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L1 this” e R e dg cle_a-e el and fﬁ adatienal f ami€ e k fe ana-
ziag geae al Rlemaﬂ,nanl§ Aactieqal data, ia 2 llﬁ la a-¥¥ dg cle et
of lease Hilbe t s aces aleag ¢ | eseaa manifeld. g ch's_aces eﬂablqJ s
ltede j eKa ]y vien Lo\ ee _aﬂsun fe Riemaanian andom . ecesses. This
f ant¥ e kalse feg, esana ~ eachle cem ae ebjects f em diffe eat tease
Hilbe t s acesv' hich 2 esTh-éV' - fe as m Lelic anal sis i1 Riemaaaian
5 Actienal data ana] sis. B il o Il iasic geomel ic ceqce 15§ ch as, ec-
Lo~y eld, LQ i- C{ﬂ ita cesmection and 2 allel t aas olLen Riemannian man-
ifelds, the dQ ele edfant¥ eka hes Le el oﬂ; ]E[ chdeaﬂﬁ bmaaifelds
L alse manlfold?’" ithe t aﬂeﬁ al ambieat s ace. As a__hcauons of this
fan® e k¥ e d§ elo 1l isic Rlernanmaﬂg Aactienal mc1 al cem_e:eal
ana] sis (iIRFPCA) aad #l iasic Rlema,mlantfl sclieqal hnea eg es:lon (iR-
FL )Lhat a edistinct f emthei U aditienal and ambieat cg e Als. We alse
-* ide estimatien _ece es fo iRFPCA and iRFLR, aad i ] es\lga\e thei
ag m _1‘011(3 o tie¥ ithia the ial iasic geomet) - N me ical e fo mance
isil} st atedli suﬂ lated and eale am 1e:

1. Introduction. E Aclienal data aﬂai sis (FDA) aq aqces § bskaﬂllal}‘ H
the asLVI e decades, as the a_i id dQ ele et of mede 11 lechneleg eaables
colleckmg me ¢ and me e data C.ﬂllﬂ t s Qe time. The e is 1ch liie gy e
s_an-amg me e than s¢ ené ea s ea this L@ 1c mci} ding d¢ ele_meal e f -c-
lienal 1,101 al cem_e:e 515 ch as Dﬁ ois, Pﬁ sse aad Remain (1982),
Hall aad Hesseini-Nasab (20006), Kleffe (1973), Rae (1958), Sll7 e man (1996),
Yae, M lle aad Waag (2005a), Zhaag aad Waag (2016), aad aq, ances e f -ac-
lienal linea eg essiea § ch as Hall aad He% itz (2007), Keag et al. (2016),
Yae, M lle and Waag (2005b) Y aa and Cai (2010), ameag m ethe s. Fo a
the g gh ¢ ¥ ef the lo 1c e efe eadesiothe ¢ I aticle Wang, Chig
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and M lle (2016) and meneg a_hs Fe a, aad Viﬁ (2006), Hsiag and ]ﬁ bank

(2015), Kekeszka and Reimhe (2017), Ramsa aad Sil e maa (2005) fe cem-

_ehen | €l ealmexls e classic 5 “clienal data ana] sis. Ahhﬁ ght aditioaali
-iclienal data lake, a] esina, ecle s _ace, me ¢ dala efnealinea s, ¢ eaise

and shg 1d be ¢ haadled i a-aealinea s ace. Feo iﬂstgﬂce, L ajecle ies

of bi d mig alien a e~y al] egadedasg  eseaa s‘_he & hich is anea-
linea Riemaaaian maqifeld,” athe thaa the th ee—dimeﬂsibﬂalv ecle s _ace R3.
Aqelhe e am_!e is the ¢ s1amics of b aiﬁ[i; Hclienal co,mect{; i . Theg H1clienal
cedmiecl] 15 al alime ol is e_esented a§ mmel ic _osit{; e-dey-nite mat i
(SPD). Thea the ¢ -aamics shall be medeléd as™a Gve 11 the s _ace of SPDs that
is ead® ed” ith ithe the &f-1e-ig a ianl met ic (Meakhe (2005)) o the Leg-
][3] clidean met ic (A si et al. (2006/07)) LX) eid the ‘V§' elling—effect (A sig
et al. (2006/07)). Beth niet ics]}I 4 SPD ile aqiealinea Riemannian manifeld. Ta
this a el e efe this| e of factienal dawa as Riemannian functional data,

W hich a e f actiens taking, 3| es &1 a Riemaaian manifeld aad medeled b Rie-
mannian random processes, thal is*¥ el eal Riemaniaa ajecle ies as ealiZalieas
of a Riemanaian andem ecess.

Aaa] sis ef Riemaanian I «ctienal data is-ael en] challeaged § the Fw-aile
dimenslonalig, and cem_actiess of ce a 1ace o cdle f om£ Jclienal data, B L
alse ebsi, cied lg\ the nonlinearity of \he ange eof f -iclieas, skice manifelds a e
geae al§ <18l eCle s _aces and eade may techai, es eg? kg ealiaea si, ¢ e
weffecy e o ina__!icable. Fe iastaace, if'lhe sa ‘_le med g | eis cem, led fo
bi d mig alieat ajecie ies as if th¢" e e sam led f em the ambient s ace R, this
-4, e sam _le meadn in geae al deesqet fall ea {he s_he e of ea th. Fe manifelds ef
L ee-st, Cﬁ ed data §| diﬁ:d i1 Wang and Ma e (2007), as thg a e-1g) al%, et
K clidean § bmanifeld¥ hich efe te Riemaﬂﬂiaﬂﬁ bmanifélds ef a K clidean
s ace w this ae, the a4, e sam‘}e mea cad el ¢ e be dey-ned f em ambi-
eal s_aces, and Lh sa _e ¢ Lealmenl of manifeld s q e issiecessa_ . While
the lite g e fe K clideaa { -clienal data is afy adaaY e ks H) o] g-iealinea
manifeld sk, q ¢ ae scace. Chea and M lle (2012) and Lin and Yae (2019)

es ecL{; el 1,% estigale e_esematioﬂ aad eg essiea fo f -iclienal dala I\L ng i
al® -dimeasienal nealinea manifeld that is embedded ia aa Fy-ite-dimensieanal
s_acel’ hile Lila, Astea aad Sangalli (2016) feg ses _iaci_al cem_eaeat ana] -
sis @ f -1clienal dat¥' hese demain is &Y e-dimeasienal manifeld. Neae of thése
deal ith f sictienal data that lake, 3| es @ a-1ealinea maaifeld hile Dai aad
M lle (2018) is the ea] ende@ e ia this di ecliea fe B clideanﬁ bmanifelds.

Asg Actienal - mci_al cem_eneal anal sis (FPCA) is an essential Leel fo FDA,
it is of im_o lance aad e esl Lo dg elo_this qelien fe Riema,miaﬂtlj sclienal
data. Skace manifelds a e i geae al -1l ecle s aces, classic cq a iaace f -c-
Lioﬂs/o_e ale s dexiel e ist-1g) all fe aRiemaniaa aﬂdom‘_ocess. A st aleg
that is efien ade ted, fo e amJe, Shi et al. (2009) aad Ce xiea et al. (2017), le
¢ ¢ ceme the lacl?oﬁ, ecle ial SLlj q ciste ma_data e Lthe maaifeld inle Langent
s aces, ia Riemanaiaa lega ithm ma4_de-,~ned i Sectien 2.2. As Langeat s aces al
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diffe eat omts a e diffe el ecle s aces, i1 @ de e haadle ebse, alieas f em
diffe eat Laﬂgeﬂl s aces, some e 1511,1? o ks asy me a E clidean ambleﬂt s ace
fe the maaifeld aad 1dent1§ langeil, ecle s as F clideaq, ecte s. This st aleg. is
ade Leddlg Dai and M 1le "(2018) ea Rlemaﬂﬂlaﬂlﬁ sctienal dataﬁ ch as cem .-
sitienal data medeled ea thg, it s he ¢ fo they stiime. S 661-, call ,ih¢ asg e
that f aictienal data a e sam led f om alime; a_ kg geodeswa bmanlfo d¥ hee
al a gj eq lime oml Lheg -Iclieas lake ad ¢s @0 a geedesic § bmaaifeld ef a
cemmea manifeld. § ch a cemmea manifeld isf the asy mediebeal clidean

bmanifeld that allé ste idemig1 all tangent s Jacesash e 1 lages in a cemme:

clidean s ace (ead® e itht al]ﬁ1 clideaa e _og cl). Thea™ iththe
aid eof Riemaaaiaa lega ithm ma_, , Dai and M lle (2018) a e able Le L ansfe m
Rlemanman'f Actieaal data inte ][3] clidean eae¥ hile accq Aling fe the it iasic
§ v 4 cefthg «ade &‘ g manifeld. , ,

Te 3 eid ceaf sieal e disting ish'l e diffe eal e s _ecij esie deal” ith Rie-
manaian manifelds. One is 16" o R ith the manifo’ldu ade ceaside atied"” ith-
f L asy ming aa ambieat s aces @ ading it @ an isemel ic embedding ile a

clideana s ace. This Ls ect% e is ega ded as completely intrinsic, ® sim
intrinsic. Althﬁ gh geae a difyg L& oK ithitcanf 1] es ectall geome -

ic s, Gy e eof the manifeld. The ethe eae, efe edie as ainbient he e, asy mes
that the manifeld, -1de ceaside aliea is isemel 1cal; embedded i a F clidean
ambieal s ace, se thal geemet ic ebjects § ch as langeql, ecle s cad be ecessed
ithia the ambieat s ace. Fo e am le, f em this ek ef ¥ | the lecal .}h
<1iemial eg essieq fo SPD osedh Y anel al. (2012) is il isic™  hile €
afe emeatiened” o kb Daiand M IRt (2018) takes the ambieqt Ls ecl% e.
Alihg ghitis 0551b cle accq -1l fe seme of geemel ic sy, G| e ta the ambieat
L5, ect¢ e, feo ¢ am 1e Lheﬁ ed-ag e ef maﬂlfolc\ ia Riemanaian lega ithm
ma =S¢ e alisy esa Tse (ectle maﬂiu_ latien of geemel ic ebjects § ch as langeat
v ecle s i the ambieal s ace. Fi st, the esseatial de_eﬂdence e a1 ambieqt s ace
est icls etedtial a hcau.ﬂs It is1et immediate] a hcable te manifelds that
a e<qet aE clideaﬂﬁ ‘bmanifeld @ de-iet hy eax al semet ic embeddiag iale
clidean s _ace, fe e am_le, the Riemanaian manifeld ef p x p (p > 2) SPD
mal ices end®  ed” ith the Sﬁﬂe—l’% a iaal mel ic (Meakhe (2005)Y hich is-el
cem aublg" iththe p(p + 1)/2-dimeasieaal i clideaa mel ic. Secead, althﬁ gh
an ambieal s Jace e ides a commea stage fo langenl, ecle s at diffe eal omts
°c aliea eq Laﬂgeﬂl ecle s f em this ambieat Ls ecl% e can ote,atlal}‘ Telae
the ial iasic geemel  of the manifeld. Te il] st ale ‘this, ceaside cem A iseqn of
T o langedl, ecle s al diffe eal eints (this cem a iseq is ieeded in the ag m -
Lelic ana] sis of Sectien 3.2; see alse Secliea 2. 4TF em the ambient Ls ecq7 e
Laking the diffe eace of Langeal, ecle s €y 1 esme kg alaigeal ecle a alle%
within the ambient space @ the base @il ef Lhe ethe langeal, ecle . ¢ €,
the ej ltaal tangeal, ecle afie me emeat in the ambieat s ace is geae al] -aet
a langeqt, ecle feo Lhe base el of the ethe Langem\ ecte ; see the lefl anel
of Fig ¢ 1 fe a geemel ic 1]& st aliea. In anethe™ o d, the ambieat diffe eace

w
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moved vy

vy

FIG. 1.  Left panel: illustration of ambient movement of tangent vectors. The tangent vector v at
the point Q of a unit circle embedded in a Euclidean plane is moved to the point Py and P within
the ambient space. v| (resp. vp) is a tangent vector at Py (resp. P). The differences v| — vy and
vy — vg are not tangent to the circle at P| and P, respectively. If vy, v and vy have the same
length, then the intrinsic parallel transport of v to Py shall coincide with vy, and Pvy — v =0,
where k = 1,2 and P represents the parallel transport on the unit circle with the canonical metric
tensor. Thus, ||Pvg — villgz = 0. However, ||lvg — villgz > 0, and this nonzero value completely
results from the departure of the Euclidean geometry from the unit circle geometry. The ambient
discrepancy ||vg — v1llg2 is small as Py is close to P, while ||vg — val|g2 is large since P, is far
away from Q. Right panel: illustration of parallel transport. A tangent vector vy at the point py on
the unit sphere is parallelly transported to the point py and p3 along curves C| and C, respectively.
During parallel transportation, the transported tangent vector always stays within the tangent spaces
along the curve.

o o langeal, ecle s al diffe eat omls is el aa il iasic geemel ic ebject ea
the maaifeld, and the de ah e f em inl insic geemel  can olenua]i affect the
stalistical &4 ca¢, and/e éﬁ, cieng . Lasl] , since manifelds might bé embedded
inle me e thaa éne ambient s ace; \he hle _elalien of statistical eg Iis ¢, malé
de eads e, the ambient s ace aad cg 1d be mlsleadmg if ene dees-neL cheese 1
ambieal s acea__e_ jate]

Lathe a e “ic-dQ ecle acem | lete] ial iasic f amE e k that 1des a fg
datieaal 1heo fe geae al Rlema{hnaﬂé Actieqal data that Qes lh fo Lhe
dQ ele el of 1l insic Rlema-a,maﬂljfl Actienal _1{101 al cem sacal an sis and
ial iasic Riemaaaiana { actienal linea eg essieq, ameag othe otemlal a_Jica—
lieas. The k¢ j ildiag bleck is a<l¢ ceace A of tensor Hilbert space aleag a
g y © @ the mamfoldv' hich is desc ibed ia Secliea 2. Oa eae haad, g a-

each e L iences d amatica velq aled techaical challeages elay e te the am-
Dieat cg-le als. Fe e am e‘,’" 11hﬁ L an ambient s ace, il is ﬂo,m{7 ial L@ L
ce\L e and haadle Langeil, ecl® s. Oa the ethe haad, the ad anlages ef the il 1a-

sic Ls ecl\y e a e al least th eefeld, in ceal ast Le ambieat a__ eaches. Fi s,

e§ Ts 1mmed1atf§‘ ] tem im o Laal Riemanaian maqifelds that a e-1el
2g, all aF clideaa § bmaaifeld { cemm seeq i statistical aﬂai, sis and
machisie leaqiag, § ch as the afe emeantiened SPD manifelds and G assmaanian
manifelds. Secead, ¢ f amE e k feg, es a-1q el Wl isic - o_osal fe cehe -
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eqal cem a isen of ebjects f em diffe eatl tense Hilbe t s aces e the maaifeld,
and heace makes the a% m 1 Letlic ana&, sis seasible. Thi d, eﬁ Its og ced

a__ each a e iy a iaal le embeddmgs and ambieat s aces, and can be e eled
iade eadem%“ hich g eid otenual misleading iale  elalieain actice.

Asim o anl a__!lcauons of the _e osedf am® 01:"'“ edg elo it iasic Rie-
maﬂﬂlaﬂl]j HActienal et al com‘_oﬂeﬂl aﬂaa}, sis iIRFPCA) aad ial Tasic Riemaa-
-liaa f ictienal linea. eg Cssien (iRFLR) eei-, ca]i estimatien oceg es of
Ml iasic elgeﬂslu ql cae _@ ided and thei. ai m'1 lelic o X lies a e 1,’\1 esti-
gated” ithin the Mt insic geomet .Fe iRFLRY “e q}l | aRlemanmané sctienal
linea eg essien medel’™ he eascala es sase Wl wsical] aad linea ] de eﬂds
eaa Rleman,na-ag sclienal _edicle th ¢ gh a Rlemanman slope function, a cea-
ce that is fe iy laled ia Sectiea 4, aleag" ith the ceace A of lmeal& # the
ceaie L of Rlemanma-a[]; qctienal data. We  eseqat aa FPCA-based estimate and
a lehoﬂg esumalo fe the Riemanaiaa slo Aclieq aad e 10 e thei ag m -
Lelic e ties? he ethe - osed fam¥ ek eftease Hilbe ts ace agak lsl s
an esseaiial ele.

The est of the a e issy, g edasfel¥ s. The fg adaienal f ani¥ e k fe
ML iasic RlemaﬂﬂlamlljC Actienal data anal sis is laid i Sectien 2. kit iasic Rie-
maﬂmané Aclienal mm al cem_eael anal sis is esemed ia Sectiea 3™ hile
Wl iasic Rlemaﬂﬂla{llﬁ actieaal eg essie is § died ia Sectien 4. In Sectiea 5 A -
me ical L fe maace is il] st aled th g gh siny} latieas, and aa a__hcauon o H -
maa Ceadecleme P eject ana&, kg f clienal ceaecty 1& aad beh% ie al data is

-9 ided.

2. Tensor Hilbert space and Riemannian random process. I this secliea,

éj st deyie the cence t of tease Hilbe t s ace aad disg ss its _ec es, -
(‘d diag a mechaaism Le deal il e diffe eat lease Hilbe t s aces al the same
time. Thea, andem elemeqts e tease Hilbe t s Laceae 14 esugatedv' ith the
_o_osed it iasic Ka [ e Lo‘ ee ansmﬂ fo the andem elemeats. Fina
actical cem Lalied” ith es cclle an e theae mal f ame is gj e1. Th g ghg t
(his sectiea’ e asy me a d-dimeasieaal, ceaected and geodeswa cem lele
Riemanaian maanifeld M ey 16 i ed ithaRiemaaaiaa mel ic (-, ich d’e‘ﬂes

a scala oq ct (-, )p the & langedt s Jace T M ai each oml p € M. This
mel ic alse i cesa dlsla-aceé actiea dyg M o M A _ehmma)t fe Riemaanian
maxaifelds caa be fi ﬂd inthe A eﬂd1 Fe a cem eheasj el ealmeal en Rie-
mamian manifelds!” e ecemmend the ial oq clo) Te t 13 Lee (1997) and alse
Laag (1995).

2.1. Tensor Hilbert spaces along curves. Lel p be a meag able G cera
maaifeld M and aamele ized a cem _acl demaia 7 C R ey | L " ith a
“y-ile meag e v. A\ ecleryeld V aloﬂg 7 isa ma_f om 7 Lo Lﬁe Laﬂgent h =dle
TM § chihat V(t) € T;,;)M fo all t € T. It is seea that the cellecliea of\ ecle
“yelds V aleag  is a, ecle s aceW he e the, ecle addilien b& eea o ccle
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yelds Vi aad V3 is a, ecle~yeld U § chthaa U(t) = Vi(t) + Vo(t) fe allt €T,
and the scala 1 lti‘}icalioﬂ b& een a ealy} mbe a aad a, eclo™yeld V is a
y ecloqyeld U g chihat U(t) =aV (1) fe allt € T. Let 7 (i) be the cellectien
of (e, ] aleace classes of) meag able, ecle™ elds V aleag pu § chiha [|[V]], =
{F(V@®), V() uoy du@)}/? < o ith ideifiy catioa b& eea V aad U ia 7 ()
(o ey ‘; aleﬂli , Vaad U ae ia the same ey {7 aleace class)¥ hea v({t € T :
V(?) #U(@)})=0. Thea 7 () is]}l sed i-abqi an kme _og cts_ace l& the Kme
o a (V.U)y = V@), U@®))u@y du@)Y¥ ith the g ced 10 M gl ea l;
I 1I,,- Mo eq eV e hy e tha:
THEOREM 1. For a measurable curve u on M, 7 (11) is a separable Hilbert
space.

We call the s ace T () the tensor Hilbert space aleag (i, as langeil, ecle sa e
a s_ecial L of tense andihe abg, e Hilbe tian sty Gy ecan be deyied fo Lense
5 elds aleag 1. The abe e thee em is of A amg -t im_o Laace, in the sease that it
§ agests T () Le se, € as a ce-1e slenc fo Riemanaian f -ictienal data anal sis
fo o caseas. Fi s, as sh® 1 in Secliea 2.2,\, ia Riemanaiaa lega ithm ma S.a
Riemaimian andom_ocess ma bel ansfe med e alangedly ecle o zﬂ ed an-
dem . ocess (called log—_ ecess in Sectiea 2.2) that can be ega ded as a andem
element i1 a ltense Hilbe t s ace. Secead, the ige B thee_ of 1§ “clienal data
a-na{a sis fo | lated a Hsiag and ]ﬁ baak (2015) li andem eiiemeﬂ\s K se_a able
Hilbe ts_aces { 1] a_ lies e lhe log-_ocess.

Oae distiact feqy ¢ of the lease Hilbe U s ace is that, diffe eat g | esthatae
¢ e1 _a amele ized b the same demaia gj e Tse o diffe eattease Hilbe t s aces.
L1 _aclice, eae ofieiiqieeds Lo deal” ith'T e diffe eat tease Hilbe s _aces al the
same lime. Feo ¢ am le, i theie L § bsectied” & ill see thay, -ade ‘seme Ced-
ditieas, a Riemamian andem ecess X can be conce\i ed as a andem elemext
e the tease Hilbe t s ace T (1) aleag the il isic mean g yen He ¢ e, the
mean g | eis efieq, k¥ - and estimated f om a andem sam_}e of X. Siace the
samJe meag | e Qi geae al}‘ dees-ael ag e& ith the o laliea eag, |, aatilies
of inte est § ch as cQ a ianceé o cale and thei sam“JeV € sieas a e dey-1ed en

W e diffe eal tease Hilbe s aces T (w) and 7 (1), esﬁ_ecl{'7 el . Fe statistical
ana) sis, eae-eeds Lo cem _a e the sam"le u aatitie¥ ith thei .. vlatioﬂ cg -
le ‘ats and heace 1,;; 017 es ebjects § chas cq a iance e cales f or‘rilbf e diffe eat
tense Hilbe t s aces. ,

I e de tle 1l i-asica]% u anti§ the disg e_a-a% b& cen ebjects of the same
kiad f em diffe eat tense Hilbel s‘_aces‘,”‘ g, Ulize the L¢ i-Cj ila cenacclien
(Lee (1997), age 18) assecialed™ ith the Riemaaaian manifeld M. The LQ, 1-
C$ ila cenaectien isu niu e;, dete mined l% the Riemaxaaian sy, G e It is the
.ﬂ% Lo siea-f ee cenectiodi cem atibld ith the Riemaaaian mel ic. Assecialed
W ith

-

this cemectlien is a iﬁu e aalleltaas ot o cae P,, tha smnlh§

~



IRFDA 3539

L ads_e Is langenl, ecle s al p aleag ag y cleg and ese es the e og cl.
We shall em hasy.e that the 2 allel t ans X talien is e fo med il iasical] . Fe
mstance, Laﬂgeat\ ecle s bemg Lads e ted ¥ S sig. langeqt le the manifeld
q mgtaas X Latien” hich is il] st aed . the “ight “allel of Fig e 1. Althg gh
Lais el e e ale P, 4 de ends ea the ¢ e co,mecting p aad ¢, the e e ists
a caneaical cheice of the ﬁ e ceanectingl e omts hich is the minimizing
geedesic b eea p and ¢ ﬂde seme condmms almest § % the miaimiziag
geedesic iy, 1) ebdl eeal o omls andem] sam ledf em the maaifeld). The
smeeihaess of A allel L aas K Calse i im hes tha if p aid g aeael fa a aL
thea the initial Laﬂgem\ ecte aad the L ans 0 ted eae SL§ s clese (ia the s ace
of Laageal B adle ead8 ed ith the Sasaki met ic (Sasaki (1958))). This feq}l e
is desi able fo @ w ¢ a¥" hea sam le mean [1(1) a__oaches Lo (1), ®ae
e _eclsalaigedl, ecle T a(t) ceq e ges leilst aas 0 led, e sienal (). 8 ing
le Lheseaice o L ties of A allel ans e L, il becemes an ideal Leo] Lo ceast, cl a
mechanism ef cem A ing objecls f em diffe eat tease Hilbe L s aces as follé s.

$J ese f aad act o meag able g | es ea M de&y-aed o1 7. Lel Y (-) ==
y(t, ) be a fami] ef smeeth gy ©s that is aamele ized b the mle\ al [0, 1]
(th&™ of _a amete izalien he e dees 18l malle ) and cedaects f(t) Lo h(t),
that is, )/t(O) f(@) aad y:(1) = h(1), § ch that y(.,s) is meag able fe all
s €0, 1]. ﬁ e vE TrM and let V be a smnth\ ecle™ eld aleag y; § ch
that V; V =0 aad V(0) =v¥ he e V deaetes the Lg, i-Cj ila ceanectien of the
manifeld M. The thee_ of Riemaaaian maaifelds shé s that § ch a\ ecle®y eld
Vu iliu e% e ists. This g es ise lelhe 2 allel t ans ole Pf(t) wey s TrapM —
TpyM aleag y;, dyned by Py, h(t)(v) V(). =a ohc™ o ds, Pray,ner) A al-
lelé Laas elsvle V(1) € Ty M aleag Lheﬁ e ¥ Asthe A allel t aas o le
defe mined b the L¢ i- C{ iLa cemiection, P ese es the e og cL of Laa-
geil ecle s aloﬂg L ans_e laliea, that is, (u, v) r) = (Pr@),nnt, Pf(t) h()V)h(7)
fo u,veTrpHM. The¥" e can dey-1e the a allelt ans_o L of ecle®yelds f em
T(f)1e T (h), deneled L tn, (thU)(l‘) =Praw, h(l)(U(l‘)) fe allU € T (f)
and 1 € T. Oae immediale] sees thal I's, is a linea o L adle ealease Hilbe 1
s ace. Its adjeiat, deﬂoted% Ff pis @ ma_ f em .7 (h) o T (f) aad is g eﬂE
((U F*hV))f ={(TrpU, V), fe U e f(f) aad V € I (h).Let €(f) denele
sel of all Hilbe t Schmidt e Laesen T (f)W hich is a Hilbe L s ac& ith the
Hilbe t Schmidt ne m ||| - |||



3540 Z.LIN AND F. YAO

smooth and y (,s) is measurable. Then the following statements regarding T r,j,
and ® ¢, hold.

The operator T 7, is a unitary transformation from 7 (f) to 7 (h).
F}k”,h =Ty r. Also, [T gpU = V|, =IIU — Fh,fV”f-
I'rn(AU) = (@1 A fpU).
If A is invertible, then de,hA_l = (CIDf,hA)_l.
5. Drp Y rckk @ ok =Yk k(U pner) @ (T g ner), where ¢ are scalar con-
stants, and @i € T (f).
6. 1P snA—Bll,=IA—=PpnsBll

b e

WedsyaeUorV :=Tp,U—Vie Ue 7 (f)aadV € T (h),and ACe B :=
PppA—Bfe e caes AandB. qu y @f the disc e_aag b&l eea aa ele-
meat U ia 7 (f) aad anethe eae V ix 7 (h)Y e caq, sethéu ami&, U er V.
Similai‘f” e ado‘_l‘ lA©e Bll, as disc e_ai¢ meag e foV o cq a 1ance ®c-
ale s A'and B. These | aitilies a e iat iasic asthg a ey ilt eaial iasic geemet ic
ceace Ls. ka light o% P o_osilioﬂ 2, th, ae 5 mmniet ig -1de the ! allelt as e L,
that is, t ans_e ting A e B, ields the’same disc e_aa¢ meag easl ais_o ling B
Lo A. We alse q1ete that ¥1eﬂ M = R4, the diffe eace @ € ale s O aad O¢ e-

celethe eg la y ccle and o cale diffe eace, that is, 17 ©r V becemes U — V,

W hile A ©¢ B becemes A — . The efe e, Sr and OS¢ can be, 1 ed as geae al-
izalien of the eg la  ecle aad o cale diffe eace Le a Riemanaian selting. Oae
shallnete that I and & de4_eﬂd e. Lhe cheice of the fami}‘ of ¢ y esy.a caneaical
cheice of" hich is disg ssed i Sectiea 3.2.

2.2. Random elements on tensor Hilbert spaces. Let X be a Riemaanian aa-
dem ecess. 1 e de te inl oq ce the ceqace 1 of Kl insic meanlg Hqclien fe X,
i had . . . had
Woe dey1e a fam1;, of 3 Aclieas inde edlg, t:

(1) F(p,t)=Rd3,(X(t),p), peM,teT.

Fe &y edr, ifthe ee isis g, ai, e g € M thal miaimizes F(p, 1) Qc all p e
M, then g is called the it i-asig meax (alse called F chel mean) at ¢, deneled li
u(t), that is,

pu(t) =a gminF(p,1).
peM

Asqeu i ed fo il iasic ana}‘ sis!" e asy me the foll¥ ing ceaditien.

A.1 The iatl isic meai f qcliea e ists.

We efe eade s te Bhatlacha , a and Pat angena (2003) and Afsa i (2011) fe
ceadiliens; «ade™  hich the inl isic mean of a andem, a iable e a geae al man-
ifeld e ists aad i, iﬁ“ e. Fo e amJe, acce ding te Ca taa Hadama d thee em,

~
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if the maaqifeld is sim | ceaaected and cem lelé?w ith-1eq osn{7 e seclienal ¢ -
e, thea ial iasic meané actien X § se ists and i 1% Qi e asleagas fe all
teT, F(p,t) <oofe seme p e M.

Since M is geodeswal& cem lele  He f Rin® Lheo em (Lee (1997),
108), its e oﬂeﬂual ma _ E o al each pis devﬂed ea the eali e T, M. As E o
might et be wjecy e, inede le deye its 1;\1 esey e estictE e ag bsel of
the tangeat s ace T,M.Let (El l( p) deqele the set of all Langeal ecle sv e Ty M
§ ch thal the ¢ geodesw y(t) = (tv) fails L@ be minimiziag fe ¢ € [0,1 + ¢€)
fo eache >0.N& W ¢ &s,ﬂe E - * e Dp =Ty M\q Up). The i 1mage
of E _,. deaeled Im(E p)> coasists of _eials g i M, 8 chthat g =E
fe seme v € ‘@, i} ths case, the i H) e se of £ - ¢ ists and is called Rlemaﬂﬂlaﬂ
lega ithm ma hich is deneted 13 Leg, aad ma Sqlev. We shall make the
foll ing asg ™ Lea:

/

A2 P{VteT :X() elm(E }=1.

‘.u(t))

Thea, Leg, ) X () is almest § ¢| dey-ied fo all 7 € T . The ceaditiea is Rg e -
a B SIfE 1) is m]f:(:t{7 e fo all 7, like the maaifeld ef m x m SPDs eadé ed
Wt ith the ﬁf-,-ae {3 a ianl met ic.

La the ie el" e shall asy me X saifsy es ceaditieas A.1 and A.2. A im .-
Ladnt obse‘ aliea is that the log— ecess {Leg (t) X()}eT (deﬂoleds Logu X fo
she 1) is a andem,, ecle™y eld aleag w. IY“ e asy me ceal e Lhe samJe

ath of X, thea the ecess Leg, X is meag abl® ith es ect le the og cLo-
algeb aAB(T)x & aﬂd the Be el algeb a B(T M)™ he e 2 is the o- algeb a ef
the obabll s_ace. ! the me e, if E||Leg,, X ||2 < 00, thea acce ding te The-
o em7.4.2 I$H5mg and F baak (2015), Log# X can be € edasatlease Hilbe t
s ace T (w), g} ed andem elemeat. Obse, ing that ELeg, X =0 acce ding e
Thee em 2. 1 of Bhattacha_ a aand Pat angeny, (2003), Lhe Ml kasic ce a 1ance
o cae fo Leg, X isgj & C= E(LogMX ® Leg, X). This @ ¢ ale isy) -
clea aad self—adjomt It thea a mlts the follé ing elgendecom esilien (Hsing aad
]EI baak (2015), Thee em 7.2.6):

) C=D) ik ® P

k=1

W ith eigeq g} es A1 = A2--- = 0 and e theae mal eigenelements ¢ that fe m
a cem lete e theae mal § siem fe 7 (). Alse¥ ilh obablhi eae, Lthe leg-
ocess s of X has the fell¥ g Kalsiea Le ce aﬂsma

3) Leg, X =3 ety

k=1

Woith & = (X, di)u bei-ngu qce elated and ceate ed a-adomv a iables. The e-
fo & e eblain the il iasic Riemamian Ka h s1en Le v © (iRKL) e _a-asioﬂ fo
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X gi; enli,
4) X0 =E _ Z Ecgr (1)

The elements ¢ a e called il Wsic R1ema{mlaﬂl§ Actienal mc1 al cem_eneal
(iRFPC)™ hile Lhe\ a iables & a e called it iasic iRFPC sce es. This eﬁ It is
§ mma ized ia the fol® ing thee ent” hese _eef is al ead ceatained i the
abQ e de¢ aliea and heace emitted. We shallieie that the conuﬂ 15 asy m uon
easam le aths caa b¥ eakened e 1685 ise cealiy) 15

THEOREM 3 (Lt iasic Kahﬂeﬂ LoV e eheseﬂtation). Assume that X
satisfies assumptions A.1 and A.2. If sample paths of X are continuous and
E| LogﬂXHi < 00, then the intrinsic covariance operator C = E(Leg, X ®
Leg, X) of Leg, X admits the decomposition (2), and the random process X
admits the representation (4).

In _actlce the se ies at (4) is W qcated al seme osn‘; e intege K, 3 Iting
Hla ﬂcaled Kl lsic Riemanian Ka fy iea Lo\ ee : ansien ef X, g Xg
Xk = Wlé"‘ ith Wg =YK | &¢r. The li& of the a__e imaiiea ef

fo X i 1s a{ﬁﬂ-, ed li/, f7— dM (X)), Xk (t))giv(t) and can be sh"g abh a methed
51mlla~ lo Dai and M lle (2018) that if the maqifeld has ﬂo{megal e seclienal

v eg e™ he e, thea deM(X(t) Xkg(@)dvu() <| LogMX WK||2 Fe
ma{nfoldg‘" ith-negayj e sectienal g | 4y es, § ch e, alii i geae al does el
held. H® ¢ e, fe Riemannian aﬂdom ecess X-that amosl 5 e lies i1 a
cem acl g bsel of M, the 6519 al fT dM (X (1), Xk (t))dvu(t) can be still bﬁ sded
13 I Logﬂ X — W1<||2 lea scaling ceqstadnt.

PROPOSITION 4. Assume that conditions A.1 and A.2 hold, and the sectional
curvature of M is bounded from below by k € R. Let K be a subset of M. If k > 0,
we let K = M, and if k < 0, we assume that K is compact. Then, for some constant
C>0,du(P, Q) <J/C| Leg, P —Leg, Q| forall O, P, Q € K. Consequently,
if X € K almost surely, then [d3(X (1), Xk (1)) dv(1) < C|| Leg, X — W3,

2.3. Computation in orthonormal frames. Lﬂ_ actical cem, lalieq1, @ae might
aal1é" e R iths 661-, c e thene mal bases fe Laﬂgeﬂl s _aces. A cheice of @ -
theae mal basis fe cach 1a{1gem s ace ceaslj, les an @ thene mal f ame ea the
maaifeld. In this seclie” e $ 4 the e esealalien ef the il insic Riemanaian
Ka]jqiea Le ce ansm,nu adé aa e theae mal f ame aad fe 1y las fe change
of @ Lthene mal f ames.

Let E=(E{,...,E;) be a contiﬂ gse theae mal f ame, that is, each E;
is a, ecle“y eld of M § chthat (E;(p), Ej(p))p =1 aad (E;(p), Ex(p))p =
0 fe j #k aad all p € M. Al each 1_.oi,m p, {E1(p),...,Eq(p)} fem an

W
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o theae mal basis fe 7, M. The cee dinalc of Leg wt) X @™ ith es cct e
{E1(u(1)), . Ed(,u(t))} is deneled Ze@®Y ih Lhe § bsc 1_1 E mdlcalmg
its de endeﬂce e the f ame. The ey Iii mg ecess Zg is called the E-coordinate
process of X. Nele thal Zg is a eg la R? ad ed aadem . ocess deyed ea
T, aad classic Lheo)‘ i Hsiag aad ]EI bank (2015) a lieste Zg. Fo e am le
its £2 10 m is dey-ied 13, I1ZEl ., = {ElezE(t)lzdt} 2" he e |- | deaeles the
caneqical 10 m ea R?. Oae can sh® that || Zg||> 2= =E| LogMXlli The efe e,
if H-Z||LogMX||2 < 00, thea the ce a ianceﬂ‘lnctioﬂ eistsand is d x d mati -
v aftyedby Cg(s,t) = E{Zg(s)Zg ()T} (Balak ishaaa (1960), Kelg and
Root ?1960)) ﬂotmg that EZg(1) =0 as ELeg, ;) X(t) =0 fe all 7 € T "Alse,
the, ecle ; a] ed Me ce ’s thee em 1m4_!1€s the elgeﬂdecom_osnlon

o
(5) Ce(s. 1) =D MBE k()P 1 (D),
k=1
W ith elge,% zﬂ esA;>Ax>--- andce es ondmg elgenﬁ Aclieas ¢g . He e, the
§ bsc i n E in ¢g r iste em hasm: the de endence e. the chesea f ame. Oqe can
see thal ¢ PE .k is a ce® dinate e_ esealalien of ¢r, that is, ¢ = ¢E k
The cee dinale ecess Zg “admits the ecle 5 a] ed Ka [} iea Lo yee _aa-
sien = ’

(6) Ze(t) =) &dpx(1)

k=1
ade theasy m 11011 ef meaqs, a ecealiy § of Zg, acce dingle Thee em 7.3.5
of Hsing aad ]a bank (2015)Vﬁ he e & = fT T(t)¢E () dvu(z). While the ce a i-
aﬂceé Hclien and elgenlg Acliens of Zg de end ea f ames, A and & i1 (4) and (6)

a eqely thh sty es the abseace of E ia thei § bsc i s and the, se of the same
felalien fe elge,g 3(,]t es and iRFPC sce es i (2), (4), (5) and (6). This fellé s
f em the fo 1y las fo chaage of f ames thal” e shall dg, cle _bel .

‘__ose A= (Aq,...,A;)is anethe o theae mal f ame. Change femE(p) =
{E1(p),...,Es(p)}le A(p) ={A1(p), ..., Aa(p)} canbe cha acle ized by g, i-
ta, mati O,. Fe ¢ am | le, A(t) = OM(Z)E(I) and heace Zx (1) = O, Zg(1)
fe' all z. Thea Lhe ce a 1ancellj Hclion of Zy is g eﬂli

Ca(s, 1) =E{Za(s)Z (1)}
(7) =E{O() ZE($) Z (O] )}

= OM(S)CE(S I)Ou(t)’

and cease . eal] ,
§eu ey

~

Ca(s, 1) = Z )»k{OM(s)¢E,k(S)}{Ou(z)qﬁE,k(Z)}T-

k=1
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F emthe abQ, e calﬁ latie e immediatei, see that A a e alse eige,g ad es of Ca.
Me ce e , the eigenﬂfl Actien asseciated” ith A fe Ca is g ed g

(8) DA () = Oy dE i (1).
Alse, Lhe\, a iable & 1 (4) aad (6) is the 1§ fclienal _i{lci al cem_eaeil sce e
fo  Zx assecialed ¥ ith ¢ax, as seea b [ ZZ(I)¢A,/<(I) dv(t) =

I ZEOO] Ok k(1) dv(t) = [ Z ($E 1 () du(r). The foll8 iag _e_e-
siliea § mma izes the abg e eg lis. -

PROPOSITION 5 (R a iaace - iﬂci_}e). Let X be a M-valued random process
satisfying conditions A.1 and A.2. Suppose E and A are measurable orthonormal
frames that are continuous on a neighborhood of the image of (., and Zy denotes
the E-coordinate log-process of X. Assume O, is the unitary matrix continuously
varying with p such that A(p) = OIT,E(p) for p e M.

1. The L"-norm of Zg for r > 0, defined by |Zgl, = {E x
f7-|ZE(t)|’dv(t)}]/r, is independent of the choice of frames. In particular,
I Zg ||i2 =E| Logu Xlllzi for all orthonormal frames E.

2. If E||Leg, X ||i < 00, then the covariance function of Zg exists for all
E and admits decomposition of (5). Also, (2) and (5) are related by ¢ (t) =
qﬁg’k(t)E(pL (1)) for all t, and the eigenvalues Ay coincide. Furthermore, the eigen-
values of Cg, and the principal component scores of Karhunen—Loéve expansion of
ZE do not depend on E.

3. The covariance functions Cp and Cg of respectively Za and Zg, if they
exist, are related by (7). Furthermore, their eigendecomposions are related by (8)
and ZA(t) = Ou)Zg(t) forallt € T.

4. If E| LogﬂXlli < o0 and sample paths of X are continuous, then the
scores & (6) coincide with the iRFPC scores in (4).

We ceag] de this § bsecliea l& em\_has'ui-ag lhatrlhe ceace | of ce aiaace

[ actiea ef the leg- _ecess de_eids ea the f ame EV hile the CQ, a iaace e e -
ale , eigeq g| es, eigenelements and iRFPC sce es de-nel. Ia A lig la , the sce es
£ hich a e efien the i’ﬂu. L fo é the statistical anai sis § ch as eg essien and
clasSy calien, a e i) a ianl le the cheice of cee dinalc f ames. A im‘_o Laal ceq-
se,, eace of the iy a iance _i{lci‘ge is that, these sce es caa be safe cem,, led n

ceq edieal cee dinate f am& ithg talie ingthe § bqseu el a-aai, sis.

2.4. Connection to the special case of Euclidean submanifolds. Q  f ame-
ok a__}ies le gene al manifelds thal ing] de i clidean § bmanifelds as s_ecial
e am les1é¢" hich the methedeleg ef Dai and M lle (2018) alse a  lies. Whea
thgv ade ; g manifeld is a d-diineasieqal § bmaaifeld ef the la cTi?iean s ace
R® ithd <do¥ e ecall that the laageat s_ace al each _einl is idefty ed as a d-
dimeasienal linea § bs_ace of R%. Fe § ch B clidean maaifelds, Dai and M lle

w
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(2018) \ eat the log—_ ecess of X as a Rdoi, g} ed andem . ocess, and de j e the
e_esealaliea fe the log- _ecess §eu aiea (5) inthei a e ¥ ithia the ambieat
clidean s ace. This is distincy « diffe eat f em t HIl 1Ksic e‘_eseﬂtatioﬂ 3)
based ea the thee , of tlease Hilbe t s aces, des ile thei simila a ea aace. Fe
Mslance ey alied (5) in thei™ e k can e , be_&s\.ﬂed fe ]ﬁ cliggaqﬁ bmaxi-
feldsY Hile g sisa_ licable e geae al Riémanaian maaifelds. Simila ] , the ce-
v a ianceﬂfl Aclien dey-ned in Dai aad M lle (2018), deneted s CPMGs, }3, is asse-
ciated' iththe ambieat leg- ecess V (1) € R%, that is, CPM(s, 1) = EV ()T V (1).
ch aa ambieat ce a ianceTfl Hclien can oa§ be dey-ned fo E clidean § bmani-
felds j 118l geae al manifelds.

Ne¢ e theless, the e a e cenectiens b¥ een the ambieat methed eof Dai aad
M lle (2018) and g fant o R* hea M is a | clidean § bmanifeld. Fe in-
staace, the mean g e is il kasical] dey-ned i the sam& § in bellf" e ks. Fe
the cq a iance s, § ¢ althe gh& cea iance f acliea Cgisad x d mal i -
vl edlgﬂctioﬁ’* hile CPM(s, 1) is a dy x dop mat i 7 4] ed f actien, thg, beth

e_eseil the int iasic ce a iance o ale™ hea M is a K clideaa § bmaaifeld.
Te sce s#y st ¢ ebse, e thal the ambieat log—_ ecess V(r) as d&y-1ied m1 Dai
and M lle (2018) at the time ¢, althe gh is ambiém&, dp-dimensienal, l\; esia
d-dimeasienal linea § bshace of R%_ Secead, the @ Theae mal basis E(¢) fe the
langedl s _ace al u(t) can be ealized ? ady x dl]j II- ank mat i G; b ceacate-
ﬂali,agV ecte s E1(u(0), ..., Eq(u(®)). Thea U(t) = GtTV(t) is the E-cee® dinale
_ecess of X. This im_lies that Cg(s,?) = GI CPM(s,1)G,. Oa the othe haad,
stace V(1) = G,U (1), #ae has CPM(s, 1) = G,Cg(s, 1G] . T}y s, Cg aad C°M de-
te mine each ethe aad e_ eseal the same ebject. Ia light ef this ebsc, aliea and
the iq a iaace iaci le stated in P @ esiliea S hea M is a ]ﬁ clideaﬂﬁ bman-
ifeld, CPM caa be % ed as the ambieat e_esedlalien ef the il iasic ce a i-
aacc o ¢ ale (" hile C is the cee dinale ¢ eseatatien of ™ ith es ect te the
f ame E. Simila ; ,lhe eigen[g Hcliens ¢,]3M of CPM 3 e the ambient e_&mtatim
of Lthe eigenelenieats ¢y of C. The abe ¢ caseaing alsoy a‘__lies ) sa’m‘_le mean

-iclieas and sam le cq a iaace si; ¢ e. She@i-, call ¥ hea M is a K clideaa
§ bmanifeld, ? estimale fe the meaan ‘ﬁ Hclie dis& ssed i1 Secliea 3 is iden-

tical Le the eae in Dai aad M 1le (2018)) hile the estimate s fe Lthe ce a iance
1§ Aclien and eigeaé Aclieas _o_osed w1 Dai and M lle (2018) a e the ambieat

e_ eseilatien of g estimale s stated i Secliea 3.

Hé ¢ e™ hen y dif ingthe disc e_ang b& eeathe o, laiiea ce a iance
sy @4 © and its %stimato , Dai aad M lle (2018) ade X Lhe’]ﬁ’ clidean diffe eace
as ameay e. Fe iaslance, lhg, u € ¢,?M — ¢,?M ) e"_eseﬂt the disc e _aag be-

W eeathe sam w_lf: eigenf -iclieas aad the e, laliea eigeaf -iclieas,” he e ¢ M is
the sammleV e siea of oM. Whea fi(t), The sam le, e siea of (1), isel e, al
Lo u(t), qﬁ,]?M(t) and ¢,]3M(t) beleag te diffe eat tangent s aces. Ia § ch case, the
13 clideaa diffe eace q;,PM — ¢,]3M is a B clideaﬂ\, ecle Lhat dees et beleag Le
the tangeat s ace at eithe [(r) ® u(?), as i]d st ated i1 the lefi _anel of Fig-
e 1. Ia othé™ e ds, the K clideaa diffe eace of ambieat eigeaf sicliens dees

u
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el obg the geemel of the maaifeld, heace might et o L&l meag e the ia-
L iasic disc e aﬂ§ R 2 llﬁ la, the meag e ||¢k DM qbk ||Rd0 might cem lele}‘
e It f em the de aﬁ e of the ambieat F clidean geemel, f em the maaifeld,
athe thaathe it iasic disc e ¢ b& eenthe sam le and o latiea eigeaf -c-
lieas, as demeast aled i the Tefi anel of F1g e 1. Simila easeqiag a hes Le
CPM _ DM 1, ceat ast” e base ea P . osnloﬂ 2le _ 8 escan il iasic mea-
e le cha acle ize the it iasic disc e aﬂg " b eeaa o lall.qﬂ a-allg1 and its
estimate ia Sectieqa 3.2. .

3. Intrinsic Riemannian functional principal component analysis.

3.1. Model and estimation. ﬁ ese X admils the ml mWsic Riemamian

Ka la e Lo ee & ansiea (4), and X X1,....,X, ae a aadem samJe of X. In
the se el e as§ me that t ajecle ies X aefl ebse, ed. I the case that

dalaga e dease] ebse ed, each ajecle  can be wid] igf al] e olated u S
g eg ession Lechm es fo manifeld g ed dala, § ch as Stemke Hein and
Sch lke f (2010), éo <ea et al. (2017) aﬂd Peie sea aad M 1le (2019). Thi¥"

the densei obse\ ed data ce 1d be e_ eseated g thei inte olatedﬁ egalcs,
and 1]a s Ueated as if the™ e el§ i obse‘ edﬁ v ©s- Whean dala aes ase, deli-
cate infe matiea oolmg of ebse alieas ac ess diffe eal § bjects is eu i ed. The
dQ ele et of 8 “ch metheds i 156 bstaﬂllal aﬂd bg ead the sce ot his ae.

A )
Iae de teestimate the mead f -clien w e dsy e theyaite- “sam 1(:V e sien of

Fia(Dy

Fa(p,t) =— ZdM (Xi(®), p).
i=1

Then, aa estimale fo y is g N lg

f(t) =a gmiaFy,(p,1).
pEM
The cem, lalieq of i de ends e the Riemanaiaa s, ¢ ¢ ef the maaifeld. Read-
esae efe edie Cheag et al. (2016) and Salehian et al. (2015) fe  actical alge-
ithms. Fe a§ bsel A of M, A€ denetes the set U ,c4 B(p; v he e B(p;e€)is
the balf" ith ceate p and add s € in M. Weu se Im™¢(E (1)) le deaete the set
MM\ImE )} Tne de 1o dey-ae Log; X, al leas" ith a deminaat _ob-
ablhi fe ala ge sam le e shall asy me a shghl}‘ sl enge ceaditien thaa A2

A2" Thee is seme ceasltaal ¢y > 0 gch that PVt € T : X(r) €
Im_éo(E ‘-‘L(l))} == 1

Thea, cembiaing the fact § _ |A(t) — ()| = 0a5.(1) tha” & illshé lae™ e
coﬂq]' de that fe ala ge sam le almostﬁ , Im™€¢(E ) C Im(E (,)) feo
all + € T. The efe €y ade this ceadilien, ogu(t) X (1) é" ell- (f&,ﬂed almest
§ e&, fe ala ge sam_le.
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The 1l sic Riemanian ce a 1ace o cale is estimated 13 1Sy {me—samJe
e sien ‘ ‘
\V
n

C= % ;(Logﬂ Xi) ® Leg; Xi).

This sam‘_le Hl i-nsiAc Rieman:nizin ce a ianc;e o cale alse admils aa it isic
eigendecom_osion C=>2 1 Pk @ i fo Ly > Ay >--->0. The efe e, the es-
Limgles fo the eige‘;; ad esirae g% eab )A\/X'" hile the estimates fe ¢ a e g e
. ¢@r. These estimates can alse be cey eaiemg? obtai{leql qade af ame, ﬂ elethe
R a iAa-ace hiﬂci ‘_le stated in P o_osilion 5. Let E be aAchosen ° Alh.ﬂ. mal f ame
and Cg be the sam‘_le cQ a 1ance lf Hiclien based ea Zg 1, ... ) Zg," hee Zg;
is the cee dinale . ecess of Leg; ) Xi(r), ade the f ame B ith es_ecl le L.
We caq thea ebtain the eigendecom‘_osikion (?E(s, =375, ):kgb?E,k(s)dA)E,k(t)T,
W hich, ields Pi(t) = df (DE(®) fo t €T, Finall , the | <1cated _ ecess fo X;

is estimated }i ’

K
) X =B ;Y Eudr.
k=1

Y hee é,-k = ((Logﬁ Xi, g?)k))ﬂ a e estimated iRFPC sce es. The abQ, el Hcated
iRKL e 4_a-asioﬂ can be ega ded as geae alizatiea ef Lhe e_esemation (10) in Dai
aadM lle (2018)f emF clidean § bmaaifeldste geae al Riemanaian maaifelds.

3.2. Asymptotic properties. Te anti§ the diffe ence b& eea i aad p, it is
g al le, se the Sy ae geodesi% distance dpy(u(2), u(r)) as a meag e of dis-
¢ e _ang . Fe ihe ag m etic _e e lies of ¥ e-eed the folld ing eg la 1&
ceadilieas. ’ o

B.1 The maaifeld M is ceamiecied and cem lete. In additien, the €  eaential
ma_E _ :TpM—> Misg jecyj eal¢ ey 4_:i{1l peM. -

B.2 The sam le aths of X a e ceali S.

B3 F i%*,ﬂil?. ATse, fe all cem acl§ bsels K C M, g LT ek Edjzw(p,
X (1)) < o0.

B.4 The image U/ of the mean& Acliea [ is bﬁ qded, that is, the diamele is

y-ite, diam(U) < oo.
B.5S Fe all € > 0, infic7ifp.q, (p.u))=e F(p, 1) — F(u(t),1) > 0.

Te stale theie L ceadilien, let V;(p) = Leg, X (¢). The calﬁ 1] s of manifelds § g

gesisthal V, (p) = —dpm(p. X (1)) g ad, dp(p. X (1)) = g ad,(—d3,(p. X (1)) /2),
Y heeg ad,, deaeles the g adieat e cale al p.Fe each t € T, let H; deaete the

Hessian eof the eal ]ﬁ HAclien djz\/l(-,’X (t))/2, that is, fe v ecleyelds U and W
o M,

1 2
(U, W)(p) = (~Vy Vi, W)(p) = Hessp(EdM(p, X(z)))(U, w).
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B.6 iafic7{Amin(EH;)} > 0™ he e Amia(-) deneles the smallest eigeq 3| e of
ae cae e mali.

B7 EL(X)2 < 00 and L(w) < oo¥ hee L(f) i=§ _pdm(f (), f(1))/
|s — ] fo a eal f clien f e M.

The asy m liea B.1 ega diagihe _e e of maaifelds is mel in geae al, fe e -
am le the d- dlmensuna]u il s he e S PD manifelds, elc. B the He f Rin®

thee em, the ceaditien alse im hes that M is geodeswa]i cein lele Ceaditieas
simila 1e B.2, B.5, B.6 and B. 7a e made in Dai aad M 112 (2018) The ceadilien
B.4is ¥ eak e, 1 emenl fe the mean& Aclien aad is g lematical] saifsy ed if
the maaifeld is cem acLW hile B.3 is analegg s le standa d memeat condmoﬂs n
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Alse, the C.ﬂllﬂ - of w(t) and ((¢) im hes the conuﬂ i, eof y(-,-) aad heace
the meag ablhi of y(-, s) fe each s € [0 1.B Pe osmon 2, eqe sees Lthat

CIJC—n_1 i (FV QTV), ecallmglha\V LogMX 1sa\ ecle~ eld aleag /1.

It can alse be seeq Lhat (Ak, F¢k) ae elgen ai s of ®C. These ideatilies match *
k), iliea that the L aas K ted sam le ce a Taace e cale g ghile be an @ Lcae
dej edfemtaas o ted sam le ecw“x, elds, aad that the elgeaé actieas ef the
Lans @ ted @ L ale ae 1denucal Lo the t ans o ted eigeaf -aclieas.

Te state the | a§ m Louc - eues fe the elgenslu q ¢ e dey1e
me= mia () — km), =iaf{j > 1:1; —4j11 <2lIC S Cll .},
fj=mia G —hjp),  J=iaf{j>1:4; -k <2lCeas Cll,}-
1<]<

THEOREM 7. Assume that every eigenvalue Ay has multiplicity one, and
conditions A.1, A.2' and B.1-B.7 hold. Suppose tangent vectors are parallel
transported along minimizing geodesics for defining the parallel transporters

A 2
' and ®. If E| LogMXllfL < 00, then ||ICS¢Cll, = Op(n~Y. Furthermore,
§ gt ik =2l <NIC So Cll, and forall 1 <k < J —1,

A 