
LEMMA S3. Under conditions 1-5, on the high probability set Qm(Nn; N),

”Br - brOH2 =0p( n);

where

m 1 1 1 m?2a+3 1 ma+1
= — — |1 I — (1 o h4 3a+2c+3 :
" n+{N+n<+Nh>}{ n <+Nh>+ m TN

The following lemma is to establish the minimax lower bound for the prediction error. We
define that P is a family of probability measures, where is the parameter of interest and

the corresponding expectation operator is denoted as E . Let H ( ; /) =>"1_,| i — {| be the
Hamming distance between the binary sequences = ( 1;:::; ¢)Tand "= ( 1;:::; +)" on
{0; 13" ={( 1;::2; iy )" | j=0o0r j=1}. Inaddition, for the probability measures

P and P, with density function p and p / jointly dominated by , the integration of their
minimal [(p Ap/)d isdenotedas|P AP /|a.

LEMMA S4 (ASSOUAD’S LEMMA). The estimator T is based on observations of the statis-
tical model P ;€ {0;1}". Let () be an arbitrary transform of the parameter . Consider
the pseudo-distance d(-; -) satisfying weak triangle inequality d(X; z) + d(z;y) > Ad(X;y) with
A€ (0;1) and d(x;y) = 3551 i y)- Ifdj ( ()i () =0jr >0for H(; ') =1 such
that and ' differ only in the jth coordinate, then for the distance d(T; ( )),

maxE {d(T; ())} >

HllIl
H(;

grA -
r2 , where gy = ;gjr:

Lemma S4 provides a powerful lower bound for the maximum risk over the discrete param-
eter set {0; 1}", it can be adaptively applied to any parameter ( ) endowed with the pseudo-
distances d ; see Lemma 2 in Yu (1997) and Lemma 2.12 in Tsybakov (2008) for details.

S.2. PROOFS OF THEOREMS
S.2.1.  Proof of Theorem 1

Proof. \We prove the first assertion of Theorem 1 by evaluating E((A¢y «; j)?). By symme-
try, the choice of r does not influence the convergence rate and we assume r = 1 in the sequel.
By the definition of C(yy, recall that j,1, = Xii, Xi,,

[n=2]

EONNY [n= 2J Z N(N —1) h2 2 ih

11712

X /K (T"lh_ ) k(s)ds/K (Ti'zh_t> j(Ddt:
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We first calculate the bias term,
E(A@ « j)

i (252 s o (559 v
:/C(u;v)h/K< ; ) dsh/ ( > (t)dtdudv
-Jewolg [5(%52) v ) s
x{:]/K<";t> §(t)dt — j(v)}dudv
+/C(u;v){a/K<u;S> «(s)ds — k(u)} £ (v)dudv
+/C(u;v){r1]/K<V;t> Syt — ,—(v)} (U)dudv:

In order to bound each term in the right hand side of (S1), by Taylor expansion and Condition
3, 40

N A TRC P

:AlUiK“*{ﬂW—hU?NW+h?Z?HW@du—jwﬂiw

<h®| P2, <n%j

(S2)
Then the first term in the right hand side of (S1) is bounded by

:]/K<Vh_t> jOdt— (v H:]/K<Vh_t> k(tdt— k(v)

For the last two terms in the right hand side of (S1),

/C(u;v) {é/K (”;S> «(s)ds — k(u)} §(v)dudv
1 v—t 2:—aycC.

S K () «(®dt— k(v)|| < h%%E:

h h

Similarly, the last term in (S1) is bounded by h?k~2j€. Combing equation (S1), (S3) and (S4),

under Condition 1-3 and 5, there is E((Aqy «; j)) < h?(J 72k + k3j°).
For the variance term, denote

Ai k; j)= "1'2h/ (Tlll_ ) k(S)ds:‘/K<T"2h_t> j(odt

11712

1 < h4jke: (S3)

(S4)
<

and there is

1 1

var((Agy «; j>)§ﬁmE{Ai( I
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4 H. ZHOU ET AL.

Denote jn(s) =h1 [K{(u—s)=h} j(u)du and kh(s) =h1 [K{(u-
s)=h} k(u)du, the second order moment of A; ( k; j) can be decomposed as

E{AZ( j; k)}:4!<l>ll>Ai1( i k)+3!<|;|>Ai2( i k)+2!<|;|>Ai3( it k)

with

=Aiz1( j; k) +Ai2( j k)

It can be checked that Ajo; < Ajz2 + Aizz and Ajzz < Ajazz. In summary,

1 Aiz + Az Aj
var((Aay ki i) S (A- '22N = 4 ,\;321>: (S5)

Under Condition 1-3 and 5, we can obtain || .n|| = O(1)and E((X; kn)?) < k=22 for each
k < m. Thus
A' . :E X . 2 X . 2 < E x . 4 E X . 4\ 1=2 < -—ak—a,
i1( 5 k) =E(OG ) (X5 jin)?) SHEX wn))E(OS 5m)) " S ;
Aiz( i k) S2E{OK jn) 2 (IX wnlP+ %1 nll®)}
+2E{(X; kn)? (IX gnll?+ %1 3nlY S 5+

Ais( §i 1) S2E{UIX gnl?+ %1 inlHUX wnl®+ %1 knl®)} S 1 )
Then the first statement of Theorem 1 comes from combing equation (S4)-(S6) under Codition
5.

For E(||A12), by similar arguments and the definition of || - [|j,

[n=2]

/é(l)(SiU j<t>dt:Lni2J > N(N _1 n Z i, K (T"l_ ) in(Ti,)

i=1 11 #l2




Functional Linear Regression for Discretely Observed Data 5

and || A sz can be decomposed to the bias and variance term analogously. For the bias term, by
Cauchy-Schwarz inequality and equation (S2),

/ [E {/C(l)(s;t) j(t)dt} —/C(s;t) j(t)dtrds
_/{/Ch(s;t) j;h(t)dt—/C(s;t) j(t)dt}zds
2

S/Uch(s;t){ jin(t) — j(t)}dt:|2ds+/|:/{Ch(s;t)—C(S;t)} j(tydt| ds

<l jn— il / ICh(s; )|Pds +
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6 By the proof of Theorem 5.1.8 in Hsing & Eubank (2015), for each j < m,

i =Y f(C(1>_iCZ)j K k+zf(c(1)—C_)( @i = i)k

k#] (i k#j (5= «
- (1)1 S A
ey A0 fco-0)w ) (9
k#j s=1

+{/(A(l):j - i) ,—} i)

such kind of expansions can be found in Li & Hsing (2010) and Hall & Hosseini-Nasab (2006).
The bound for || (1);; — || can be derived by bounding each terms on the right hand side of
(S9).

For the first term in (S9), by Parseval’s identity and the definition of j and || - HJ?,

2
S -0 [€w-0) 5} = el (510)

k7]

7 Combing the second assertion of Theorem 1 and (S10),

s

Next, we will show that the remaining terms in (S9) are dominated by (S11). From Bessel’s
inequality,

Z|~

2
ja+2
K < (1*‘
n

J( C(l) ik
2 )

k#j i

> + h4j 2a+2c+2: (Sll)

X
V)
——
IN

E { ICay — CII2I y;j — j|2}
(2 4)? (S12)

~ 12y
<T6E(" @i — il
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where the last inequality comes from the fact j‘l\\é(l) — C|| <1=2 on Qm(n; N). Similarly,
on the high probability set Qm(n; N),

2
- (l)J A »
E ZZ = oot {/(C(l)—c) Wi k} K }
||| k#i s=1

2 R R 2
=E | > g > i) 2 {/(C(l) -C) wi k} ]

| ki (= 0 @i~

ICay — CJI? {/(Cay—C) j «}?
<2E =
B {(2 i —[ICq —Cll)? [g} (i— &?

(S13)
Coy—C) i — j) k2
+Z{f( @ — C)( Wi i)k}
K#j ( i~ k)
s (1€~ CIP /€y ~C) 5 W} ICm —CI* -
<4E - > — + I ayj — ill?
i ] k#j ( ] k) J
2 {/(Ca K}
< E Z (" e N (R 1!
| ki i- W
The proof is complete by combing (S9) to (S13) and the fact [|{( @y — i) i} ill=
| "y — ill>=2 (Hsing & Eubank, 2015, Theorem 5.1.7). O

S.2.3.  Proof of Theorem 3
Proof. The £2 discrepancy between and ~ can be decomposed as

m

. 2
=D bk k=) bok k| =
k=1

k=1 k=1

m ~ o] 2 m o 00

Z k @ik — Y _bok « SID bk @x — D bok k
k=1 k=1 k=1

These two terms on the right hand side of last equation admit the same asymptotic behavior, we
only need to calculate the first term. By Cauchy—Schwarz inequality,

m o o0 2
Zbk (1);|<—Zb0k K

m 2
Z (b — bok) 1y

m

1 . ’
> Sk @kt @) — > bok «
k=1

2

2 9 (S14)

> bok k

k=m+1

+3

ZbOk Ak — k)

k=1




8 H. ZHOU ET AL.
Theorem 2,

2
E

m ~
Zbok( Wk — k)
k=1

m
<) ok b E(l @k = kalll @yime = kell)

k1;kz2
m A ~
<> ok o {E (I ks = klDEU @iko — kol
k1:ka (S15)
" m 2
=D baf{E(l @~ k[
Lk=1
S . 1_|_ . +h2(1+ma+c+2—b)
i 2 (Nh)2

where the last equality holds under Condition 5. Combing (S14) and (515),

m e 2 ma+1
Zbk (Ayk — ZbOK kIl =Op ( Lmi2 n) :

where

1 1 1 m?2a+3 1 ma+1 1
_ ma - ~ (1 - 1 - h4m3a+2c+3 :
s {N+n(+Nh>}{ n <+Nh>+ TN/ T hNn

Under condition 6, there is Nh > C and

1 m2a+3 _2at2 2a+3 m
—_ <N ar2dnaradan +t =0 (—) ;
N n — n
1 1 _, _2a+brcrin4 m
— % hfmdares o <&1_4n S ax2b) > m3a+2c+3 _ o (7) :
N N n
1 ma+1 ma+1 m
NN T 3R n/’
lm2a+3 _ mza+2m _ (m) . (S16)
n n n n n/’
lh4m3a+20+3 < ln_aaz-':leln% < l =0 (m) ;
n - n - n n
1 ma+t - 1ma*t  my
n N ~ nma2a+2 _O(F)’
1 1 m
3o (3)
nN n n

Then we obtain p = Op(mM3+1=n) = Op(N(~-20)=(@+2b)), -
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S.2.4.  Proof of Theorem 4
Proof. By the definition of £( ),

2
N
cco-e{f g )

=1

=£w{</ X“1/3UY}+$EW{/ﬁbay—</30f}+P&V%

We can show that for any ~ = ", b2 with || ||z < oo,

e [ roer- ([ X} -5 o(f 2 1-8) o

k=1

On one hand
S 2E-8)| < o f TEe S
k=1 k=1 k=1

[e.e] oo
2 2 o
<[P wll wliZ+D - wbk <o

where the second inequality follows from || k||.c = O(1) by Condition 3. On the other hand,
by Jensen inequality, for any k € N4, [ 2 2 >b2 and the equality holds if and only if
“(s) k(s) = [~k forall s € [0; 1], which is the trivial case. Thus, without loss of general-
ity, we assume that there existsa > O suchthat [ 2 3 —b? > and

>1</?§_@>>o

Then, the discretely observed prediction error becomes

o0

5 ()0 ew)

k=1

E(n)=&(n)+0p <ri|> : (S17)

Next we focus on the asymptotic behavior of £( ,). By the definition of £( 1),

E(n)=Ed( — ;X"?)

<9F, (< ;é K k>2) +2E, (< ;kgl k k>2>
222 ,—{/(A— )j}2+2E* (< ;ki ;k>2)

=m+1

=1+ Iy

In this proof, we use = S"pL, by

90
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(S9),

/A( ds—/zbk @ik(8) j(s)ds
/26k< +Z A(l) k) \(s) +Z<A(1) |;k 11);|:— k) (s)
k=1

Ik 12k

+ZZ kk (1)55)1 (Aay 15 @K 18+ mx— Kk K k(S)) j(s)ds

17k s=1
m m R
N (Aw i K¢ Ay iv @k~ K¢
=i+ et ) p—
k7fj 1 kj i
k= () k) IR . o
+ZZ o+ (Aw i @+ @i— i b
k#j s=1

By Cauchy—Schwarz inequality,

2
m A :
S (b —boy) +Z (Zt"_%) +E; (S18)
j=1

J

=1 k#j
where
2
Al 3 1)k — |(>A
] P
j=1 k#j k= i
m 2 m
_ k— (1)|< Ay i 5 RS T~
D ZZ s+1 @ i bk T i — 0 )%
j=1 k#j s=1 * K i=1

s IS the remaining term.
For the first two terms in the right hand side of (S18), by Lemma S3

m
Z i = [|br — brol|* = Op( n); (S19)
j=1

and

2
3 (Z <A(i)j; _k) 5k>

=1 \kzi ]

2
<22 (ZA(D . k>(bkb0k) +2Z (Z A(i) J,-k>b0k) :
|

i/t \kzi KT J =1 \k#

(S20)
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For the first term in the right hand side of (520), by Cauchy-Schwarz inequality and Lemma
S3

2
m m . N _ i o
Z i {ZM(Bkbok)} SZ jz(ﬁk_bOk)ZZM

—_ _ )2
iz ke K =Lk =)

(A D)2
<l by 33 L0

=1 k#j
By Theorem 1 and Lemma 7 in Dou et al. (2012),
(Aqy §i k)2 1
Z Z @ i _k < 7(m3—a +1)+ h4<m3—a+20 +1):
i=1 k# i) :

Thus, Under Condition 5

100

2
m m . , ]
Z i {Z M(BkbOk)} =0p ({W+h4(m3+2c+ma)} n)

=t ke KT

=0p( n):

By (S41) in the proof of Lemma S3, the second term of (S20) is 0, ( ). For the remaining
part, we divide E into several parts,

=1 \k#i k™

2
E<Z (Z (A §s (1)I_<— k>b0k) .

k#js=1 © KT

2
m - ~
+Z i {ZZ : (1)311)1 (A js (1);k>b0k}

2
m
) (Aw i @k~ K¢
+Z il @i— i i) b0_|+z {Z @ J ()_ (bk — bok)

=t i=1 k= k=

2
m m oo
k— 1 k) N .
S e
i= k#j s=1
m

+) i@ — i 3205 —boj)?
=1

=E; + E> + E3 + E4 + Es + Eeg:

110
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By equation (S42) to (S46) in the proof of Lemma S3, E1 + E» + E3 = 0p( n). The following
equations show that E4; Es and Eg are also 0p( n).

. 2
Ea=)  j {Z COR —— d (b bOK)}

j=1 k# ko)
(A )2 m
W i @k~ k 2
<Z Z L > (b — bok) (S21)
=1 k#j k=1
aln 2 u (l)”HS 2
<m@(Joy — bro|[? ) , ZH _—
=1
=0p( n);

. 2
Es=) {ZZ ((kk__(jl)):i)l@(l) it k) (b — bok)}

j=1 k#j s=1
T & (k= @ ZA zmb b
SZ JZ Z—( s (Aay §r @k Z k — bok)?
j=1  k#j \s=1 J k=1
<m? By — bro| 2 Z Z A it @x)?
=g (k)2 (S22)
m m . 2 m . 2
. Ay i &) A v @k~ k)
<m@||br — byol|? i ——t '
A m A~ m A~
SsmAbr = brol? > 5 [ i — P+ @ — «l?
j=t k7
=0p( n);
§ A . 20 2 HA(l)Has i i 2 .
Ee =Y il @i— is i)’ —boj) SWZ j(bj —boj)*=0p( n):  (S23)
i=1 i=1

Thus, under Condition 5, combining (S20) to (S23) we have 11 = Op( n).
As for 15,

o 2
|2E*(<A Y kk>)
k=m+1
SE. (<ZBKA(1);|<; >k k> ) + E. (<Zb0k KoYk k> )
k=1 k=m+1 k=1 k=m+1

=l21 + l22;
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where

&) 00 2 0o
22 = E, < Z bok k; Z fik> = Z kb2, = O(m1=3-2):

k=m-+1 k=m+1 k=m-+1

As for 1,1, by the orthogonality of the series { }p2;,

0

13
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14 H. ZHOU ET AL.

wheree N(0; 2 andE( 2)= . DenoteP the conditional probability measure of
fYi(; )L, givenX, and its corresponding density is denotedjas
It is sufcient to nd g and afgeasmle lower bounds fafing . o-; E(kP "~ P ok,) by
applying Lemma S4 with ( ) = k=1 kb k. The prediction error
x 2 2 %
)=Ew= 5 " )y o= 5@ p)? (S24)

j=1 j=1

AN

ac’

can be viewed as a semi-distance #{0; 1] andd(x; z) + d(z;y)  d(x;y)=2. By de nition,
d () O =d( ;; o)= k (; o) k = de () o

whereda ( (); (= «2( 2 K2 k=1;2:::;r: Assume differs from ©only
in Itahejth coordinate, thusi ( ; ‘5 1, andd; ( ( ) ( 9)= 2 jif; which impliesg =

1, kBB = 20(rt @ 2. For any estimatof = 12N+ﬁ] i based orf X;;YigL, , ap-
ply Lemma S4 withA = 1=2

- A g : A .
s;ug)G EfE(™h)g zrfné':;li(gr Efd(7 . )g = (mlg)lzl E(kP " P ok,): (S25)

X 4 H

By the property of the total variation distance and Pinsker's inequality (Tsybakov, 2008,
Lemma 2.1 and 2.5),

E(kP APk, 1 E[fK(P jP =g (S26)

To guarantee the positiveness of the right hand side of (S26), we need to show that
fK (P j P o)=2g'7 is suf cient small for a suitable> 0. For a xed aj 2f1;2;:::;rg, the
log-likelihood ratio for normal noise in Condition 7 with > = (2 ?) lis

" #
qo 10 z z z 2
log — =— Yi . Xi Xi( o) Xi( o)
9 i=1
NotethatKk (P jP o= E flog(qo=q)jXg,
20 ) 1=
. = n 2
EfK(P jP9=2g"]= E4 = (¥ WKk S
k=1
( ) 1=2 (827)
)Q’ - 1=2
n 2 n .
2z (& OHKE(R) = 5%
k=1
where the last inequality is by Jensen's inequality.jBy Cj b. i Rj 2forj 1land
constanC; R > 0,
1=2 1=2
E(kP A Pok;) 1 min 2£ Rnj (@2 "= 2£ Rnr (@+2b =
] r

If we putr = Ln15@+2b) for suf ciently small > 0,

(min E(kP "Poky) 1 £ Ry =1 £ Ry >0
H(
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Start with Gy;j, by Cauchy-Schwarz inequality, Theorem 1 and Lemma 7 in Dou et al. (2012),

2
m

AN " (Ae Kk j)
$et,) -3 e (30 Go vl
i=1

i=1 k7]

_i E zm: (A@) ki J><A(2) ko J>b0k o
- J R N 1 2

<§: J_ i {E(A®) ki DDE{AD ki )2} bobok,

(kl_ J)( ko — j)

=1 Kkike#j
. {E( A(2) w O i
= i Z bok
=1 k7] ]
2
m m -_a, _a
< . bOk J 2k™2 h2 kCj—2 k—aic
S0 T+ h? (K kR)°)
=1 |kz KT nz
m
<Z<1+h4j20>j—azo <1_|_h4mZC—a+1) =0 n):
e n n
=1
m m m ~ 2
2 ) Ay @k — k) i)
ZGZ;j—Z i Z k__ bok
j=1 j=1 k;ﬁj j
_Zm: j Zm: (Ap)( (2);k1— k) A0 @k — k)i j>b0k o
| . 1 2
j=1 k1Ko Zj ( ki — J)( ko J)
caa s Ve all ok~ wly
H (Z)HHSZ Z ‘ . H o — ‘ 0k, D0k -
i=1 kike#i L

By Theorem 2, Lemma 7 in Dou et al. (2012) and Cauchy-Schwarz inequality,

m m ~
| @k — kalll @k — kol
(5 % W ere el
—

—l kl k2¢_] | kl - _IH k2

m m 2 - 2\11=2
El @omx— «lPEN @k — kl?)}
SZ i Z (2)ik1 1 : ) 2- 2 bok, bok,
i=1 0 kike# e = il e =
m - 2\11=2
{E(l @x— «lI9)}
3 [ Bl B,
=1 \k# k=
<Ll Lo peersayem (14 1) Ly pamsars-2orae o0 .

(S41)

(S42)

(S43)
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Thus,
& " ok = klll @k — kel
ZG =0p([lAlEs)0p | D0 5 O g b,
J=1  kiko#j ka I k2 J
:Op( n):
For Gs;j:1,
m m m o0 ~ 2
2 (k= @«x)° ~
> GEi=>_ i ZZW@@ @ik )bok
i=1 j=1 k#js=1 « K7 ]
. 2
<2m_ moo(k—(z);k)sA b
<2y j ZZW< @ @k i)bok
j=1 k#j s=1 J
N 2
ik (k- (2);k)sA . -
+2) ZZ(_W< @( @k — «)i j)box
i=1 k#js=1 « K7 J
=Gg;ji1 + Gajji2:
FOYGg;j;l,

Gaig =2 . . " = ( ki — A(Z);kl)s = ( ko — A(2);k2)s
3l = Z J Z ZW ZW
Jj=1 ki #ko#j s=1 1 J s=1 2 ]
X (A@) @k i) (AR @)kes j)Poks Dok,

m m

:22 j Z Ky _A (2):k1 ko _A 2);k2

T s (ke D@k = k= ) @k i)

S44
X (A@) @k i){A@) @):kes )P0k Dok, (S44)
A |2 m A : A :
1A@ ks ZZ ELY (A2 ki J>< @ ke J>b0k1b0k2
m
gZG“ =0p( n):
i=
190 Similarly,
N 2
k= (2k ~
Gajz =2)  j ZZ ()s+1 (Aa)( @k — K j)bok
j=1 k#js=1 « K
, 2
1Al Ay @x— «)i i)
ollbs ZZ Z o @ Dy (545)

~(©2 m—[[Awlns)

m

5ZG%;j =0p( n):

=1

=1 ki k=]
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For the last term Gajj, by the factthat |( "2y — i i)/ =l @ — ill>=2and the perturbation
results in Bosq (2000),

. 2 < - 2" 4 S 2" 2||A(2)||I2—|S
d Ghi S il @i il <) bl @6 - il >
j=1 ' '

j=1 j=1 ]

m (S46)
SIAllas Y 3% @y — ilIP =0p( n):

j=1

where the calculation of last equality is analogous to (S43). Combing equation (S40) to (S46),
we get

ENE{( i — i) il @} =0( n):
Then equation (S34) holds by combing of equation (S35)- (S39). The proof of Lemma S3 is
complete.
S.3.4.  Proof of Lemma S4
Proof. Forany = ( 1;:::; jyiiiy )" € {0;1}", define J—( Lo l— g )T as
the perturbation of such that J differs from only in the jth position. By assumptions,

e EUT ()24 Y YE@GT ()

e{0;1}r j=1
d j d; X i
*ZZE{% ZZE{J QN+ Ea (T ()
J=1 €{0;1}r J=1 €{0;1}r

Y ¥ (e [{d, ()+

J=1 e{o;1}"
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