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Table 1
Integrated Squared Bias (IBIAS?), Integrated Variance (IVAR), and Integrated Mean Square Error (IMSE, multiplied by 100)
of the Kendall’s tau estimator. The last column shows the averages of the bandwidths h* selected using (3).

Linear calibration model

Pa a e‘icesd aq L *ca, es‘J ad
n IBIAS? IVAR IMSE IBIAS? IVAR IMSE h*
Ciav 200 0.024 0.305 0.329 0.017 0.553 0.570 2.183
v 500 0.018 0.136 0.154 0.020 0.228 0.248 2.283
Pa -. 200 0.490 0.596 1.086 0.044 0.963 1.007 1.848
500 0.479 0.265 0.744 0.060 0.437 0.497 1.644
G be 200 3.739 1.115 4.660 3.704 1.716 5.389 2.095
500 3.499 0.429 3.928 3.510 0.556 4.066 2.385
Quadratic calibration model
Para e‘.c esq aq L *ca, es‘{ a‘{"
n IBIAS? IVAR IMSE IBIAS? IVAR IMSE h*
Cay  * 200 0.414 0.129 0.543 0.040 0.288 0.328 1.392
v 500 0.423 0.046 0.469 0.027 0.113 0.140 0.910
Fa =. 200 0.324 0.276 0.600 0.123 0.504 0.627 1.779
500 0.357 0.090 0.447 0.114 0.188 0.302 1.238
G be 200 4.914 0.696 5.610 4.808 1.301 6.109 1.977
500 4.862 0.246 5.108 4.761 0.497 5.258 1.676
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APPEN DIX

Regularity Assumptions
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W}- Appendt A echnig,  Det, is
The score and hessian functions

The score vector VL(3. z) and hessian matrix V2£(3. 7) used in the Newton-Raphson

algorithm are given by, denoting z;, = (1. X; — 7. . (X; — 2)")%,

VLB, 1) = E(ﬂ-g?. )
= Z 51/ @) g ) X - D)
=30 5 L) e o) [ Y LB b (X D)
o
V2L(B. 1) = LB 2.2 )

,62
- Z _ﬂ{w(g—l(mfmﬁ).,u.,zi)[( ¢ ) @B)] mivx}tah(xi ~ )

= {1 LD ) g LA
i=1

+ g @) i g2) (67 @B) | @i A= (X = )

)
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Derivations of Asymptotic Bias and Variance

4 4

1 Xl—IE (Xl—l‘)p

1 XQ—:E (Xg—l’)p
X, =

1 Xp—z - (Xpn—2)°

Define (»+1) x (»+1) matrice§ , = >/, @i @/ A w(Xi— ) and ;= >, x; @] A~ F(X;—
1), with entriegy ,,; = >0 (X; — D)0 (X; — ) andy ;=30 (X — A=2(X; — 1)
The proofs of Theorem 1 and Corollary 1 rely on the following Taylor expansion

0=VL(B. 1) ~ VL(B. 1) + V2L(B. ){B - B}.

where 3 = (fo. f1. .AP)T is the vector of true local parameters and 3 = (go.gl. .AAp)T

is the local likelihood estimator, yielding
~ ) .
B—B~— (VL@ 1)) VLEB. 1)
Hence, the leading terms in the asymptotic conditional bias and variance can be written as

2B |X) -8B~ -2 (VLGB 1) | X) "2 (VLB 1) | X). 3)

W r(B ] X) ~% (V2L 1) | X) 7 W r (VL. 2) | X) 2 (V2L(8. 2) | X) (4)

In the following we approximate three terms appearing in (3) and (4). The expectation of

the kernel weighted local score function is

? (VLB 1)

X) =D {7 (g " (@].0) gui- g2i) | X} [(¢ ) @] B)] @i b= n(Xi — 1)
i=1

Since, foreach4 =1.2. .n, we have ('1i.’2,-) | X; ~ C(by. by | 9—1(A(Xi))), from the first

order Bartlett’s identity we have

0=2{/ (g (X)) gi-g21) | X} =2 { /" (g (@, B + 7). i g20) | X}



by a »'" degree polynomial,

If 9‘1 Is continuous and twice di erentiable, then
V(g HAXD)- i g2) = P (g @D, 0). i g2) + [ 7 (¢ @DB)] 7 (¢ @D, 0). i g2i)-
and, after taking conditional expectations,
P{V (g 1 (@],0) g g2) | X} = = [ 7 (¢ (@B ] 2 {" (g ' (2.0). i g2) | X}
Hence, we obtain
B (VL. ) | X) ~ 2 { " (6 (D) g g2) | 2} (g VGNP XT W

where » = (r1.75. . 1,)7.

Taking conditional expectation of the hessian matrix in (2) yields

P (VLB 1) | X) =2 (M"(g (D) g g2) | 2) [ CNIF

The variance of the weighted local score function is

W r (VLB 2) [ X) = [(¢ ) GUF W r {7 (g7 (A2))- g1 g2) | 28

The second order Bartlett’s identity implies

()= (Mg "D g g2) | 2) = W0 {7 (D). g ) | 2}
Hence, we obtain

DB|X)-8 ~8 ‘X wr,
1

R CSTRE) o A

The approximationsy , =n (1)« « {1+ 0,(1)} andk ;| = n,y—l ()8 {1+ 0,(1)}

are outlined in Fan and Gijbels (1996). The entries of X W can be written as
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n
F= Z ri(Xi — D ="n(X; — 1)
i=1

= z":{ i Am(Xi — m/)m} (Xi — ="n(X; — 2)
i=1

m=p+1
= p+5 n,j+p+l + Op {n }j+p+1}
Letting s, =& .p+18 npr2. & n2p+1)’, We obtain X Wy = A1 80+ 0p {n }PH}.
Hence, the bias and variance expressions become
PBIX) -8~ s, fn HLH 0D
4
1

n, (2) [(¢ Y G 02(2)

The result of Theorem 1 is obtained by considering the first entry in the above expressions.

w (3| X) ~ -3 8 s A {1+0,()}

Since
D) — ) = f0(2) — f0(D) = () {0(2) — o)}
we reach the result of Corollary 1 by dividing the asymptotic bias and variance of the local

calibration estimator by ¢(¢(z)) and [g’(O(i))]Z, respectively.

4 4

P Appendt B ‘i a tions ‘'t dy nder the Fr, nt. Cop 2

This additional simulation study presents the results for the data {('12-.’21- | X3) 4 =
1.2.  .n} generated from the Frank copula under each of the following models:
(1) Linear calibration function : (X)) =25—-42X
(g1 92 | X ~C(ln. b | #=25-42X) where X ~ Uniform(2.5),
(2) Nonlinear calibration function: _y(X) = 12 + 8sin(0 4 X?)
(pr-g2) | X ~ C(ba. by | 0 =12+8sin(0 4 X?)) where X ~ Uniform(2.5)
The true copula parameter varies from 4 to 16 6 in the linear calibration model, and

from 4 to 20 in the nonlinear one. Under each calibration model, we conduct M = 100

experiments with sample size n = 200. The local linear (» = 1) and parametric linear



estimation are performed to estimate the copula parameter under the Clayton, Frank and
Gumbel copulas, and the results are converted to the Kendall’s tau scale. Web Table 1
summarizes the performance of the Kendall’s tau estimates in terms of integrated mean

square error, integrated square bias and integrated variance.
[Web Table 1 about here.]

We construct approximate 90% pointwise condence bands for the copula parameter under
the correctly selected Frank family, using half of the optimum bandwidth. Web Figure 1
displays the results in the Kendalls tau scale, averaged over 100 Monte Carlo samples. We
also present the Monte Carlo based condence bands obtained from 100 estimates of the

Kendalls tau.
[Web Figure 1 about here.]

Our copula selection method successfully identifies the Frank family 95% and 97% of the

times under the linear and nonlinear calibration model, respectively.

<
&Pr Appendt C Fyr* inghr lf"% rt ‘'t dy

We analyze a subset of the Framingham Heart study to illustrate our proposed method-
ology. The data consist of 348 participants who had stroke incidence during the follow-up
study and the clinical data was collected on each participant during three examination
periods, approximately 6 years apart. Of interest is the dependence structure between the
log-pulse pressures of the first two examination periods, log(™®*,) and log{™®™,). It is known
that chronic malnutrition may occur after stroke, particularly in severe cases that result in
eating di culties. Conversely, some patients may gain weight as a side e ect of medication.
Therefore, as an indicator of health status, we consider the change in the body mass index
(ABMI) as the covariate.

For the initial investigation, we categorize the change in BMI, and focus on the three
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extreme cases, namely quite stable (—02 < ABMI < 0 2), highly increased (ABMI ~ 2)
and highly decreased (ABMI  —2). From Web Figure 2, when there is a significant change in
BMI in either direction, the dependence between the pulse pressures seems weaker compared

to the case when BMI remains stable.
[Web Figure 2 about here.]

The scatterplot and histograms of the log-pulse pressures are given in Web Figure 3(a),
from which the marginals are seen to be well-modeled by linear regression models assuming
normal errors. We consider e ®((log(PP;) — ©;(A BMI)) /5 ;) to transform the response
variables to uniform scale, where ©;(A BMI)) are obtained from fitting linear models, o, are
the estimated standard errors in the linear regression models and ® is the c.d.f. of N (0. 1).
Web Figure 3(b) gives the scatterplot and histograms of the transformed random variables

’Q’J = 1.2

[Web Figure 3 about here.]

For comparison, the calibration function is estimated using both a parametric linear model
and the proposed nonparametric model with local linear (» = 1) specification under the
Clayton, Frank and Gumbel families. In the local linear estimation, the optimum bandwidths
are chosen as 9 47, 6 72, and 4 25, for the Clayton, Frank and Gumbel copulas, respectively.
We constructed approximate 90% confidence intervals under each family using half of these

bandwidth values. Web Figure 4 displays the results converted to the Kendall’s tau scale.
[Web Figure 4 about here.]

A natural interest in modeling the conditional dependence of log-pulse pressures at di erent
periods is to predict the latter from the previous measurement. Therefore, in copula selection,
we use the cross-validated prediction errors only for the second log-pulse pressure as the

selection criterion which chooses the Frank copula family. Since, at a given change in BMI,



observing two high pulse pressures together or two low pulse pressures together would be
equally likely, our choice of Frank copula model seems practically sensible. The results
obtained using the nonparametric approach under the Frank copula indicates that the
dependence between two log-pulse pressures is stronger when BMI remains stable, as reflected
by a steady health status. However, the nonlinear pattern does not seem to be significant
as the parametric linear fit in fact falls within the approximate 90% pointwise confidence

bands, suggesting that the linear model may be already adequate.
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estimates (dot-dashed line), local linear estimates at the optimum bandwidth(long-dashed
line), and an approximate 90% pointwise condence bands (dotted lines).
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Integrated Squared Bias, Integrated Variance and Integrated Mean Square Error of the Kendall’s tau estimator
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‘Web Table 1

(multiplied by 100) and the averages of the selected bandwidths h*.

Linear Calibration Model

Parametric estimation

Local estimation

IBIAS2 IVAR IMSE IBIAS?2 IVAR IMSE h*
Clayton 8.611 1.125 9.736 8.334 1.514 9.848  2.056
Frank 0.006 0.316 0.322 0.006 0.444 0.450 2.206
Gumbel 1.887 0.478 2.365 1.793 0.746 2.539 2.133

Nonlinear Calibration Model
Parametric estimation Local estimation

IBIAS?2 IVAR IMSE IBIAS?2 IVAR IMSE h*
Clayton 18.192 3.470 21.662 10.593 2.833 13.426 0.822
Frank 6.162 0.673 6.835 0.127 1.280 1.407 0.468
9.597 1.183  10.780 3.504 2.067 5,571  0.569

Gumbel




