Supplementary Material for
“Online Estimation for Functional Data”

In this Supplementary Material, we rst derive the asymptotic distributions of the pro-
posed mean and covariance estimates, i.e., Theorem 1 and 2, in Section [S.Tand[S.2] respec-
tively. The convergence of bandwidth selection and lower bound of relative e ciencies are
shown in Section [S.3 and 5.4

S.1. PROOF OF THEOREM 1

Proof. This proof is in analogy to the proof of Theorem 3.1 in |Zhang and Wang (2016).
Denote the current time by K and recall e(';f() nk =1;:::; K is the pseudo-bandwidth
chain at time K. We omit the superscript \(K)" of e(’;f(), B¢ in (18), ('ﬁ) in (14) and e®

in (10) in the proof when no confusion exits. The online estimate can be written as

R R
e(t) = 0Q2 1(2?1
QoQ: Qf
where for r =0;1; 2,
1 XK T.. t 7 X
Q=g W~ (Tkij  t) kg— = Qe
Kil k=1 i=1 j=1 K k
1 K 3B T t " X
Ry = S W~ ;k(Tkij t) klej Yklj = 'WRyx
Kil =1 i=1 j=1 ? k
We further denote for r = 0; 1,
1 XK X B <
@r = _S W~ ;k(Tkij t)lelj = !k@r;k;
Kil k=1 i=1 j=1 k
and de ne
1R R =
e/(t) — 1 0(231 QO:
ex Q2 Q=Qo
Note that > >
6.« t6,
Q1= 1Quk = h%i
K K K
one can derive > >
R IR &S,
e(t) = 2> Mg () +t T Ne(1):
Q Qo ‘ Qo
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We also de ne

=R TS G gy S gy, (5.1)
Qo " Qo ‘ Qo ’ '

where ’() is the rst derivative of (). Then

XI Quk Qu(R1 Q1 e Q) Qi(Ro Qo ex 'Qy). (S.2)
‘ Qo Q:Q0 Q2 S

It is straightforward to show that both Q, and QyQ. Q? are positive and bounded away

e(t) (=

from O with probability tending to one,

C D
g 2
Q:L:Op a+ S, ;
K;1
O . (S )%1
Ri Q@ & Q)R Qo & 'Q)=0,@ ,+ ex+ = + 2 A
Ski1 Sk

Then by the Cramer-Wold device and Lyapunov condition, we can achieve the asymp-
totic joint normality of (R, ERg;6; EG;; €&, EG,), where the rate of convergence
is minf( -1=Ska) "% FQ2=5% 492,
Explicitly for r;r’ =0; 1,
1
E(Gr) =t'f(t) + 5 (WHF2rf'() + (g 2+ 0, ( 2);

E(Ro) = (t)f(t)+% WHf OF' ) +2 'OF )+ "F()g 2+0,( 2);

Cov(6ri€)= < — RWITFM)+0, £ ;
K1 K;1 '
Var(Ro) = S;fl RW)( )+ )+ HF@O)+ % (tOF(t)* +op Tﬁh%
Kl K1 Kl i1
Cov(Ro; &) = S;: ROW)t™ (t)f(t) + o, S|;<_-11

From the delta method, —(t) follows the asymptotic normality that
_ 1
M ® 5 W) P a+o( ) INOD;

where
G+ 2
Sk T (1)
When m «=(Nk)*™ ¥ 0and i S, 5° the rst term in  above dominates. When

m «=(Ng)¥™ ¥ Cand fi S,z;lfs, where 0 < C < 1, the two terms of  are of the same

SK;2_

=R(W) 1+ (4 t)%-
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order as *. When m «=(Nk)*™ ¥ L and B S, 5°, the second term of  dominates

and the bias becomes negligible. Noting (S.2), the proof of Theorem 1 is completed. ]

S.2. PROOF OF THEOREM 2 AND LEMMA 1

We omit the superscript \(K)" of e}, 8¢9, Dand e in this section when no confusion
exits. The proof of Lemma 1 is similar to the proof of Theorem 2, with  ;;j 2 Z replaced
by B . Before delineating the proof of Theorem 2, we state the following lemma which is a

preparation for the proof of Theorem 2.

Lemma S. 1. Let

LK
Qor, = S W~ (Teigr Tian);
Kil w=1ir=1 jr=1
Lt I X XK BB
R; = Sxi:Sk» W~ (Tkij W~ (Tki OW-  (Twigr Tiin);

k=1 i=1 j#l k'=1i'=1 j/'=1

1
Yeij  (Twij)) Yeigr (Teiggr) 2 "(Tai) (T Tin)?

then

E( R:1=Qor,) = Op(SE;llslz;lstﬁ);
n >

— — —-2qQ—2 2 -1 .2 -1 -1
Var( Rl_QORl) = Op SK;lsK;z SK;B + Sk:3€ ;ke K + Sk:4€ ;ke K

k k
= 10 2 = 4
+  Sks€ i T SKh Ska€'y
k k
Proof. By easy calculation,
- KX XKD
E Ri= Sc:iSk» E W~ (Tij )W~ (T 1)

k=1 i=1 j#l k'=1i'=1 j'=1

W~ (T Tk (Taa))Yweigr (Twirr))

. KX B
= SkiaSka E W~ , (Tkij SW-_ (Txiit  OW~ , (Twij  Tkir)
k=1 i=1 j#I i'=1

TMeii (Tei)) Ve (Twigr))

X X
= SkiSky MM DE W-, (Tij  S)W- (Tt 1)



#
W~ (Twiir - TeidMiij (Tei)) Y (Tijr))

=0p SIZ;ﬁSE;lZSK;a ;

and hence E R;=Qor, = Op(Sk;Sk>Sk3)- Note that

X
2 22
RT =Sk3Sk2 Wiyijs (S)Wiyigt, (OWis it iz (Tkyint) Wicizj (S)Wicial, (O Wisis iy (Tkaial,)
J1Fli2#l2
Yiuij i) Y Lo Thaialy)?
( kii1j1 kl'l]l) kiivig AH E klilll( AUH k1l1|1)
Yioisj i) Y L@ Tioiol,)?
(icioie  keizie)  Yigitiy  Kitiy 5 kool (Tigitiy Theaiala)”

E R? is the summation of the following quantities:

X
(@) =SKASKEE  Wigiaiy ()Wikgizt, (OWigirir (Tiaiats ) Wsiniz (S)Wigial, (O Wi i iz (Tisit)

1l 21212

(Y )kliljl(Y )kil&ji(Y )kzizjg(Y )k/-/-/'

> e
() = %SgisgéE Wiyizjs (S)Wiyist (O Wi it i (Tkaintn) Wicizjz (S)Wiial, (Wi it iy (Tkaislz)
Y ki (Y i (Y eizie keio(Tigisis Thoioh)’s
()= %SK;leK;zzE < Wiyizjs (S)Wiyist (Wit iz (Tkyint ) Wicizjz (S)Wiial, (Wit iy (Tkaisl,)
O i (Y Deizia (Y Disivis g, Tetigis Taizh)s
(d) :%Sﬁ;zlsﬁ;ng > Wigizja (8)Wiqist (Wi i i (Tiyint ) Wieizjo (S)Wiial, (O Wi iy (Tkzil)

" 2 n 2.
(Y )kliljl(Y )k2i2j2 klilll(Tkiiiji Tklilll) k2i2|2(Tk/2i/2jé Tk2i2|2) !
which are computed as follows.

a. For (a), there are four cases according to the relationship between (ki;i1), (kz;iz),

(k7; 17), (k5; 15) to make the quantity nonzero:
(B.1) Let § =T(ke; i) = (ki i1); (Kosi2) = (K55 15); (Ka; 1) € (ko3 02); J1 € 14 J2 & 120,
X
. —c-2c-2
B : 1i1j1 izl 1i7J1 i1y 2i2j2 202l
(@1) =SaSK5E  Wiginji (S) Wit (Wi it s (Tigint )Wiizjz (8) Wisint, (1)
V\;kéizjé(-rkzizlz)(Y it (Y Daigin (Y Deioia (Y keiais
=535k B Wigint (OWigigs OOWiaiis Tkaint) Y Dkaiin (Y et

a
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E Wicizt, (OWisisjo () Wiiinis (Tkoiz) (Y Dioinic (Y Dkaiais
=(E Ry(s;t)*

(B.2) Let § = f(ky;iz) = (kojiz); (K1) = (Ko 05); (ke i) €& (Ki30h)01 & i) &
2; 31 & j39,
2c-2 >
(a:2) :SK;lsK;Z Ef\/\/kliljl(s)WiZjlkl (s)(Y )kliljl(Y )i2j1klg

: #
E Wklilll(t)lejlkl(t)Wkii&ji(Tklilll)wi’zj:’[k&(lejlkl)(Y )k'li'lji(Y )ilzjik,l
2 2 > 2 4
=SK1Sk22 (s;8) (HEOF(S)F () +Op( 2+  12)
]

=5, 4Sk5Sks  (59) (LOFA(S)FAN) +0p( 2+ )

(B.3) Let 5= T(ky;iy) = (ks i3); (ka; i) = (Ki;11); (Kas i) € (Ko; i) J1 € 1152 € 1ag,

h><
(a3) =SI2,215|2,22E Wkliljl (S)Wk1i1|1 (t)szizji(Tklilll)

g
Wk2i2j2 (S)szizlz (t)Wkliljé (Tkzizlz)
Y i (Y Deiif (Y Deoinia (Y iy

i
=(E Ry(s:t)%

(B.4) Let 3 = f(ki;in) = (kosiz) = (k1) = (K3;03);J1 & lijj2 6 g and omit the
subscript Ki,

n><
(a:4) =S 3SK3E Wi, (8)Wi, (Wi (Ti, )W, (S)Wi, (Wi, (T1,)

a
4

(0]
(Y )jl(Y )ji(Y )jz(Y )Jé :

It is the summation of the following sets,
=T =i =i h =L j1 &l j, & 1Lg;
=T =001 611 Gl 6L LTI E o d; =Jo i = b J1 & 115 ). 6 1g;
23 = Ti1J2;J1: 05 are not equal; j1 & 1i; j2 & Iog:
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Correspondingly, we de ne
Eis(s; ) =E Y1 (T1) Y, (T2) ZjTl =s;T,=t;
E2|4(S;t) =E Yl (Tl) 2 Y2 (T2) Y3 (T3) JT]_ = S;TZ =T T3 =t ;
E3|4(S;t) =E Y, (Tl) Y, (T2) Y3 (T3) Y4 (T4) JT]_ =S,

To=tTz3=5,T4a=t :

Then by easy calculation,

]
. X )
@4) , = SKkaSk5 Sk3€ k€ R(W)’Eqa(s; )F(s)F(1);
' (k=1 '
. X )
(@4) , =SciSK Sks€ x  R(W)Eqa(s; t)f(s)f*(t)
' k=1 1 >
< !
+ Ska€ k€ i R(W)’Epu(t; )F2()FP(Y) ;
k=1

(@4) . =Sg4SkESeEsa(s; )F2(s)FA(t):
4:3 ! !
b. For (b) and (c), it is required that (ky;i1) = (ko;i2) = (k};i}), de ne
Ez‘g(s; S, t) =E Y, (Tl) Y, (Tz) Y3 (T3) _]Tl =s;T,=5;T3=1 :

By easy calculation,
1

. X
() + (€) = SASe W)Eza(sisit)  sca€y
k=1

c. For (d), we need (kq;i1) = (kp; i), then
1

=l Va2 (o <VE2(<)F4 X 4
(@) = 75z “(W)T “(Dg" (s;9)F(S)T(D) Sk;4€" K

k=1

From the above arguments,

Var RR=E R? (E Ry)?
n > < >< o

_ 2g-2 Q2 12 11 -1
=0p SkiiSk2 Skz+  Sk3€ k€t Sku€ €t Sks€ i

k k k
X

+53 7 saey
k



Note that

1
2a-1 KX 2 3
COV(QORl; IQ1) = SK;lsK;z mki(mki 1) ;,1R(W) (S;t)f(S)f (t);
k=1 i=1
1
E(Qor,) = (1) + 3 W)F'(t) 2+0,( 2);
Var(Qor,) = = — RW)F()+0, <
SK;l SK;l
By the delta method,
1
Var Rl — Va; Rl 2E Rl COZ(QORl; Rl) + E2 Ri Var QORl
QORl E QOR;]_ E QORl E QORl
n X > > o
=0p SKiSka Ska*  Ska€ k€t Ska€ K€+t Sks€
K k xk
£S5 sy
K

Now we give the proof of the asymptotic distribution of e in Theorem 2.

Proof. Denote

f1 = Q20Q02 Qili o = Q10Q02 Qo01Qu1; T3 =Q01Q20 Q10Qu1:

Let e be the local linear estimate based on €1 = (Ykij  €xij)(Ykit  €xit) Which can be

expressed as
_ flROO f2R10 f3R01_

e = )
fl QOO fZQlO f3 QOl

where for p;q =0;1;2,

XX X T
Qua = Siciz W~ (Tkij - )W~ (Tkir ©) kg ktlal
k=1 i=1 1<j#I<myi K ik
= !kaq;k;
K
X3 X T T g
Rpq = Sk W~ (Tkij )W~ (T 1) ki ull Cuiji

e. e.
k=1 i=1 1<j#l<mq k k

= TcRpgik:
k



Let

e, = 1 f2(Rio RooQ10=Qo0)
1; 1
e xf1Qw 1:Q%=Quw 3Q0:Q10=Quo
e, = 1 f3(Ror  RooQo1=Qoo)
T e fiQun  Q01Q10=Qo0  3Q3,=Qoo’
s — 1 f2(Ry  RgrQ10=Qoo)
BT e FiQuo  F2Q2,=Qo0  13Q01Q10=Qoo”
o1 fa(Ro;  R5oQo1=Qoo)
2k e k F1Qo1  12Q01Q10=Qoo fsQ(z)leoo’
KX X Tij S 7 T t°
R;;q = SI212 W- ;k(Tkij S)WN ;k(TkiI t) kg kél Ckijl,
k=1 i=1 1<j#I<my; ik H
L XK X
Cpy = Sk W~ (Tiij SIW~ (Tkir - OTR; Ty = kGpaik
k=1 i=1 1<j#I<myj k
Then we can write
_ Ry X< ;e Gk SQuo > ;e Souk Qoo
= — Weiw ———— Wox —————,
Qoo Qoo ‘ Qoo
—_Ro @ € sQw @ Gn tQu.
Qoo @s Qoo ot Quo
— _ Rao @ G sQoo e G Qoo
Qoo @s Qoo et Quw
Following similar arguments in the proof of Theorem 1, we can prove that
> 8 . 93
<< K 3 Si3 T2 ;:
e ~=0,%min _ S/3 =2, Sk4=SZ&, 2 _9:
} T k=1 = Gk -

Now we derive the asymptotic distribution of —. We

—%k

(B.1) Calculate —

From the de nition of — and —*, we have

. K3 X
Roo =Sk
k=1 i=1 j#I

Wiij (8) Wiir (1) Cuiji

Wkij (S)Wkil (t) f(Ykij

+( wij  ewin)(Ykil

8

rst show that = — = O, f(Nk)g.

= Roonoo. Note that

ki) Yt ki) + Vi ki) ki

Exil)

ki) + (Bij  ij)(&it i)Y



. . KX
=Rpo + Skin Wiii Wit (OFNiij  kij)( kit ki)
k=1 i=1 jI
+(kij eV «iDg:

Recall that in [S.T, we have

e( “(M=0(C® (©),

where
Ry, 6 (G
= o O+ ()
Qo Qo Qo
1 b O @, ¢ To: t '
Qr(t) = S W~ (Tkij 1) k'ej— ;
Kl =1 i=1 j=1 ik
1 b @ . @, To: t '
R (1) = S W~ (Tkij 1) < Yiij
Kil k=1 i=1 j=1 €
1 XK
@r(t) = S_ W~ ;k(Tkij t)TI:ij:
Kl =1 i=1 j=1
then one can obtain
. KX
Sk Wiij (S)Wiit (1) (Yij  kij)( kit ©xit)
k=1 i=1 j#I
o K 3K XX
=Sk’ Wi (Wit (0O YViij ki) ( kit kit)
k=1i=1 j#I
=S5 Wiij (S)Wkit () (Yij  kij)  (Tkit) 60 + 61 "(Tkir) Tkilao
k=1i=1 j#I 0 0 0
. KX
=SknQo Wi (S)Wiit (1) (Yij — kij)
k=1i=1 j#I

Qo(Tkit) (Tkit)  Ro(Tit) + G1(Twit) "(Twit)  TwitGo(Twit) ' (Tkin)

L ed 1 KX K BB
=Ski15k;2Q0 W= (T SIW= o (Tkit OW= | (Tieiry-
k=1 i=1 j#l k'=1i'=1j'=1

Yeij  (Tkij)® (Teir) Yieijr + Twirg " (Teit) - Tiir " (Tiin)9:

Take the Taylor expansion of (Tkji) at (Twisj/) in the last bracket,

Sk Wiiij (S)Wiit (1) (Yij  kij)( kil ©xil)
k=1i=1 j#I



RO K K
= Ski1Sk2Qo W= (Tkij  S)W=  (Tkit 1)
k=1isLjpk=ti=ti=t
W= (Teivi T (Yeij (Teij)) Y (Teij)+

(0]

1
/(Tk“) /(Tk’i’j’) (Tk’i’j’ Tkil)+§ H(Tk“)(Tk/i/J—/ Tkil)z .

Then take the Taylor expansion of '(Twij) at '(Twi) in the last bracket,

L KX
Sk Wiii Wit Yiij  kij)( it ki)
k=1 i=1 j=I
. et 1 I3 X XK BB
= Ski1Sk2Qo W~ (Tuij YW= (Tkir 1)

k=1 i=1 j#l k'=1i'=1 j/'=1
n

W~ (Twirgr Twin) (Yaij (Txij)) Ywijr (Twivjr)

o
"(Tii) Teirjr Twin)?

N =

Denote

- KB X XK B
ARy = S3S¢ W= o (Tkij W= (Tt 1)
k=1i=1 j#l k'=1i'=1 j'=1

1
W= (Mg Tii)(Yeij (Teij) Ywigr  (Teijr) §I/<Tk”)(Tk'i'j' Tkil)?

Ly KX K
ARy =SS W~ (Tkij  S)W= (Tt ©)
k=1i=1 j#l k=1i'=1 j'=1

1
W~ (T Tii) Yt (Tiin) Yoy (Teirg?) 3 "(Twij) (Terivjr Tkij)?
Qor1 =Qo(Tkit); Qorz2 = Qo(Tkij):

It can be written as
R, R,

+ .

QOR]_ QORz ’

The last terms in the right hand side are of the same order. By Lemma S[I} we have

Roo = Rgp +

E( R1=Qor,) = Op(SKsSk5Sk:a);
Var( R1=Qor,) = Op 5;2;215.2;22 Ska(1+ Ski 1) *Sks -1 2
+S; .1 .1+Ss .1+Sg + S|2;2234( ;2)2
Hence

- T =0 SE;ﬁSE;lz S|2<;3(1+S|2;11 1) *Skiz -1 -2

1
2

1
-1 >
+ SK;4 -1 ;-1 + SS —1 + SG + SK;ZS42 ( ;2)
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(B.2) Asymptotic distribution of —*.

De ne
— _ Ra e G sSQu e Gn tQuw

Qo 0Os Qoo ot Qoo :

The asymptotic normality of —* is accomplished by the asymptotic joint normality of
(RSO ERSO; @oo E@OO; @10 E@m; @01 E@o]_). SpECi caIIy, let

Ei(s;t) =Ef(Y:  (T))*(Y:  (T2))’jTi =s; T, =tg;
Ex(sit) =EF(Y:  (T))*(Ya (T2  (Ta)iTi=sTo =t Tz =tg:
By easy calculation, we have
EG,, =sPt'f (s)F(t) + % (W)FSPEF"(s)F (1) + SPOF(S)F/(D)g 2
+% (W)F2pF'(s)f () + 2qF' ()F(s)g 2+o0, 2 ;

ERgo = (S;t)f(S)f(t)+% (W) 2 %%(S;t)f(s)f(t)

+ zg—s(s; DF ()F () + (s;)F(S)F(D) + %%(Si DTOT()

+2%(S;t)f’(t)f($)+ (s OF'()F(s) +o0, 2 ;

Var(Ry) =f1+ 1(s = t)g R(W)’Ey(s; )F(s)F(t)S5 2
#
2 . 2 . -1 X Sk;3
+R(W) F(s)F(DEx(t;s) + F(S)F (1) Ea(s;t) Sk3, P
k=1

+V3(s;)FA(S)FA(1)SK3Ss +0 S5 2
1

Si-
_2 k;3
+ OP SK;2

k=1

+0p SK5Ss

Cov(Gpg; Gprg) =FL + 1(s = t)gsP P t0*% R(W)*F(s)F(t)S5 2

XK #

+ R(W)FF2(s)F(t) + F(s)F*(1)gS5 Sk

g k=1 €
o X .

+0p Sh 2 +0p S5 S3

7 k=1 © ok

Cov(Gpq; Rip) =FL+ 1(s = t)gs”t! R(W)? (s;)F(s)F(1)S, 5 2

11



#

Xoss
+R(W) (si)FF(s)F(t) + F(s)F*(1)gS, 5 o
K
' k=1 =
_ X .
+0p SE;ZZ ~2 +0p SE;Zz _ZK'B
k=1 =~ K

From the delta method, —(t) follows the asymptotic normality that

sty (st) 15 (W) @(s-t) + @(s-t) +o0, 2 WN@©D:
1] 1] 2 @SZ ] @t2 1 P ] 1
where
1 — Vi(s; t)
= = 172 2 71
fl+1(s=1)g S, “*R(W) ST
Xog, F(S)Va(t; s) + F(D)Va(s: 1)
2 k;3 2(L, 205, . —_q2 .
ez g KW f(SF® Va5 08 Sici
The proof is completed combining the above arguments. [ |

S.3. PROOF OF THEOREM 3

We mention that Theorem 3 and Theorem 4 can be extended to the standard d-dimensional
local linear regression. To see this, we introduce the following notations and assumptions.

Notations and assumptions for d-dimensional local linear regression. The un-
derlying model is Y = m(X) + " where X 2 RY, E" = 0 and Var" = 2(X). Suppose
we observe F(Yii; Xki : 1 = 1;:::;n)g in the kth block and Nx = :le Ny, i.6., We use
Nk to denote the sub-sample size of the Kth data block and Nk = Pszl Nk to denote the
full sample size up to time K, which correspond to Sk.1;Sk:1 in (6) for mean estimation
and Sk.»; Sk:2 for covariance estimation, respectively. We impose the following assumptions
which are in parallel to (A.1){(A.3) and (A.6).

X de ned on [0; 1]¢ whose density () is bounded away from 0 with bounded second

derivative.

(B.2) The second and fourth derivatives of regression function m(x) are bounded and con-

tinuous.

12



(B.3) Noises "k; are i.i.d. with mean 0 and variance 2(x).
(B.4) The block size Knk=Nk ¥ lasK ¥ 1 fork=1;2;:::; K.

The optimal bandwidth at time K is hY N *"9_ The candidate sequence is g,
and the pseudo-bandwidths are feﬁK) k=1;::::Kgfor j = 1;:::;d. The centroids for the

candidate sequence are T (K) = 1;:::;Lg. Further de ne
(K) — X& K
1
k=1 NK

We also mention that the mean and covariance estimates corresponds the cases d = 1 and
d = 2, respectively.

When estimating , all observations are pooled together and the index of subjects become
invalid, which is intrinsically one-dimensional local linear regression. Hence one can derive
the following result for standard d-dimensional local linear regression by the same arguments

in Theorem 1.

Lemma S. 2. Suppose assumptions (B.1){(B.3) and (A.8){(A.9) hold. If

__1
AKO hO =0, N ™ 5 j=1:00 (S.3)
then a xed interior point x 2 (0;1)%, as K ¥ 7, the online estimate <) (x) satis es
2 SX o 3

n O1 < = d 2
1 R(W X
N 99RO meo 5 W)L miG0, 2hop(2)S AN oL

S i s

We prove in Section [S.3 that (S.3) is satis ed by the proposed online method.
R P
Denote X =fX,; 2RY:k=1;:::;K;i=1;:::;ng, = fF Jf’zl@zm(x)=@xj?gf(x)dx
R
and = [0:1]¢ R(W)? 2(x)dx. Similarly, we adopt another online local cubic and online
local linear to estimate and , which are denoted as € and e, respectively. Then the

optimal bandwidth and the online estimated bandwidth for m( ) are

LY

1 Z+d

h(<) TN A e N+ S.4
T Ko ETONER) Ko (S.4)

The candidate sequence for and are f ('f)gf ,and f (K)g, 1» respectively, and the pseudo-
bandwidths are fe'} : k = 1;:::; Kgand fe'y : k = 1;:::; Kg. Then we have the following

conclusion.

13



Lemma S. 3. Suppose assumptions (B.1){(B.4) and (A.8){(A.9) hold. When the online

bandwidths and candidate sequence for and are

h(<) — GN,ZlZ(G+d); h(<) — RN'Zl:(4+d); 1<G:R<1:

(K) K) = h(K).  (K) (K) = K(K).
3y < < ' =h" 3y < < =h"

thenas K ¥ 1, K in (S.4) satis es

IO



and then e = 0y(SKa”). For , one can prove that the convergence rate of " is
dominated by Ex (s) (t) in step 3 of case (b) in Appendix B which equals Op(Sc;;°). For
dense data, we need only check the order of e%. From [Zhang and Chen| (2007), "xij  "“«ij
in step 2 of (c) in Appendix B is of order (Sk;1) >, recall that t§;; is a debiased version of
"wij and e is the average of ;;, then ek 2 =0, Sy . In all the cases, estimates of

are dominates those of , which completes the proof of Theorem 3.

S.4. PROOF OF THEOREM 4

Note that the asymptotic distributions of e and e have the consistent form with the stan-
dard d-dimensional local linear regression, i.e., the bias is of O,(h?) and the variance is of
Op(Nth~9), where d = 1 for mean estimation and d = 2 for covariance estimation. The
lower bound of the relative e ciency also holds for the standard d-dimensional local linear
regression. We adopt the notations of the d-dimensional local linear in the proof for notation

conciseness.

Proof. Recall that 8®) = 9 = ::: > &9 without loss of generality, we assume " =

g(DB® where g(1I)  g(1) =1, 1=1;:::;L. Note that A®) RO = o) N "% and the
candidate bandwidth sequence satis es

1

(K) GE=
N d+2
b =00 R o)

Write g(1) = fg(1)** g and note that N.=N grows linearly with respect to k, then shall
be 1=(d + 2) and the optimal g(I)** shall be linear between (0;1). Hence, the optimal | is
as in (19).

Next we derive the asymptotic lower bound for the relative e ciency of our local linear

estimator. Writing R®) = hOf1 + O, (N Z“")g, one can derive

8 1.9, 8 1 9
o <K q0 =4 K @0 S

- JL. S + L S
d+4 S Nk BK) 3 d+4 : Nk BK) -

k=1

eff(m) ' = +0, N

1
(S.5)

As shown in Figure 1, when K tends large, there exists a breakpoint Ky: when k  Kg, &

equals the last candidate (1=L)¥ @+, for the limit number of candidates and for k > Ko,



there are su cient and close candidates to make a choice. Hence

_L 2
o SLwes N TTao, NS kK
- = N O 1 2
AlO =, ,ﬂ—; o 0, N k> Ko
where Iy = argmin; ;.| JNk=Nk  I=Lj. Then when k Ko,
< O 1- 32
M & _d+d ol Nk T o ot
g Nk 80 d+2 K Pk :
- 1
- _d +
X i (K) _ d+4 | s NK0 I+32 +0 N 6erd
N PRI 2d + 4 Ny Pk

2
XK one & Ko 2
e e =1L +0, N ;
kmtort K RO K
)~ 1
Konme &9 T N o ook
Nk BK) N poK
k=Kop+1

The property of breakpoint Ky also guarantees that

1
1 d+4 X Nk ﬂ(k)

il CIGOB
L =1 Nko
which is equivalent to
1 1 1
1 aa ¥, A0 ¥ p®0 1 e 3 p S 2 N @
L k K& L 1+ 0p(N ™)y - 5
L K1 NKO fK) hy™’ h; L K1 NKO Nk

and under Assumption (A.5), we obtain

Nk, d+4 1 _ 2
o+ N 6-+d
Ny d+3 L Op N

Denote = Nk,=Nk, one can derive from (S.5) that

d d+4 ?
eff(m)~! =932 413 Lo -t 41
4 d+4 4 14 d _—
i+4 2d+4 La+a “Tdva + 1 +0, Ng : (S.6)
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h i
Note that (S.6) is strictly increasing with respect to 2 0;f(d +4)=(d + 3)g“'+4 =L . Hence

we have
2c,d + 4c d
-1 it 21 -1 4 2 —2.
eff(m) 1 —d+a L q+a 4clL ;
where
(d + 4)%+3 d+4 (d + 4)20+5 d+4
C1 1 C2 :

T [@d+3)2d+2) d+3 T [d+3)92d+4) d+3

This completes the proof of Theorem 4.
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