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1. ADDITIONAL SIMULATION RESULTS

We present additional simulation results based on 200 Monte Carlo ruparticular, De- s
sign Il illustrates the situation that the response does not necessarindiem the leading
principal components and the regression coefficients may decay moily ghaw theoretically
required. Specifically, we usg; = 0, bj2 = 1, bjz = 0-5, bjk = (k — 2) 73 for k = 4,...,50,

j = 1,2, and other settings are the same as Design |. The results agriigbw a similar pat-

tern, while the automatesBic captures the regression relationship adaptively and resembles.the
optimal estimation and prediction. The refitting step using least squares with jaintygsn;
behaves similarly as in Design |. Designs IV contains ultra-high numbersatdrscovariates

v = (15, 0g95)™ with pn = 1000, and other settings the same as Design Il. The results exhibit
similar phenomenon as those in Design Il. Moreover, Table 2 includesshitg@btained from

the same settings as Design -1V except for a larger sample:sizd00. For Table 3, the only s
setting difference is that the regression eg;ds generated fronV (0, 2) instead ofN (0, 1). As
expected, a larger sample size reduced the estimation and predictionwhitesa higher noise

level increased such errors.

2. REGULARITY CONDITIONS

Without loss of generality, we assume thaXj,j =1,...,d}, Y and Z have been cen- s
tred to have mean zero. WithWij = ij (tij1) + €iji, for definiteness, we consider the lo-
cal linear smoother for each set of subjects using bandwiflths j = 1,...,d}, and de-

note the smoothed trajectories ;. Denote the minimum and maximum eigenvalues
of a symmetric matrixA by Amin(A4) and Anax(A4). Recall that the firstg functional
predictors are significant, while the rest are not. Define th&, + ¢n) x 1 vector N = s
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Design 5n FZr FNg MSEs FZs FNs MSEs PE
1 20 0 25 (0) 15 11  42(015)  260(01)

2 070 0  17(006) 002 12 049(0028) 39 (01)

3 0O 0 0076(0004) O 038 0069 (0004) 021 (0009)

4 0O 0 0069(0003) O 038 0065(0004) 013 (0005)

5 0 0 011(0005) O 040 0067 (0004) 014 (0005)

i 6 0O 0 015(0006) O 041 0068(0004) 015 (0005)

pn =20 10 0 001 060(002) 0 037 0071(0004) 019 (0006)

16 | 017 021  34(01) 0 005 0-089(0007) 065 (005)
$,=3.73 (0048)
0O 0 0072(0004) O 038 0066(0004) 014 (0005)
$n1=3-99 (0083), $,,=3-98 (0079)

TUNE $nj
0O 0 0056(0003) O 032 0063(0004) 013 (0005)
$,=3-50 (0040)
stepl | O 009 010(0003) O 65 041(002) 081(0021)
v sTEP2 | O 0 0059(0003) O 013 0048(0003) 013 (0005)
Pn = 1000 $n1=4-05 (0067), $n2 =4-11 (0065)

TUNEspj | O O 0042(0002) O 009 0045(0003) 011 (0004)

Table 1: Simulation results with sample size= 200 based on 200 Monte Carlo replicates for
Designs Il and IV. Shown are the Monte Carlo averages (standandsen parentheses) for

the number of false zero functional predictors £f,2he number of the false nonzero functional
predictors (FN), the functional mean squared error (M§Ethe number of false zero scalar
covariates (F2), the number of false nonzero scalar covariatessjFthie scalar mean squared
error (MSE), and the prediction error (PE). We first ussic to choose the tuning parameter
An @nd a common truncatiosy, then tunesp; jointly with aic by refitting the selected model

using ordinary least squares. In Design 1V, Step 1 results are badbd original sample in each

Monte Carlo r



Partially Functional Linear Regression in High Dimensions

Design 5n FZr FNf MSEs FZs FNs MSEs PE
1 090 0  41(004) 015 51  23(008) 258 (02)
2 0 0 13(0009) O 14 034(001)  46(004)
3 0O 0 058(0008) O 023 011(0004) 15 (002)
4 0 0 0063(0002) O 023 0027(0002) 013 (0004)
5 0 0 0071(0003) O 027 0028(0002) 012 (0004)
[ 6 0 0 0095(0003) O 024 0028(0002) 012 (0004)
P =20 10 0 0 032(001) 0 031 0029(0002) 013 (0004)
16 0 0 12(004) 0 010 0026(0002) 015 (0004)
ABIC 3n=4-22 (0047)
0 0 0067(0003) O 023 0027(0002) 013 (0004)
TUNE s $n1=4-67 (0058), $n2=4-68 (0061)
0 0 0049(0002) O 020 0026(0002) 012 (0004)
$n=4-10 (0027)
stepl | 0O 0 011(0004) O 46 013(0007) 051 (001)
[ sTEP2 | O 0 0052(0002) O 007 0025(0001) 011 (0004)
Pn = 1000 $n1=472 (0056), $n2=4-60 (0053)
TUNEspj | O O 0041(0001) O 006 0025(0001) 011 (0004)
1 20 0 25 (0) 10 043  27(01) 252 (0:09)
2 010 0 072(004) 0 043 019(001)  28(006)
3 0 0 0059(0002) O 025 0032(0002) 016 (0006)
4 0O 0 0033(0001) O 023 0026(0001) 0073 (0004)
5 0 0 0048(0002) O 026 0027(0002) 0075 (0004)
Il 6 0 0 0072(0003) O 025 0027(0002) 0078 (0004)
Pn =20 10 0O 0 028(001) O 025 0028(0002) 0099 (0004)
16 0 003 12(004) 0 002 0024(0001) 013 (0004)
BIC $,=3.91 (0036)
0O 0 0034(0002) O 023 0026(0001) 0075 (0004)
TUNE s $n1=4-37 (0064), $,,=4-38 (0066)
0 0 0026(0001) O 022 0026(001) 0070 (0004)
$n=3-81 (0043)
stepl | O 001 0047 (0001) O 38 017 (0009) 035 (0008)
\Y sTEP2 | O 0 0031(0002) O 008 0024(0001) 0073 (0004)
Pn = 1000 $nm1=4-28 (0061), $n,=4-37 (0067)
TUNEspj | O O 0023(0001) O 007 0024(0001) 0058 (0004)

Table 2: Simulation results using the same settings as Design | & Il in Section & pager and
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65

o ||IK; = Kl = fr [r{Kj(s,t) — Kj(s, t)}*dsdt,

Design sn FZr FNg MSEs FZs FNs MSEs PE
1 094 0  41(003) 041 73  49(02) 280 (06)
2 056 0 28(01) 008 33  14(007) 99 (0-3)
3 001 O 063(002) O 17 038(003) 17(007)
4 0 0 017(0007) O 058 015(0009) 031 (001)
5 0O 0 02301 O 058 015(0009) 030 (001)
| 6 0O 0 033(001) 0 063 015(0009) 032 (001)
pn =20 10 | 001 001 1.3(005) O 049 015(0009) 044 (005)
16 | 031 018 77(03) 008 020 036(003)  36(03)
BIC 3n=4-12 (0026)
0O 0 018(0009) O 056 015(0009) 030 (001)
TUNE snj $n1=4-59 (0069), $n2=4-61 (0060)
0O 0 014(0006) O 048 014(0008) 028 (001)
$,=4-04 (0021)
stepl | O 004 029(0008) O 73 055(003) 19 (007)
[ sTEP2 | O 0 015(0008) O 016 0096 (0005) 026 (002)
Pn = 1000 $n1=4-53 (0056), $n2=4-46 (0050)
TUNEspj | O O 012(0006) O 015 0095(0005) 024 (0008)
1 20 0 25 (0) 15 12  43(015)  261(01)
2 033 0  11(006) 002 069 043(003)  33(01)
3 0O 0 010(0005 O 039 013(0008) 029 (001)
4 0O 0 012(0006) O 039 013(0008) 022 (001)
5 0O 0 0200009 O 041 013(0008) 024 (001)
i 6 0O 0 029(001) 0 041 014(0008) 026 (001)
pn =20 10 | 003 007 14(06) 0 017 012(0007) 041 (003)
16 | 002 1.3  11804) 002 039 018(002)  10(003)
ABIC 3,=3.76 (0065)
0O 0 015(002) 0 036 013(0008) 024 (001)
TUNE snj $n1=376 (0064), $,2=379 (0066)
0O 0 0070(0004) O 029 012(0007) 020 (001)
$,=3-33 (0040)
sterl | O 006 018(0006) O 64 063(003)  15(004)
IV sTEP2 | O 0 0091(0005) O 012 0099 (0005) 023 (0009)
pn = 1000 $n1=3-96 (0060), $n2=373 (0048)
TUNEspj | O O 0065(0003) O 010 0095(0005) 018 (0009)

Table 3: Simulation results using the same settings as Design | & Il in Section 4 p&tber
and Deisgn Il & IV as above, based on 200 Monte Carlo replicate®mxbe variance of the

regression erras? = 2.

and 0 < ¢z < Apin(U1) < Amax(U1) < c3 < oo for all n, where ¥ = FE(ZZ") and
U, = E(NN7).

3. AUXILIARY LEMMAS

Foreachj = 1,.. ., d, given the estimated covariand&$(s, t) = n~' S_J_, #ij (s)ij (¢), the
eigenvalues/functions and functional principal component scoresstinreated by

/Kj(svt)ﬁgjk(s)dS = Ajkoik(t),  Eijk = / Zij (1) ik (t)dt, 1)
T T

subject to | @J?k(t)dt =1 and [; ¢jk, (t)Pjk,(t)dt =0 for ki # ks. Denote AJ? —
Rj(s, t) = n'/2{Kj(s,t) — Kj(s, 1)},
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(zij ® xij)(s,t) = wij(s)xij(t), the second derivative ofjj by xff) the minimum and
maximum eigenvalues of a symmetric matux by A\pnin(A) and Apax(A). Let then x pn
matrix Zm = (21,...,2n)" = (Z&),Z,ﬁ)) with Z&) containing the firstgn columns of
Zm. Define Mj as then x s, matrix with (i, k)th elementé;je, and M = (M, ..., My),
MO = (M, ..., Mg) andM?) = (Mg, ..., My). Similarly, we defineVfj, MM andM?),
wheregijy is replaced bfijkw;kllz. Moreover, we denoth as then x sp matrix with (i, k)th

elementijk, and M = (Mj, ..., Mg), MY = (M, ..., My) and M® = (Mg, ..., My).

Similarly, we define)s;, MM and M), where & is replaced bygjjxwy,'”>. Combin-

ing the functional and scalar covariates, we haVe = (MM, Z\)) = (Vy,..., Ny)",
where {Nj = (Ni1, ..., Nigs,+q,)" ¢ =1,...,n} are independently and identically dis-«

tributed asN. We further denoteV, = (MM, Z()) = (Ny,..., No)™, NO = (A1), z()),

N = (a®, z3)), and let E(NiNy') = Uy. Recall thatb() denotes the estimate of!),

i = (bMT,4™)T, and we further denotl?él) the estimate 05}1). Supposex(-), A(-) andG(-,-)

are square-integrable functions @hand T x T'. Write |||, [ a6 (or (a, 8)) and [ Gag for

{7 &2(t)dt} 2, [; a(t)B(t)dt and [ [1. G(s, t)a(s)B(t)dsdt. -
Lemma 1 provides results for the estimates obtained by functional principgdaent anal-

ysis. We first quantify the smoothing error of; and its influence carried over to the covari-

ance and functional principal component estimatgg, — Sijk = Sijk — Sijk + Sijk — ijk =

ja:ij(g?)jk — ojk) + [ (&ij — xij)qBjk. Then we obtain upper bounds for the differences be-

tween the estimated and true eigenfunctions in terms of covariance pertarbatioeigen- «

value spacings for quantifying the increased estimation error of the higther t®rms. For each

j=1,...,d, denote

(5jk = I:Hll,i..r.l,k(wjl — wj‘|+1), Jin = {k=1,...,00: Wik — Wj k+1 > QAJ'},
whereA;j = |||Kj — Kj|||, that is, considek € Jjn for which the distance ok to the near-
est other eigenvalues does not fall belm&j. It is known thatgjk can be consistently esti-
mated fork € Jjn (Theorem 1, Hall & Hosseini-Nasab, 200@)#}1-;( — ojkl| = Op(5jkAj) =
Op(k®+1n=12) implying supJjn = o{n'/(?3+2)}. However, for our theoretical analysis, we
need a sharper bound without compromising the humber of eigenfunctoms&ered. Define
the set of realizations such that, for sample sizeomeC and anyr < 1,

Fsnj = {(ﬁ)jkl — wjk2)_2 < 2(wjk1 — wij)_2 <Cnki,ke=1,...,8n, k1 # ka}.
LEmmA 1(a) Under conditions (B1)—(B4), for each=1,...,n and eachj = 1,...,d, we
have E(||zij — zij||?) = o(n™1), E{ [(&ij — xij)4} =o(n~2). For eachj = 1,...,d, we

have (|| Kj — Kl||?) = O(n~). .
(b) Under conditions
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w  where||ajk|| = Op(k22n~1), Ry = n'/2(Kj — Kj), andOp(-) is uniformink = 1,. .., sn.
(d) Under conditions (A1), (B1)—(B4) and~'/2sy = op(1), for any j =1,...,d, we have
c1An < Ajn < c2\n for some positive constants, co.

The next lemma quantifies the asymptotic orders of several important typepiassions that
will be encountered in the proofs of our lemmas and main theorems. Formence, define the
s following notations/, l,lo = 1,...,pn, k, k1, ko =1,...,8n, 7, 71,72 = 1,...,d,

n

B O NTE P _
05 —Z(fuk Gi0*wpd, O =07 (G ik — ik Sijoke) (Wi Wiako) T,

i=1 i=1
9]1]2 _ Z{g ¢ i i i . —1/2 0]1]2 4) 9]1]2 2) 0]1]2 ®3)
|(1k2 - Ij1|(1 Ijgkz (£j1k1£j2k2)}(wjlklezk2) ) klkg k1k2 + k1k2 ’
i=1

n
gj(i)l =n"" Z(fijk - gijk)zile_klma ej(ﬁi n~! Z{glijH €Ijkzll }wjk 27

i=1

n
5 6 8 _

Hj(k)l = ej(k)l + aj(k)h 9|(1|)2 =n! 2{2“12“2 — E(zin, zit) }

ﬁj(})—z Z &ijkbjkozil, J. —ZZ&Jk &ijk) (bjk — bjko) i,

i=1 k=s,+1 i=1 k=1
n s,
19(3) ZZ éljk fljk bjkozlla 79}?) = ZZ(ﬁijk - fijk)bjk()Z“,
i=1 k=1 i=1 k=1

n Sn
o) = ijko/(zxijZn —nZi)(ik — diK), VN =Y biko(Ej, @),
i k=1

|7) = n1/2zzbjk0 Wik — Wjv)~ <Ej|,¢jv>/(3?j — 1)) ik Pjvs

k=1 v#k

EIS) = n1/2Zijk0 Wik — 'lUJv '—‘j|a¢JV /% ¢Jk¢JV’

k=1 v£k

whered; ™ = (19J(r1"), . 791(;"))T denote corresponding vectors @il = n'/*(Kj — Kj), where
Kj =n"" YL, aij ® zij.

LemMma 2(a) Under conditions (Al), (A3), (B1)—(B5), we have

91_(&) — Op(K*+2), Hf;lljké( ) — Op (K2 172 4 g2 12,
0{'(11{(22(3) -0 ( —1/2) 0{'(11jk22(4) _ Op(k?/%-ln_l/g i ka/2+1 _1/2),

Qj(k)I Op(k:a”“ —1/2)’ Hj(k)l Op( —1/2)’

Qj(pl —0, (ka/2+17fl/2)7 9|(18|)2 = Op(n~12),

where theDy () andop(-) terms are uniform fok, k1, ko = 1,...,spnandl, l,lo = 1,. .., pn.
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(b) Under conditions (A1)-(A7), (B1)—(B5), uniformly foe 1, ..., pn, 110
7
o = 0§ = o) = o = o = 07 = o),
4 7
I = o) + o) + o) + o).

Lemma 3 characterizes the eigenvalues of the design matfif@esgndv Lemma 4 con-
cerns the asymptotic order af = PNI(YM — Ni7p), wherePy, = Ni(NEN))7INT, Y =
(y1,.-,yn)", @andnyq is the true parameter of; .

Lemma 3. Under conditions (A1), (A3), (A5), (B1)-(B5), we hajluin(NyN1/n) —
Amin (U1)] = 0p(1), [Amax (N7 N1/n) = Amax(U1)] = op(1).

Lemma 4. Under conditions (A1)—(A5), (B1)—(B5), we hay#;[|3 = Op(r2), wherer? =
an + sn-

4. PROOF OF LEMMAS

Proof of Lemma 1 We shall show Lemma 1 for any fixefl=1,...,d, we suppress the
subscript; in this proof for convenience. For part (a), recall th&l = zi(ti) + i1, where o
the errorej are independent afj. Thus one can factor the probability spaee= Q1 x o,
where Q; is for {zj}i=1,..n and Qs for {eji}i=1,..m,. Given the data for a single subject,
a specific realizationz;j corresponds to fixing a valuej € Q, that is zi(-) = zi(-, wj).
We write F¢ for expectations with regard to the probability measureSbn and Ex with
respect to2;. For each fixedw;, the error{sj,i=1,...,n} are independent and identi-zs
cally distributed for different/, with E¢(sij) = 0 and E¢(c3) = o2. Given condition (B3)
together with a local linear smoother, one h&§|zi — zi||*) = Ex [Ee{ [(Zi — zi)?}].
Using standard Taylor expansion argument, together with the dominanteronv
gence theorem givenE(||z\?|4) < oo, it is easy to verify Ex [Ee{ [(@i —zi)?}] <
C [ [Ex{(x)2}h* + (mh)~'] under (B3), yielding&(| & — xi]|?) = ( 1) by (B4). Sim- 1o
ilar arguments will also lead tdx [Eef [(&i — zi)*}] < C [ [Ex{ }h8 (mh)~?],
thus  E{ [(&i —2i)!}] =o(n™2). Regarding K =n"'YD, ®x., notice  that
K K—n_lzl 1{%. xi)®xi+(i‘i—:I:i)®(:i‘i—l‘i)}—|—(n_lz?zll‘i@l‘i—K).
It is easy to see that the first term on the right hand side is dominated by
n~S (& — xi) @ xil||. Since {Zi,zi} is independent of{Zi, i} for i #i, we s

have  B[{n " S0 [l — ) @aill} | = (BN — 1) © aill]}2 + n~var(| i ~

i) ® ill]) < B2 — ail?) (El|il|?) + n {E((@ - 2) 1) (E]|zil| )} = o(n ).
The second termE(|||(n™' Y11, zi ® zi — K|||*) = O(n™') by Lemma 3.3 of Hall &
Hosseini-Nasab (2009). This leadskg|||K — K|||?) = O(n™1).

We next obtain the bound in (b) for =1,...,sy. First notice thatF, can be implied 1o
by ming—1 s, (wk — wki1) > 5721 > Cn~"2 for someC and any 7 < 1, which is ful-
filled by s3*'n=12 — 0 in (A3), leading topr(Fn) — 1 asn — oo. It is easy to see that
for k=1,...,sn, wk — wki1 > S5 1 > 2A asn — oo, that is s € Jp, for large n. Now

we will bound Hg%k — ¢k|[? for k=1,...,sn. By (5.16) in Hall & Horowitz (2007), one has
~ ~ ~ 2
Ik — okl < 202, wherea = Y (i — uv) 2{ [(K = K)o} . Also pr(Fn) =1

.....
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implies that(dx — wy)~2 < Cn' with probability tending to 1. Then we have

i< 3 (- w) 2 [ (& - K)oy}

V:vZ£K

w2{ [(& - K- s} |
<2 ) (k- wv)_Q{ /(f( - K)¢k¢v}2

V:v£K

2o 3 { [k - K) G- w0}

v#£k
<4y (wk— wv)72{ /(K - K)¢k¢v}2 + 200" A%|| g — ol |-

V:v#£K

Plugging this intd| ¢k — ¢k||*> < 24, one has

(1-20n"A%)|[dk — o> <4 ) (wi — wv)‘2{ /(ff - K)¢>k¢v}2.

v:v#k

As A = 0p(n™?) and 7 < 1, we haven'A? = 0y(1), and [|¢k — ¢k* < C' 34 (wk —
w\,)*Q{f(f( — K)oy }2. Given the results in (a), by analogy to (5.22) in Hall & Horowitz
w0 (2007),n B[}, 4 (wk — wy) "2 [(K — K)oy }2] = O(k?) still holds, the result follows by
Chebyshev’s inequality. R
To obtain (c¢), using Lemma 5.1 of Hall & Horowitz (2007) with = ¢k, Ax = wx andL =
K, sinceinf .y [tk — wy| > 0, we have

Sk — b= D (i —wy) oy /(ff — K)doy + Cbk/(ﬂgk — dx) Pk

V:v#£K

= 3 (e w) o (K = K)o+ [ (o= w0

V:vZ£K

3 (= w) ey / (K — K)(dk — )b
V:vZ#£K

=3 (i — wi){(wk — u) (s — )} b / (K - K)duou.
V:v#£K

Denote the last three terms by = a1k + aok + ask. Foragg, one has
ok — okll® =2 — 2/¢3k¢k = 2(/¢>ﬁ - /(ngﬁbk) = - /(ng — ¢k) Pk

that isagx = —||k — ¢||>/2. From part (b), one haspk — ¢k || = Op(kn~'/2) uniformly in
s k=1,...,sn, then|la|| = Op(k*n~1). To boundag, noticing || >, cvv[|> = 3, ¢2 due to
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orthonormak ¢y },

N ~ /
vk || < [Z(wk —wy) " /(K — K)(¢x — ¢k>¢v}2}1 i
v#£k
< 5 Ak — il = Op(k3T2n1).

For asy, noticing thatsupy_; . |k — wk| = Op(A), we can bound ask|| as follows,

2| — wk’[ > (w —wy) 4 /(K - K)ém"}ﬂ

ViVH#]

1/2

< CA[ > (wx —wv)4{/(-f( — K)¢kdv )

V:vZk
+ Y = wn) ™ [(& = K- a0}
V:vZ£k
= CA(A; + Ay)'2,

where Ay = 3, (wk —wy) ™ J(K - K)¢k¢v}2 and Ay =) . ulwk —
w) ™ [(K — K)(dk — ¢x)év}”. By the derivations of part (b), we have

172

M 252 3 o= w2 (R = Ky} = 0plhan ),

V:V#£K
Ay < 5 A% gk — oil|? = Op(5*52AY).

Notice thatd, > = O{k?>@+1)} = o(n) by (A3), which indicatesds = op(k25 2n~"). Thus 1o
lask]| = Op(kéy 'n=1t). It leads to]|ak|| = Op(k32n~1).

by Theorem 1 of Hall & Hosseini-Nasab (2006) and part (a), we cae that
(e, k)2 = Op(1) givenn='/25, = o(1), which completes the proof.

Proof of Lemma 2 Foreﬁ) and any fixedj, we have

0}? = (Giik — &ik) wy =D Gk — ik + Sijk — Gijk) *wy

i—1 i—1
n n
<2 (Sijk — k) wpd +2 ) (Gijk — Gijk) wp!
i—1 i=1
n ) ) n 9
=2> { /iij (dik — dik) } wpd 2 { /(ﬁfij — zij) ik} Wy
i—=1 i=1
|n A 1
<2 (1231l dik — oikl? + loikl* I E5 — i 17wy
i—1
Given Lemma 1 and (B1), we know

E(|25%) < 2E(ldi — @ij]1*) + 2E(|l2i %) = O(1),
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hence, |Zij||> = Op(1). From Lemma 1, we haveej(k =i {Op(1)Op(K2n~1) +
op(n™1) }k® = Op(k®*2), uniformly fork = 1,.. ., sp.
170 For&’l'(lljkém, itis obvious that

n
2) -1 2 2 —1/2
ol |:‘n > ik ks — il Sifoke) (Wi Ky Wisks ) ‘
i:l

1/2 1/2
=n ‘ E :£IJ1|<1 £|12k2 £IJ2k2)(wj1k1wJ2k2) + E f|]2k2 g']lkl £I11k1)(wj1k1wj2k2)
i=1 i=1

n n
_1(Z§i2j1k1wj_llkl)1/2{Z(fijgkz — &ijoke)*W0 J_Qiz}m +
Igl 1/2 Igl o 1/2
71(25%2'(2 J_21k2 {Z(&ijlkl _gijlkl) J_llkl} :
i—1 i—1

Since (3 i, &k, JZ)k2) =mnforanyky =1,...,sn, we haved [, & \ w; . = Op(n),
uniformly for ko = 1, ..., sn. Moreover,

3 -1
Zgizjlkl Wik, = 22 €I11k1 Slj1k1 Jlkl + 22§|11k1 J1k1
i=1
= Op(k‘iI+2 +n) = Op(n),
uniformly fork; = 1,. .., sn. In conclusion, we have
jijo (2) _ a/2+1 - a/2+1
|9{(11]k22 ‘:n lop(n1/2)0p(k + ) n 1Op(n1/2)0p(k_l -+ )

_Op<ka/2+1 _1/2+ka/2+1 —1/2>

uniformly for kq, ks = 1,..., sn.

175 Foref(llijQ(g), (Gf(lljkz( )) <n_1{E b W) B w J‘fl(?)}ll2 < ¢yn~!, uniformly for
ki ks =1,...,sn by (B1). It follows that iz ® — - 0y ( ~172), uniformly for ki, ky —
1,...,sn. Moreover, it is trivial that 0{;11{(22( ) _Hf(lljk'; 6{31{(22 _Op(n—l/Qk?/2+1+

n*1/2k§/2+1), uniformly forky, ko = 1,..., sn.

Based on (B5), we conclude thgt = Op(1), uniformly fori = 1,..., pn. For@}i),, we have

|¢9]§i)|] < n_l{ Z(éijk — §ijk)2wﬂ<1} (Z Zi2l)1/2

i=1 i=1
= n10p (K21 0p(n2) = Oy (k:a/2+1n_1/2>,

172

uniformly fork =1,...,sn, 0 =1,...,pn. Furthermore,
— — 1/2 —
B(60)* < n B B = 0(n 7)),
o uUniformly for k=1,...,s4, I =1,...,pn. Thus H(ﬁ), = Op(n ~1/2) " uniformly for k=

1,...,sn, 0 =1,...,pn. Thenit follows thaﬂj(?, = «9](‘?, + 9( ) = Op(K¥?T1n=1/2) uniformly
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fork=1,...,sn, l=1,...,pn. For 0|(18,)2, we haveE(Hl(lgl)) <n YE(z} E(zﬁz)}ll2 =
O(n=1), uniformly forl; = 1,...,pn, l2 = 1,...,pn, and this entails thaétl(lgl)2 = Op(n=1/2),

uniformly fori; =1,...,pn,lo =1,...,pn.

||1

Forﬁj(,), given (A4), we have 185
n ee} n 00
1
B 1< D ol Bl 30D ol {B(E) B}
i=1 k=s,,+1 i=1 k=s,,+1
n o0
< Z Z k—bk—1/2 _ O(ns;bﬂm) _ 0(n1/2).
i=1 k=s,,+1
Henceﬁﬁ) = op(n/?), uniformly forl = 1,..., pn. Forﬁj(,), we have
19(2) ZZ { /xlj ¢J ij /(:Eij — :Uij)quk}(l;jk — bjkO)ZiI
i=1 k 1

/ quz" {i (dik — Bik) (bjk — biko) }
+/{Z(:ﬁij - ﬂfij)zu}{z Bik (bik — bjko)}-
i=1 k=1

It follows that

Sn

2 <2 Z%ZIIH | Z ik — djk) (bjk — bjko) I*

Sn
+2| Z(:ﬁi,— — zij)zinllP1 Y Sik(bik — bjko)|I*-
i=1

k=1

Since

By @al® < BQ lzillzn)? < n*{E(2y]ll2u)}? +n{E(ldy [ E@E)}? = O(n?),

i=1 i=1

we havel| i, Zijzill|? = Op(n?). Similarly,
Bl Z (Zij — ij le” =n (EH% xin’ZiIDQ + n{E(||ij _l’ij||4) (Zul)}1/2 o(n),
lead to|| Y"iL, (Zij — wij)zitl|®> = op(n). Moreover, 190

Sn Sn
1Y (i — B30 Bi — bio) I < 1557 = 55133 N djic — byl ey

k=1 k=1
= Op(rﬁ/n)Op{Z(kQ/n)ka}

= OD(TnSnJrg/n )
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and
Sn R S'n R . 1 - 1 STL
1Y 6ir i — bio) 1 < (O Ibjie — bjwol)® < 155" = 5513 Y wipl = Op(r2sat/m),
k=1 k=1 k=1

by Theorem 1. In summary, we g@fﬁ)ﬁ = 0p(135813) = 0p(qnsd™ + &™), uniformly for
I =1,...,pn. Under conditions (A3) and (AS)EZﬁ) = op(n'/2), uniformly forl = 1,..., pn.
Forﬁﬁ), we have

n

WﬁUQZ[/kEZ@U—wuVmH§3%k%mN2S!E:@u—xuVMPHzé%k%mW
i=1 k=1

i=1 k=1

< (3" Ibikol)0p(n) = op(n),
k=1

henceﬁ}f) = op(n/?) uniformly forl = 1,..., pn.
Next, we show that|,’ = o) + 0} +9{]) + v}). Recall thatgj = (5j1, ..., Ejq,)" with
E{xzij(t)zu} = Zj1(t). By lemma 1, we have the expression

Bik(t) — djk(t) =2 > (wjk — wjv)_ldﬁjv(t)/%j djkdjv + ajk(t),

V:vZ£K

where||ajk|| = Op(k®+?n~1), Rj = n'/2(Kj — Kj), andOp(-) is uniform ink = 1,..., sn.
Since

Sn

n sy n

19};1) => ) (Eijk — Gjbikozil = /(Z zijzin{D_(djk — djk)bjko},

i=1 k=1 i=1 k=1

substitute the expression féjk(t) — ¢jk(t) into the above equation, we immediately gﬁt) =
5 6 7 8

I + o) + o)+ o).

Forﬁ}?), it is obvious that

W2 < | Zn:(d;jk — dit)bjrol Pl D (wigzn — En)?,
k=1 i=1
where
E| n (zijzi = Ej)|I* = | B[ ” (zijzit — Zj0)}) = n | var(zijzi)
; j il jl / ; j <il jl / j<il
<n [{BEHECH = o).
and

Sn Sn

| Z(éjk — 9jk)bjkol| < Z biko| | Pjk — djkl| = Op(Zk_b].m—l/Q) = Op(n~12),

k=1 k=1 k=1
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thus(19(5))2 = Op(1) = o0p(n), and it follows tha’rﬁ}?) = op(n'/?) uniformly forl = 1,..., pn.

Forﬁj(?), we have

Sn Sn
Wi < n2/(EfCijZil)2H > bikoajil® < nz/{E(xiﬁ)E(Zﬁ)}m(Z [bikollleil)?
k=1 k=1
s7l

= n*0p{(D_ kK™ 2n1)?} = op(n),

k=1

henceﬂ}?) = op(n'/?) uniformly forl = 1, ..., pn.

From the proof of lemma 1, it is easy to see thgt— R} = n!/2(Kj — Kj) = op(1), which
follows thaqu) = op(n'/2), uniformly forl = 1, ..., pn.

Proof of Lemma 3First, it is obvious thaf\min (N N1 /1) — Amin(U1)| < ||NEN1/n — Up||,
where||.||; is the L; norm for matrix. Since

Sn )
INF N fn = Uty < Op( Y JoliE2 |+Z’ el + Z O] + Z 61.)
ki=1 ki=1 li=1
On

a/2+1 -1/ a/ -1/ a/ -1/
—Op{z (k2 172 | /241, 12)+Z(8n2+1n 12)
ki=1 =1

Sn Jn
+ Z (k?/2+1n—1/2) 4 Z n—1/2}

ki=1 =1
_ Op(sa/2+2n_1/2+q 8a/2+1 1/2)

— a ,

by Lemma 2 (a), hence we havé\uin(NTNi/n) — Anin(U1)| = Op(s§/2+2n—1/2 +
ans*T1n=1/2) Under conditions (A3) and (AB), it is obvious thay,(N{Ni/n)—
Amin(U1)] = 0p(1). Similarly  |[Amax(N{TNi/n) = Amax(U1)| < ||NTN1/n — Uil = op(1),
and we skip the details here.

Proof of Lemma 4 By Lemma 3 and (B5), we know thaiflTNl is invertible, hence’y, exists.

For A1, we have

Ay = Py, (Ym — Nifjio) = Py, {Ym — Nifjo — v+ v+ (Ny — N1)fjio}
= PN1{6 + v+ (N1 — Ny)ifno},
where EZYM —Nlﬁlo—V: (61,...,6n)T, V= (Vl,...,Vn)T with Vi =

Zle Zﬁozsnﬂ §ij kbj kO-

For Py, e, we have

B[Py, ell* = E("Py,€) = E{E(e" Py, e | 6)} = Bltr{Py, B(ec")}]
= aztr(PNl) = 0?(gn + gsn) = O(gn + sn),

hel’lCEHP 6”2 Op(qn +$n)

200

205

210

215
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For Py, (N1 — N1)ij10, we have

n g Sn
1Py, (N1 = N)inoll* < [[(Ny = Nadinol* < O[> DD ik — &ijw)biko}]
i1 j=1k=1
n ¢ Sn n g Sn
029> > D (&ik — &Giidbixo}* +29 > > D (Giik — Sijk)biko}’]
i=1 j=1 k=1 i=1 j=1 k=1
g n g n
Z 235 || Op ( Zk "kn="?)?]) + Op ZZ{H% — aij|)? Z ")?}]
ji=1i=1 j=1i=1 -1

= Op(1),
sinceb > 2 implies thaty~?_, Y1, [|zij|[2Op{ (3ok~, k~Pkn~12)%} = Op(1), and Lemma 1
entails thad 7, S, {[|2ij — 2ij 2R, k)2 = Op(1). It then follows that| Py, (V1 —
20 N1)ijol|* = Op(1).

For Py, v, itis obvious that| Py v||* < |[v||*. Fori = 1,...,n, we have
oYt 3 o} =0(3 Y Han)
j=1 k=s,+1 j=1k=s,+1
g o)
—0(> > KET) = 0(s).
j=1k=s,+1

It follows that|| Py, v[|? = Op(nsy®). In summary,
1A [[5 < O(| Py, ell® + | Py, (N1 — N)inoll* + 1P, 1)
= Op(gn + sn + 1 +7ns5,2) = Oplgn + sn) = Op(rp),

wherer? = gn + sn. This completes the proof.

5. PrROOFs OF MAIN THEOREMS
»s  Proof of Theorem 1.First, we constrai)s (77) on the subspace, where the true zero parameters
are set as 0, that ig) € RSP . b} ) =0,k=g+1,...,d,7® =0}, and prove consistency
in the (gsn + gn)-dimensional space. Define the constrained penalized function

Z{y. Z Z (Ejicwy” YT P RepnayyTd TJ T YyTd ad qIJ RYTT Td T R

j=1k=1
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ull) = (ugl)T, . ,uéI)T)T anduY = (uY,...,ud,)". We have

Qn (7o + anu) — Qn(f10)
~ ~ qn
> | Nianul® = 20T Nyanu + 20> _{J, (o + anuf]) = Ja, (I70)}
=1

g
1 _ 1 1
+ 3 (g (1555 + andi TV — I, (165)1) )
ji=1
> P Anin(NT N1 /n) 0 ||u)|? — 20| Ay |2 A2 (NF Ny /n)anu]

max
On

+2n[)_{J3, (Inol) sgn(mo)aney + I3, (fmol)e (wf ) (1 + o(1))}
1=1

g
+ 0 B Danll A7 YV |+ T (165 12l A; Y 2(1 + o(1))}].
i=1

The Taylor expansion in the second inequality holds bEC&H&q_Si/2 < rpsdPn 12 = o(1)

by condition (A5). As for the smoothly clipped absolute deviation penalty, avel, ([yol) = s
J% (Ino]) = 0forall i =1,..., g under condition (A7), and} ([|bg[l) = Jx. (IIbjg ) =0
forallj=1,....9 sincellbﬁ))ll >
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When j=1,...,q, since [5{"] > 165§/ — 5 — b{ll, 16" — 50| = op(s3 *an) =

pr(IBV ) = ajn forj = 1,...,) — 1. (3)

Wheni =1,...,gnandj =1,...,g,5(7) = 0andSj (1) = 0 hold trivially since (2), (3) hold
andsj; is a local minimizer o9 (7).
Next, we show thatj satisfy

|Sl(ﬁ)| S )\nv and 9 "Y" < )\n fOI' l = Qn + 17 e 7pl’l

and
15| < Ajn, and, [[B5V]] < Ajn forj =g +1,...,d.

Sinceyy =0fori=qn+1,...,pn andé}l) =0forj=g+1,...,d, itsuffices to show that

pr(|Si(n)| > An forsomel =gn +1,...,pn) — 0, 4)
and

pr(|[Sj (0[] > Ajn for some j = g +1,...,d) — 0. (5)
Denotedn = (Sg,+1(7), .. Sp, (i)™ = —n"{Z3g} (Y — Nuij1), where

Y — Niij = e+ v+ (N1 — N1)ino + N1 (10 — 1),
andv = (v, ...,vn)" With v = Z}"Zl ZE‘;SRH &ijkbjko- From the proof of Lemma 4 and pre-
vious derivations, we have
v + (N1 — N1)iino + N1(7io — 1)[|* = Op(r3) = 0p(nA3).

Moreover, we havenaxi—q,+1,..p, Y11 24 = Op(n) by (B5). Thus

In" 4 Z2 3 (v + (N1 = N1)iino + N1 (10 — 1)) oo

n
_ 1/2 < 7\ ~ 7~ “
<n l(l max Y zi) " v+ (N = Ni)ijo + Ni(fio — i) || = op(An).

Next, we denoterm{Z,g)}Te = (Ogy 415 -+, Op, )" With 6y = n =251 | zjei for | = gn +
1,...,pn. As{ei,i=1,...,n} and{zjy,i = 1,...,n} are subGaussian random variables and
independent of each other, combined with (BB), ! =1,...,pn} are subexponential random
variables satisfying that, for any constant> 0, there exists positive constants andC, that
do not depend oh

pr(|o| > Cnllz)\n) < Oy exp(—2_101n1/2)\n),

and it follows that

Pn
pr(ln™ 23} el > On'2An) < 37 pr(lai] > Cn'*2An)
1=0,+1

< O{pnexp(=27'Cin'?An)} = Ofexp(n® —271Cin' M)} = 0(1),
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provided that (A6) and (A7) hold. Hence it is obvious ttliarl{Z }Te||OO = 0p(An). Incon- o
clusion, we havé|dn |« < Hn*l{Z Vel oo + Hn*l{Z Ny 4+ (N — Nyiino + Ny (7 —
M) }Hlso = 0p(An) and this implies that (4) holds.

Next, we start to show (5). Fg’r: g+1,...,d,wehaveS; (i) = —n~ M (Y — Nyijp) =
(Sj1 - Sjs,) " such thab i | S5, is bounded by

Sn n Sn n
_ . 2 _ 5 o S o ,
2y (n! E Gijkei)” +2n2 E E £i2ijV+(N1 — N1)iino + Ni(7o — 1) |1
k=1 i=1 k=1 i=1

- RY:
Ford g, (n' 200k, Gijkei) ", we have

n n

B (07 Gijkei)’} = _QZZUQE (&) < _QZZUQE |23 ]1*) = O(snn ™).
k=1 i=1

k=1 i=1 k=1 i=1
Itis easy to see thadfy, 1L, &4\ = Op(n Y3, wjk) = Op(n). Thus
Z ik = Op(snn™ D) 4+ n720p(n)Op(ra) = Op{(gn + sn)n™ '},
and it follows that
155 ()]1? = Z fc = Op{n~'(an + sn)} = op(A3),

under (A7), which entails (5) immediately. Hence we conclude that a local minimizer s
of Qn(7j) such that|§ — 0| = Op(rmn=12), |[BY = b || = Op(ran="72), |[BV) — bV|| =
Op(rnsa/ n~1/2), andpr( J( ) =0,j=g+1,...,d,% = 0) — 1. This completes the proof.
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where the last equality is by Lemma 2 (b), ahgl is the vector of ones with dimensiaq. For
VTQn (77)1

(9] @) 4 0; @) v (4))

-

VTQn (77) == 2

N
Il
—

2

(9] @) 4 v () 4 191.(5) + 95 ©) ¢ 19j(7) + 9 ®))

-

N
Il
R

d
= op(n*?)1g, +2 Zﬁ,— (8)
j=1

where the last two equalities are by Lemma 2 (b). Noticezﬂﬁ? =0forj=9+1,...,d,

VQn(77) = VLn(7] )+VT1n( )+ VTon (7] )+VT3n( )+ VTun (1)

2, 2219, Fe23 )
i=1
—I-QZZ I(I)T fy(gl)) =0,

and it follows that 280

n 172 Z & (1) (1) n—172 Z €iz n-172 Zﬁl +op(1)1q,
= Z Win + 0p(1)1q,,

with — Win ==Yz — =12 508 5700 57y bio (wik — wiv) "H(Ej, jv) [ (i ©
zij — Kj)ojkdjv. It is obvious that {Win,i =1,...,n} are independently and iden-
tically distributed. with zero mean and ddin) =n"1(02%; + Bn). It satisfies

to show that Vn*UQAn Zi“:l Win converges to N(Or,Ir) in distribution, where
Vn = An(0%1 + Bp)AL—=V* = 0?H* + B*, and V* is positive definite. We start tozs
show this by Linderberg Feller theorem.

First, we denotdl;, = Vn_llgAnWin, and it is trivial that{Ilin,7 = 1,...,n} are indepen-
dently and identically distributed centered random vectors wit e, Ilin) = Ir. Second,
for any{ > 0, we have

n
> E[|Winl31q, {ITinl| > ¢}] < nE([Mna| ") {pr([Mnll > ¢},
i=1
where 290

[Tin)|” = O] in = WiHARVE ' AaWin < Amax(ApVi ' An) [Win1?
< AmaX(Vnil))‘maX(AﬁAn)HW1HH2 = O(l)HW1n||2.
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It follows that E(||II1n[|*) = O(1)E(||Win||*) = O(1)g3/n*. Moreover,
pr(Minll > ¢) = pr(|Va "2 AaWinll > ¢) < E(I|Ve 2 AnWin|?)/¢?

< Anax (AR An) B(|Winl 1) /¢

= O()E(|W1n[*) = O(1)an/n.
By previous derivations and assumptions, we know

n
> E[[in[*1q, {|[Min[| > ¢}] = nO(gn/n)O(gnn~""?)

i=1
= OG0 172) = o(1),

sincegn = o(n'/3). By Linderberg Feller theorem, we conclude that'/? A, S, Win con-
verges taV (O, Iy) in distribution, which completes the proof.
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