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Summary. In longitudinal data analysis one frequently encounters non-Gaussian data that are
repeatedly collected for a sample of individuals over time. The repeated observations could be
binomial, Poisson or of another discrete type or could be continuous. The timings of the repeated
measurements are often sparse and irregular. We introduce a latent Gaussian process model
for such data, establishing a connection to functional data analysis. The functional methods
proposed are non-parametric and computationally straightforward as they do not involve a likeli-
hood. We develop functional principal components analysis for this situation and demonstrate
the prediction of individual trajectories from sparse observations. This method can handle miss-
ing data and leads to predictions of the functional principal component scores which serve as
random effects in this model. These scores can then be used for further statistical analysis, such
as inference, regression, discriminant analysis or clustering. We illustrate these non-parametric
methods with longitudinal data on primary biliary cirrhosis and show in simulations that they
are competitive in comparisons with generalized estimating equations and generalized linear
mixed models.

Keywords: Binomial data; Eigenfunction; Functional data analysis; Functional principal
component; Prediction; Random effect; Repeated measurements; Smoothing; Stochastic
process

1. Introduction

1.1. Preliminaries

When ( nde]I aking pLedic[ ion ip longzit’ dipal dat a'ana'l 1® in\ol_ ing i eg lal $paced 'and
1nfLeq11Lent mea,_ emen, , Jela i el liple info ma, ion i of; en & aflable a#zo ¢ cach s bjeg ,
0_IQ8 ;0 $pal\,{ and i_eg la m'ea$ .emen . I eg la j ., of m\e‘a& Lemenf.g fo indy id al
s bjecty i an inhe en diffic ]ty of 3,11‘ ch o die$. Th{eLefoLe i 1$ e p%;ciall 1mpo  an t‘()'—.{&e
d_llthe infToLmat ion  hg can-ibe acce S;{ed. T{ily e .iLey 5t © mode the el ion'mhip, bg n ,
mea,_ Lementﬂhat a,e made g g,d.ely’epaLat ed—.blme\i‘)omtm. We aim g a ﬂexlble non-pa, a-
me L{cf ng 1onal dataanal i’ app,oach, Rjchi incon a, _Jcommonl Sed pa,ame Jic

modelyi} cha_gene alj edfinea, mik ed model C’}LMMy) o, gene dlj ed e iniat ion e% g lon_
w "
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(GEE)) _ece, fo, e ample, Heage = (1999) fo, eceny dic ion on appling ch model
K D e | Iy Tk ok KR AR 5. Ry
(O ,epeg ed bmaLy mea_ emen, , PO ,ahmadi (2000) fo, L\élat ed a, peg . of co, ayiance mod-
elling and Heage | ang, Zege, (200Q), Heage and K land (2001) and Chio " and M lle,
(2005) qu di$cJ ”i0n$ on limj a ion$, modificy i0n$ and ﬂgasjbilit yoft he# nde 1 ne pa,ame ic
a” mp[ IOI’IS‘.)L W

W non-pa ame LicfJ ng ional app oach foLthc? agal 1y of longit .din'al dg a, 4h ..ity philoﬂh_
ophyto le (he data}peak fo, themyel_ €, and i, inlie en, ﬂegb{;t y i e, peg ed 0 pe fo m
bett ¢ hanthe pa,ame ,ic GEE o, GLMM appLoachey in many&it a ion’. Ho,g‘gﬁ, 1t facea~
difﬁc.# ]ti% d} e,o he pot eny iall !aLge gap, be _f&r}_ #epeat ed mea_ }Cmerlt$ iI.lt ic yypal@e
longibJ dina} dg a. The pa am¢’ ic me h0d$ o eLcomethly ea$1l by POy l ing a pa amg  ic
fo myf he ndellingf ngion, . 1Incon a, ,\1h ¢he p e ence of 5, Chgap . hecla_ical non-
pa,ame ic -aippLoa(),’ht o]Lmoot h indi, idJ al; ajeq oLiey ina ﬁLst Stﬁp 1& no feaﬂjble (Yao et al.,
2005). The p Loblemmt hat aeca ’ed b\)'lgap& aee acekbat ed int he commonl_ enco ne ed ca e
of non-Ga __ian longj dinal {p pon'e _ cha binomial o Poi _on e pon’e (me/p Seq ion 5).

on ho an’o_e comg, he diffic |ie_ ha a ¢ po.edb. . chdaa fo, non-

Wedenfypnsuate 04,QDe can o, ¢, comg, he diffic Lie  hg aepo o g a fo, nor
pa,ame  ic appLoache&, b_"appl_ing s i abl|, modified me hody of f ngiapal dga anal i
F ngq ional dg a anal 1’ G hodm ha QLbeen pLimaLily de_eloped fo, é.ijnoot h and denyel ,am-
p{ed dat a (Ram’a ar?g Sil &, man, 2()b2, 2005). The bayic}deat o conneg the dat a hat ]

oanal etof n¢lonal da a’anal immethodologyi&topo latean nde | inglatent Ga solan '
p,oce, (LGR) (fo, o he e, ample$ of lg ey p,oce, modelfiti{g fo, loﬁglt di%lal st die$ coﬁ)paLe,
fo_ e ample, Diggle et al. (1998), Jo_apee and S | adha (2002), Hd’hemi e{al. (2003) and
Po ;tetal. (2006)). Specificall ,, he Ga “fanp opb‘t make_j po_ ible 0o e come pa _ene
|55 - CALTE L .\,tha"bkfsa
b_a condj ioning a g mery . Rele antnye.altJ L. of h st ochaS.t ic elg 1c'>nmh1p$ of he obee, e
dgaae eflegedb t{le mean and%b\agaﬁce p.ope, ie_ of h1$ LGP. SlmJ la, lon_ indicg e
he mg hod i inp agiceq jeinen il e o heGa 1ana —mpionfoy helgen poce .
£t Kol L : >t \'_t t 8 Kooa M L s

Since fficien, 1 ﬂeklble_,paLamet e ) a'lon ofthfé‘LJ nde 1 g Ga _ ianp oce Qld_-ffe
f om a I{Lge n mg’eL of pa amg e, making coLLey—Qonding ma, iﬁgJ m likelihood aﬁﬁ?oé‘chew
comp & ionajl_ demanding and n ¢ able, —p,opo, e in L ead o cqnneg  he LGP o andom

ajesio 1e. fo ‘ndi id al ob_e {at ton_ di eql b mean_ of a link f ngion. The e _ bjeq -
(R S T T | > - s L ly. . X 3 5
mpemﬁct Lajeci 0,ie © : espond (O he pLObablllt e, of a Lemponyé in the blnaL Le:ypongwe cae.
WheLeayt he link f ng ioni a med kno he mean and co_a iance of ¢ he Ga selanp oce
aea medob J‘ nknoﬂmlzp_’[.{ymoot h. Thi p opo,jioni a, 4gieongo ndL ofﬂeiibility,
bJ ¢k -,;_ai&e&t he challenging mqblem of con, G ing app, op, 1§ e e g Ifha oLS;}‘ .

« The m¢ hodolog pLop(')yed ia ﬁ,\’t (e (O €y end f ng ional dg a anal 1Nechnology
(O the ca e of non-Ga solan epeg ed mea_ emen, . P ogineny e, amplem fo’ . ch data azg
.epeg ed bina, meayyhement& 0, epeg ed{@oJ . The mg hody pLopo&ed ae inot iged by
se.e.al conyideLationj;the A 13 ion of andow coefficien,  ma_ be ela i el loﬂ_@na'inthi&
card a imple Ta lo, app o, img ion mq i ge__imple, ¢ pihicit g’nd non-pa 'ame | ic mean and

s s Y - PRy AR Y, » L .
co_a iance f ngion €, 1ma o, ; and he’e eyimg o, ae clemena _ 0 comp (e, 1, € peGi el
of:'b,gllemhe lo iat iop am rppt ion imTat iyﬁ;d’o'L ng . The$im. e, 19 ‘iat ion ey imat\dLy

h opo ea e g  aqi eqing o hei fle ibili L and n me ical imph
N | T N =X W A S y .. e .

The andl 1 of conin o 7 Ga solal DR, € longj d1nai_‘ dga b f ngional mg hod ha_
been con&id)é:ed p.e io ul eg Shietal (1996), Ricgand W (20()6’);J_Jamey et al. (2001) and
Jame_ and S ga, (260{)).2’) , main ool f om f nq ional datyh anal 1m 1’ f nqional p incipal
componery {FPC) anal 1’ wlg e obyek_ ed, Laji/g:(:[ oLieﬂ" ae decompoyed ingo amean f ngion
and eigenf ng ions~ (e.g” Rice and"Sil eLrh’cm (1991) and Boen, ¢ and F aiman (2000)).1VaLi0 5
a_peg of{Lhe ela 1on hipbe ggn f Iﬁional andlongj dinaldqaaedic edinS§ani ]

K s - R ) | - R ST‘ R A "
and Lee (1998), Rice (2004) a‘n?Zhao et al. (2004); ameaLly st dy of moglelling long1tJ dina
’ !
LY W
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¢ aJeg oLiey in biological applica, ionﬂ~ *’.t-b,_FPCy 1$ Ki kpa  ick and Heckman (1989). FPC
. . . v .
anal)mld~ allo‘”.&'t o achie \ev thLee majo, goaly.

(a) dimen_ioh ed ction of f ng ional dgab mma j, ing  he dga inafe _EPC ;
Tdic tomoF indi id al' a; 'fs}_n dtb ima ine heEPC
(b) (he pLedlc?tlonL(.) in 1\1'(#21 ¢ ajego 1e flom pa edaa, yestlmatmgt e 50,8
of he, aje 0,ie ; W
(c) fJ llhe}_ Statistical .analy’jd~ of longit{ dinal databaf:d onthe FPCycoLey.

In, he ne b’ec[ ion, in od ce ?"he LGP model; then in Sec[ ion 2the pLopomed o i-
mg e, , follo_gg b_ applica ion, o ﬁLediCt ion (Segion 3). The ¢ } foma im laion  d
incl ding a comp Li$ on of  he m¢ hod pLopoyed ) GLMMy and GEE$, ae ﬁ}poq ed in.{SeX—
ti0ﬁ14. The anal 1$ of non-Gal ”ian ,pa, e longitJ dinal dg a 1y ill std ed in Seg ion 5, jh

he longj, dinal anal)mim of thqocc | ence of hepg omegal | in pL'rﬁJpaL biliaLy cl, Lho’iy . Thi@ o
is folloﬁ“p a b ief di$ C mion (Sé;:[ ion 6) and an append?;, ‘bl(il cglnt aina~ deLi_\at ion’ and
$ometheoLet'1cal Le’# ]t’ Ao# ey imat ion. ' Y

L LS

1.2. Latent Gaussian process model
GeneLall » denq, ing he gene alj, ed gpone by Yij, _q)b e, e independery c.opie& of Y,b ,
in each cae, onl_fo a feﬂ.pawe (ime poin . In pa,ic la , he data a,e pai_ (T35, Y,-j),-.foL
1<i<nand 1 <j<m;, Qg e =Yi(Ti)) foL an ndeL\J_ ing Landomt Laject oY and each
T;jeZ=[0,1]. The pa,_e anﬁ'mcqteLed ng e of{the ob,eL_ ationtimea~ T;j ma_ be e, pkewed
theoLeticall b notmgthat the m; ae nif@Lml bo nded, if,'he e @ an jie ha eadéte min-
et s 5 Lo LN -
1 ic o, igin, 0, (hg  he P, & ey ¢ he .ﬁl e, of'i dep[gandent and idenyicall dlStle ¢ed andom
. . . . . | P . IR

\a,iable 1D fﬁc1ei1 ligh ail , }f'-ﬂhe mj, 0 iging e ochaicall We a,e¢iming g  he
\é'emingl difﬁcﬂ_‘]t ak 0¥ making ch _pa e de ign amenable o f 1 ional me hod,, _bk(il_l
R . SRRy .r e R L5 K3 "
ha e bee lemﬁLlly aimed g denye.{y colleg edymoot h dg a. W

ceny .al a mp ion fo, o | app,oach i@that the dependence bet —&gn he obmeL_ ationy Y;j
iy inheLit ed fLoi{n an nde | H@gJ nobyeL_ ed Ga ”ian p,oce, X: let Y(1),1o teT, :J&S,T 1$

a compag in e, ‘a'l, eno ea Stegha ¢ icp, ce”;.’}at 1$ fying

E{Y(1))...Y(ty)| X} = ﬁ g{Xp},
= M)

E{Y)*|X}<gi{X (1)}

fo 0<n<...<tp<land 0<r<I. Hegpe, Xdenote aGa __ianpoce_onZ,gi a mooth,

. . . . . A 58 Lo sy . .5

monq, one inc, ea, ing link f ng ion, f om  he eal line o fgbe ,ange of  he dlst L1b1 ¢lon of  he

Y;j, and g; 13~ a bo nded f{nc‘t ton. Alho gh _g-_cz_b e, . ¢ independeny copie’ of Y, theye ae

acce__ible onl_ fo yLa feﬁi)a e, ime poiy,_ fo eac e . The Ga _ ian p oce ¢ X;and
58 N st sk & | % ARt

mea_ emen ;ime Tij, foLT <i<nand 1< j<m;, aLd‘a” medt 0 be.-t‘ot all 1ndependent ot he

Tij, a(ketakento be ider icall digt ,ib ced a T, a ] -.{ppolI Z and he X; ae, pp0$edto

be ideny icall di b ed a, X. Whegine,p,gcd %, hedq a (13, ¥;,), model (1) iplic, , hay

L8 m;
E{Yi(Ti). .. Yi(Tim)| Xi(Ti1), - . ., Xi(Tim) = [ g4 Xi(Tij)}. )

j=1
The am mp ionthat X a n}odefl(l)i& Ga ”ian p,o. \i'demaplaJ Sible _a’[(;)'f linking st ocha ot ic
p,ope, 1%01~ Y(r) fo, \al e, tin diffe en pdum ofI,yothat dg @, hg aed .C,. ed g each ime
poin, can be &ed fo, 1ﬁfeLence abo ( f, e al e, of Y(#) fo,_ an, pecific al Yof t. The idea
of pooling d.ét aaco. bjeQ’toiQ\%Ldome:'ﬁc Jpa ene pLo%fém 1, mq.{ & ed a in Yao

L
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et al. (2905). The linkf( ngion g 1$ a_ med kno_n,,’.»f_oL € ampl§ _Q,pll'ght yelec[ ¢ he logj link
ing he bina, dat a ca@e;lg(x) = elp(x) /{‘1 +e p(x)}, anﬂt he l'og-lmk fo'L COH I dat a; r.1de , ome
ci c m ance, helink canal o bee,im eé non-pa ame icall, Animpp , an _pgcial ca_e of
- S . s 4 S 7IMAP, an,  Peela’ ©
moﬂel(l)lﬂ hg ofblnaLyLe$p0n$e$,1.e.0 ldg a, m;ﬁt he ﬁl-.s{ iden, } y1n model(l);mphﬁ’éﬂ o

P{Y())=11,....Y(tw) =lu| X} = T g{X @)}l = g{X )}, 3)
j=1
fo_all ,ca ence I,...,0, of 0$ and 15 Inthim ca,e,the link f ng ion g 1d be cho,en a a
di,¢ b tm{nf( ng ion'amd't he me hodologpropoyed co“e’poﬁ‘dﬂ oane, ‘;I'on of fJ ng ional
dga a.{lalylmw o longlt’ dinal bmaLy dg a. W
w

2. Estimating mean and covariance of latent Gaussian processes

TOH e mpdel (Do mgkp pLediCt i_\ev infeLenc§ abo/ ¢ f [ €. alJ e, (?f Y(r), ggeed o e im?te
th&_,cfeﬁmng cha ag el ic of  he poce X, ie. k}nréam and§p a iance & Ina g ing
g e he dist ,ib (1on of ¥ can be comple el ypeciﬁed, e.g. in ht bina, d_jat d‘model (3), one
po,_1 le appLoaah 1d be malim mlikelih(%d. Thiﬂ~ 15~ , ho‘gg}, adifﬁcy L pLOPO,it ionin he
i egla ca e, e.g't"' 1d necei&it g ethe$peciﬁcat ion of a L'ge n migeL of pa amge fo,
¢ he ya io 5 mean_ a d co.{agiance&that a e in ol ed, a diffic jgh can onl_ be o_e come
b 1n ok..{ng 6,06 1 ea, p fon, limj ingtl?éﬂ'éy‘ibilit o he app Sach. Mo,eo ¢,." @ e
con, id¢ ing a non-  a'iong - ca e, and hen mbe of pa‘amee Id need o inc ta e ‘]:fl
n, eyample e. Finall _, zglnot he, majo, rﬂ_‘ot iaioni oe, endthgT ng ional app oach o
non-Ga{ ”ian lor}gitJ dinal da a. Toq st air}t he n n-pa, ame Jcfla, o} L{_f_g{feL ng (0 mqke
St ongey am mp 101%“han model (1) and in paic la, 0 no oma ethe GRS
a_ mp iong~t hg 1d be nece a0 emplo_ mg, im m likélihood m: hod&. b
) appLoachiy yed onthey p}%loyit ion hg  he &Liat ion of X; abo# ¢ ity meani& ela i \evl

,mall. In pa ic} la, g, mephy %
* X0 () =p(t) +6 Zi(1), p=EX), ©)

Y

Zii aGa _lanpoce Jl, ¢ omeanandbo ndedco aianceand6>0i an nkno g, mall
v an aln, hi_ca_e.a_ mihg, ha g ha_foy bo nded'de i ai e and gng (X.Z2) 13
conan wIn hi cae, a ~mihg ha gha (:TLL 1n e eLl_&l_\e'm, an ‘E]égg ,Z) 1o, a

gene ic pai, (Xj, Z;), iibjé_l'f'

9X)=g(w) +6Z ¢V () + 16 2% P () + 18323 ¥ () + 0,(6Y), (5)
E[g{X(ON=g(w) + 36* E{Z* (0} @ {u(®)} + 06" (6)
and
co [g{X (@} g{X (0} =6" ¢ {9} 9V {n(d} co {Z(»), Z(} + O(&Y. @
Hee and ho gho , g make the a_ mpion hg ¢ doe no  anih, and  hg
et t t t g t Rl ¥ t
foepf{gD(s)V 0, whe e D1* h 4 f h f )
infsep{g (s)};% 7*]3&3 Lt e(compacﬂ) ,ange of ¢ emeanv‘.nctlonu g’éttmg
a(t)=E[g{X®}], :
v(t)=g"{a®}, (8)

7(s,1) =co\[g{xo)},g{xm}]/g“){u(s)} g {um},

‘Q_pji ain
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pH=E{X®0} =g~ (Elg{XD}D+ 0 =v(t) + 0, ©)

co [g{X()}, g{X(®)}]
D)} gD {pm}

The e fo m lae 1mmed13t el - 888 Stlmato of yand o, if _g a.c _LmE_lgto negle(‘t the
effect ofo d% 0(8%). Indeed; gc_[na e 1ma e '

o(s,1) =co\{'X(s), X}= + 0(EH =7(s, 1) + O(8Y). (10)

() =E{Y(®} = E[E{Y(®D|X(1)}]= E[g{ X () }], (11)
by paming a_ moo he, ¢ hL?’ ght he dat a (T;;,Y;), and e imat e
Bs.n = E{¥(9)Y()} = E[g{X(9) }g{ X ()}] (12)

1ng model (1)) b pa, ing a bi a 1ate ,moo, heL th o) gh he data (T, Ti), YijYik) fo
1%{< ch (ha m; > and1<],k?'m,_u117ék Itl che aytoomltthedlagonal em
1n h1 - othmgstep, ince acco dlngto model (1) _ﬂlil' e

E{Y*()} = E[E{Y*()|X()}]> E[E{Y()|X()}}* = E[g{X (D) }T*,

Jggne €, .a {Y(t)lX ®}>0, 50 he a iance along he dlagonal in gene al ]  ha e an ¢
component leadlng oaco a 1ance faceth ha adi | con, in i along he dlagc}nal 1\/}
dg a11 abo Tt th1 phenomenon can){ae fo nd in Yao et al. (ZQOSY Implementatlon of , he e
4 moq, hmgbt ep,., by ing local lea q &!Le e 1mato 1 d1 C ed in Appendl A.
Fom he e ltmée ima o, aandyﬁofaandﬁ e pectl eby, @Balne 1mat0
vin=g"{a®}, 13
76,0 ={AGs.0 = a(s) a0} /g P {v ()} gV {v (1)}

fo
v(ity=g Yo},
7(5,0) ={8(s, ) — als) a@®)}/ gV {v ()} g V{vn}

pectlfé B ll-t e of app o nnation$(9)and(10) ‘Q_In?yinteLpLet yandrayeﬁtimatok’of
uanda pe 1 }.}(16‘%&

(14)

wo)=v (@),

15
o(s,)=7(s,1). >

The ee img o, donq depend on hecon an 6, _b,;ﬁl_l he efo e doe _no need, o be kno_n_
o, e 1mated A]tho gh hee 1mato 7(s, t)1 mymmet ic, _ﬂlgene all. no enjo he po ]tl e
ermdeﬁn]t ene pﬁgpe " that TN iedofach a 1ancef nc iof. Thi deﬁcwncycan be o &
come b 1rnplennc—*:nt ing a'mg hodth.@t de c 1Béd in Yap etal. (20()3) ,b,).chl od,opf om
¢ he Lpe ,al decompo i 1t10n othho eteLm hat co, € pond 0 negat1 e eigen al €. It 1 ea
t0 o ,in domg o,the mean-, aLed e .0, of71 1 1, imp 0'ed b 0 1ng ateLm
¢hg co pond 0 anegy i eeigen, aﬁ e; dg a11 can be fo nd 1% Appen\d'l IglIn follo

.t,,he e, ling ex'lmato {a defined in Appqndl B. P ope, 1e of  he e  Img o,
o and :? and 1/ and% _h,Lch ae deﬁned g epe. 1on (32), (%3) and (13) e pectl eTt and of
nnato pando g e WP, e 1on (15)a, edl c ed in Appendl C.

‘iL

;.x.@
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3. Predicting individual trajectories and random effects

3.1. Predicting functional principal component scores
One of he main p | po_e_of; hef ng ional dg a anal i model p opoyedl dlmenylon ed c-
¢ lon; h o ghp ed’.{i ed FPC co e;g The elead; o p edig ed ,ajeg o, e of he nde 1 ing hld@len
Ga | p,oce, fo, (he bJec[ in a d Spe01ﬁcal he p ed1(‘t ed FP{: co 6. D0 ide a
S’S‘
m&an fo, €8 lad, 1ngthq1 eg ’la datd‘ and al o fo, dllmen ion ed G ion, and can be ed
fo, infe enceydl c 1m1nant anabf@ ege ion. 1L 1
The St 4 ing poiny 1  he Ka nen Lo ee , pan, ion of andom ajeqg o ie X; of he LGP,
Xi() = plt) + Z &ij v, (16)
j=1

Lg evja e heo hono maleigenf nctlon&of helinea in eg al ope, & o, B @ke nel o (s, 1),
hat map,_an L2- f nct10nfto Bf(sb ja(s 1) f(¢) de, i.e. he 01 t1on of
‘iL

/CO_ {X(), X0} j(r)ds=0; z/Jj(t),

kg ed; 1 heelgen al ethatl a ocwted Jthelgenf nct1on7j;] The&j=/{X; (t)—u(t)}@[;](t)dt
a et&he FPC Jco.e at pla the ole of andom effe@ey, E(j)=0and a (§;)=0;,
0;1 the elgen al eco, e pondlngtoelgenf ngion ¢;. Once hee 1mat0 a\('s 1) (15) ha been
de[e m1ned,th\e‘Jgo e pondlnge ma e Q)land ¥ of elgen al e, and elgenf ng ion oflat ey
poce e Xa eobtalnedb a anda dd1 C et},atlonp oce ‘b&_'b ple e ¢ 1mate ae
de 1 ed ,om a d1 cgep, 1n01pa1 c:omponent anal L e \1

e a1m oey 1mate he be linea p edigo,

E{X;OIYi1,....Yim} = > E&jlYi1,....Yim) () a7
Jj=1

of he“ajecto X,,gl en he data Yit,.o o Yim;. HeLea ncatlon ofthe e, pan 1ont01ncl de
hal
¢hefi 74 compo ent i needed. Then, foc  ing o.ptheﬁ M cond1t ional FPC e@ e,
allo 0 ed ce he dlmenylon of he p, obl.{:m andal 0,0 g lad,e he highl i, eg la
data Accé dlngtqeq atlon(17) he, a kof .€p.€ entlng andp edlﬁt ing 1nd1 id al ajectQ ie
can be ed ced o h#t of e 1mat1ng E(flj|Y11,... Yin). In follo elopa 1tab1e
app,o0 1mat ion 1n he non- Ga selan ca e b mean,_ of a momern - ba ed app, oxéh a ﬁpllo

The epeat ed mea oy .emen, 3¢ o bJect aea - med o be gene, g ed b

* f?k= Yi(Tix) ="5{Xi(nk>}+eik, (18)
Jl_hv_mdependent €, .0, ik & iyfying
E(ej)=0,
B e =2 v[g{X;(Ti) }].

He e, y2 1& an nkno_n‘:lélance (o e, di pewlon) pa,amg e, and v(-) 1 a kno mooth a i-
ancef ng 10niL~b-L}%1 det mined bythe cha age i ic of hedqa. Fo e%\ample 1n he ca%of
epea@ed bina _ ob at1on one 1d choo ev(u)_u(l—u) In ha( ollo e] p11c1t1
cond1t ion on; h’e mea¢\v emery t1me E g

W]th a Ta lo, i J e, pan, ion of g, ing e,p,c, ion (4) and a ming a befo e  hg

19)

I8

1nf{g(1)()}>)(3 _@3 in' A u/.
g X0} =g{un®} +gP{uOHX®) — p@®} + 0(8%). (20)
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Defining
_ €ik
T O (T}
—g{u(Tin)}
Uik = p(Tix )—l——
“ gD { (T}
e, P,C,. 1on (19) and (20) lead 0 Uix =X (Ti) + gix + 0(6%). We ne, bgtit (e estimates~ (15)
ande o slk b W u/.
ML ke
Gk = z.wv[g{umk)}]”z
T O T}

ethe Zixae 1ndependent cople of a anda d Ga ”1an N(0,1) andom & iable, 40 hat
ot b oment of &y a eapp,o 1mat 1ngtho eof{,k Then, fo, ma116 Uk~X (Tzk)—i-e,k,
1mp1 1ngthat

E&ilYit, ... Yim) =E&jlUit, . .., Uim) = E{&j| Xi(Ti1) + €1, . . ., Xi(Tim;) + €im, }-

O‘m&_ﬁ;) he Ga _iana mp ion fo lat en poce e Xi, he la cond1t ional ¢ pectatlonl
,een o eahnea:f@nctlomof he e m on he 1ght “hand 1de and he efo e
'L

E(gljlle:v'--’Yll’n‘)_AlJX 21
1ya ea onablep edlcto foLthe andomeffect f,j,jg eXi=X;(Ti)+¢éi1,....X; (T,ml)—i—é,ml)
and he Ajjaema ice depending onl_ on v, u, v, gand g, The e antltle a eelthe knog;
o, e (img e aea allable 1 he olee cep[10n of v, he e 1ma-ﬂ10n of _h,;.ch 1 di c so8d
belthe € p11c1t\fo m of cq g lon (21)1 gi \e'n in Append1 . A

LY

3.2. Predicting trajectories
MOtl atedb eq atlon (16) and (21), p edlc‘t ed ajec[o ic foLthe LGP ae obt ained a

Xi()=E{XiOlYi1, ..., Yim } = p(®) + Z AijXi (1), (22)
=l

and p edig ed; ajeq oLies fo,  he obmeL\e'd poce Ya_
Yi)=E{YiO|Yi1, ..., Yim } =g{Xi(1)}, (23)

tma be an (ime poin, _lgl’;l ¢he ange of p ,oce e Y, 1ncl ding, 1me fo ‘bkc’l_lno
po L © %\Bb e’ ed P edlc:[ed al e fo Y(#) can ometlme bel ed o p ed1ct the entl e
e , PO, | e di 10n _b,g’ﬁhe meah ete mme he en i, ed1St 1b ' ch a it in binomial and
P01 on ca, e h1 hod co 1d al o be emplo ed fo  he p e.ghc[ 1onuLof mi__ing al e ina
at1onJJ,gem1 1ngdataoéc Ltotall g ,andom. 1L
g[To e al ate&"he effeq of a ' r{]tle on he p edig ion, ‘QT eac.o - ahdat ion ¢, i-
| 3’ -
(€ ion :@ e _ggompa epéd‘mtlo «f Yi, JJ,).cha ,eob ained b lea\' g ha ob ¢ atlono (>
_u{_l'/,klt A Con’ﬁp (ing -y

(—ik) (—ik)

‘iL
_E(YlkIlela"'5Yi,k—1aYi7k+19" Ylm,) g{X

e

Yir (Tin) }, 1<i<n, 1<k<m;, (24)
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—ik M
X T =0+ X EEIYins o Yiao1s Yigr s Yim) 450, 25)
j=1
‘c_gihe’ﬁnet he Pea _ony ye ‘qgvll ed p edigione o,
(—ik) )
Y -
PE(Y) =y ik T 6)
ik v[g{X; T (Ti)}]
Ljch il depend on he a iance pa ame e, 42 and implicj | alwo on he n mbe of eigen-
f ncrfon M't hat a e incl &‘d inthe model;yee cq ation (19). JL

A We f(fndthat ¢ he folld%;&i_ e_eleg ionzp’lh'oced} & fo, choo_ing, he n mbe, of eigen-
f ng 1odyMandthe o e di pe ionpajamge vy~ im ]PLaneo 1 ,ledtogoodi)La(:[ ical e ]t :
{hoo ea. a,ing al el M; henob ain~>b_ minigy ing, ke c o, - alidg ed p edic iong, .0
‘,.,“tg.zL,t b[’yym},gt WOseAlldg edp edigiong,,
PE _@h%e&pectto '

N

y=a,gmin{PE(")}. 27
Then, in a_ b&eq1 en  €p, pdg e M Eyt he'c.Lit eLiOI'lt.hat im.deycLibe'd beloﬂ_ﬂll_g ,epeg the&e
tio._ﬁv_gp’ /{kll%h‘e i alJ e, Qifoanc]le ’ta]tél% e.2Th1§ lteLatl_\e' algothhm ‘Q"lfs .\C'Ly iﬂ:{l
p,agice;mpical ca tag al e fo M Qldbe2o, 3.

Specificall , fo  he chcﬁ&é of M, g{_ofx’[ a ¢ a_i-likelihood-ba ed f ng ional info ma ion
¢, e ion FIC ha i ane, en ion of he kaike—q'y{nfoLmat lon ¢ j ¢ ion N_IC fo, f ngional dg a
(yee Yao et al. (2005) fo, a Lelat ed p,e do-Ga mian likelihood-baf:d Cth e Lion).{l’ hen mbe, of
eigenf} ng ionﬂ" M O be incl} ded inﬁhe mod%;l, 1’ choyen inﬂ cha _a’ iir (O minimj,

LY Lt

- Yik
FIC(M)=-2>"

ik JYir ’sz(t)

Yij—t

LN
dt+2M. (28)

The pena]t y ;M coue@pondﬂ 0y hat med in AIC; Q he, pena]t iem ch a home coue$ponding
(0¢he Ba ¢ info ma 1onc ie ion BYCco 1d be | Jeda el W

Some imple algo, } hmic e, i ion caﬁ be impo_ed in hi"]"te a lon fo,  he choice of M and

s L Lostx > s (A g Lt - ;

*y,othat loopy canno happen, al ho gh _gge e, obye_L, edthlyt oocc . We aI,o in e igg ed
di,eq minimj, g ion of cq a ion (26}}Lmim ]taﬁ'e%' d~1 foL\B'oth v and M. Beyide’ bein\g' conmid-
e abl_ mo e comp ingin enyi_ St hi@ a]t‘b;,nat i é_‘m?r’limj, g lon mchemet ended o choo®e mo e
componern, and E@ ]ted mnle f.)almlmonio &ﬁty. 10 Ob[. aining bg, e, pLedicg ion, . In , ead
of making a paLamde Jca - mpion abo P{le A,jancey ngionw,in _omeca e } ma bep,e-
fe able; o ¢ img e} non-pg ameg icall—J,Thi cin be doi?ge_ la_emipa ame ice a i-lifelihood

x | A - - yk Kol ., 5 x - 17 Kl
,eg e, 1on (Ch10} and M lle , 2005). W

LY

4. Simulation results

4.1. Comparisons with generalized estimating equations and generalized linear mixed
models

The $im 1.':1t i0n$ < laayed on lat en, poce e X 6) ,“1 {nean f ng iqn E{X (t).} =u@) =
2$1n(7rt;45)/\/5, and co {X(s), X(1) } = A1 ¢1(s) ¢1(1) de i edTLom aaj_ngle eigenf ngion ¢ (1) =
—co@(m/lO)/\/S, 0< tz 10, i eigen al e, A=2 ()\k\': 0, k> 2). Then 209 Ga ”ian and
200 non-Ga wian wample of late p,oc, e conmi ing of n=100 Landomuajee.‘i‘oLie each
_gle’_geneLat{ed by, Xi(1) = p(®) + &1 ¢1(0), hg e fo, ( he 200 Ga ”ianyampleythe FPC Jcoe
& ie im lg ed f om N(0,2), Lg ea_ (he'€;y fo,  he non.LGaJ ,slan &ample& ‘g‘e’_@im} -
lg ed f o au&niuj eof; ‘Q'ESLmal di; le( glon. : N(/2,2) _jhbhl'}fpbabilit y % and NV (—v/22)

LS LS
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il p obabili _ 1. Bina _o . come_ Y;; _gegene geda Be no lli _a iable _jh p obabili
E'{’l;m X)) 2 g{Xi(t: . ing, B canom il logﬁtat link T nc iop g~Np) = lgg{"f/»(f_ P}
O<p<l. ‘.{ J‘

To gene g e he Jpa e 0b$eL_ ation’, each ajeqo, A ampled g a andom n mbe, of
point ,cho&en nifoLmly fom {8,...,12}, andthe locat ion;of the mea,_ Lementg{ <& ni-
fome di.s{ Lib-./bed o e, the domain [0,10]. Fo  he ;Moo hing ;P ul a ig e and E'”’aL—
iate p,od G ﬁpanecﬁfliko_ —<ig fJ ng ion’ <€ yed, re. Ki(x) :G@/4ﬁ'l —x?3) 1[_1,‘11R'x)
and K->, y) = (9/16)(1 — 23 (1 VA1) 11 (), e la(x) eq al 1ifxeAand0
o he, fgfo an, ¢ A4.The n mbe, of eigen.fJ ng i.ony M and e o e dipe ion pa, ame e, 2

e epaLZat el ;:lec.t (?d fo_each " n by.t he e, 4 fon (27) and cq a?ion (28). The e j e a ion_
con_€ ged fast, . 1ingonl 2 4y e alion  ep inmo, cae. w

€' compa e thb non-pa ameg ic LGP mg hod pLopoyed "t"b._ he pop la, pa amgq ic
appLoachey p,o. \ided b GLMM’ and GEES. Fo he GEE me hod, edPH‘he Ny, G ed
co, ela ion op ioh and’bo, h GEES and GLMMS~ ¢, ndd line:a;lmet hod, ’_GEE-hLand
GLMM-L) and in addi ion JJ1 ¢ ad g ic (mg hod_ -Q and'GLMM-Q) ﬁv. ed effeq . We

& fo , cjejiafo  he compaLi&énﬁ mea, ,ing di&cLepancie& bg ggn e img e, and  a gg
y{both-i_n (e,m of lg en, p,oce e X and ; pon e poce e Y =g(X), 'and compa, ing botﬁ
e img e, fo, mean f ng ion@ p=E(X) and g(u) .6, peg i el and p edig ionm of . bjeg -’peciﬁc
¢ Lajec[ oLie$ X;and g{(X',-) .6, PG 1 el The latt € a¢ea ailaBlglfoL't he L'GP.and GWM me I.lodm,
b’ ¢ no, fo, GEE_, Jnc:_h' aim g ﬁiaLgmal modelllngwhe$p601ﬁc ¢ je,iafo  he compa i on
aea follow'_w
XMSE = / {u() — p0}? dt/ / (@) dr,

z T

(29)
YMSE= /I [o ()} — g} dt / /I Pu} dr,

XPE; = / (Xi(0) — Xi(n}> dr / / X2(r) dt,
T 7 30)

YPE = [la(xio}—g(xio) ar/ | #ixioy ar

fo i=1,. Lo S} mmaLyStatiSticy foLthe _\2:1} e, oft heye cLiteLia f om 200 Monte Ca lo : n_

a e _ho_qjn Tahle 1. W W

. The$e Leﬂ .'Jbindicat ethat,ﬁ‘ﬂt of all,; he LGP me hod pLopowecliiy ng we.nwiti e, o he GaH 5o

iana mpionfo lgen poce e.Alho gh heei omedge io gionin h&hon-Ga yian
sey. s B L LU (T es SRk | %

ca e, il mmlmal.Thly non- en i1 j tot"be Ga slana mpion hay been demcleed bgfo ein

f ngionaldg aanal 1 in hecon ¢/ of p, incipal anal iib condj ional e, peg & ion (’ee Yao

s LT . % .

ﬁ{l al. (2005)). Secongf ¢henon-linea i _in he a gg fng 1on$thLowhe pa,ame icmeg hody
off“ack, e_en _hgn “he mo e fle ible ¢ ad atic fi ed effect e jon a'e ed. We find hat
! - ! % SOV Y P o e T
¢ he LGP met\hod con e  clea ad\ant agg_in e ima ion and ep cmllym pyediq ing indi id al

ajec o ie_in _ ch % ion . WY ea he pa ame ic mg hod a e’eniie o iol ic;’xg{‘of
L c[!-,s 3 slﬁat s Lt ame, et..m!-mm]t t \Hat
a_mp 10nm,t]ie LGEK mg hod L deylgnedto 4)_.1; nde minimal a, mpidn an ¢ he efo e

| . )
qu\lvde’ a $ef/ lalt e na, 1_\6v app, oach. w %

!
LN

4.2. Effect of the size of variation

HeLe ._Leé{amine thg infl ence of the Jhe qf th.e. asLiat iop con,, arny o on model e im.at ion,

1nclJ ding eanf/ ng 1on,-.é1genf} ng ion_ and indi \1' | al; ajeq o,1¢.. In addjion; oc ye ia(29)
LY LY LY LY
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Table 1. Simulation results for the comparisons of mean estimates and individual trajectory predictions
obtained by the proposed non-parametric LGP method with those obtained for the established parametric
methods GLMM-L, GLMM-Q, GEE-L and GEE-Q, with linear and quadratic fixed effects (see Section 4.1)+

Distribution Method XMSE X PE; YMSE YPE;
25th 50th 75th 25th 50th 75th
Ga ”ian LGP 0.1242  0.1529 0.2847 0.7636  0.0076  0.0101  0.0205 0.0433
,JL GLMM-L 04182 0.3405 0.5843 1.283 0.0265  0.0278  0.0369  0.0577
GLMM-Q 04323 0.3479 0.5990 1.319 0.0271 0.0285 0.0377 0.0584
GEE-L 0.4168 0.0264
GEE-Q 0.4308 0.0272
Non-Ga __ian LGP 0.1272  0.1664 0.3166 09556  0.0078  0.0109 0.0228  0.0459
(mlyt‘h GLMM-L 04209 0.3309 0.5943 1.364 0.0266  0.0280 0.0372  0.0589
W GLMM-Q 04373 0.3385 0.6118 1.404 0.0274  0.0287  0.0380  0.0597
GEE-L 0.4227 0.0268
GEE-Q 0.4396 0.0277

TSlm Ia ion ¢ ba_ed on 200 Mon,e Ca lo n=100 ajego 1e pe, ample gene aed fo, bah

Ga , 1Ztnand§n"Ga ianla en p, oréte > o& SltnLlylc;:t.h"'lt ae epo cted ho gh mma atlatw fo e 0[
elaXMSEand\Q_I\TSEQ) atle q%?}e o, ft ¢ 'mean ng 10 e eof’i"t

and of e pon ep oce ¢ Y, and he 23 h‘SQlﬁ and 75 hpe centlle of {13t1 ep 1(:[1one o,

(30) fo, “ihdi, 1d ait ajecto ie, ofL)t en and &, pon, | ep oce_e..

LA
"L

k LL
p,oce_ e X
X%E ‘and Y BE,

and (30), loe al ated hee 1mat ione o, fo, he 1ngle e1genf nc[lon 1n he model (not ing
2
(hg [ 620 di= D -

EMSE = /I {61() — P1 (D} dr. (31

U 1ng he ,ame 1m lat ion de 1gn a in Sec[ ion 4.1 and gene atlng laen p, oce e X(t;0) =
u(t) + 6§1¢1(t) fo u_aL ing 6, _%lm lat ed 200 Ga 1an and 200 non-Ga ”1an ample (a&

de_c ibed befo, e) fo\'e)éch of 6§=0.50.8,1,2. Thei\/Ionte Calo ¢ ]t oé 2003~n5~ fofthe
a10 al e oféaepeentemeabIeZ yL
¢ #’"\M - -

Table 2. Simulation results for the effect of the variation parameter 61

Distribution 6 XMSE EMSE XPE; YMSE YPE;
25th 50th 75th 25th 50th 75th
No mal 0.5 0.1106  0.7662 0.1188 0.1815 0.3366  0.0068  0.0077 0.0119  0.0205
0.8 0.1205 0.3801  0.1430 0.2437 0.5710  0.0076 ~ 0.0094 0.0171  0.0338
1 0.1280  0.2434  0.1513 0.2809 0.7857  0.0077  0.0101  0.0203  0.0431
2 0.1616  0.0429  0.2025 0.3851 0.8137 0.0102 0.0144 0.0362 0.0752
Migt € 0.5 0.1134  0.7198 0.1243 0.1913  0.3651  0.0071  0.0081 0.0126 0.0217
,{‘ 0.8 0.1258 0.3910  0.1498  0.2563 0.6691  0.0078  0.0100 0.0188 0.0366
1 0.1323 0.2256  0.1624  0.2986  0.7944  0.0081  0.0113  0.0227  0.0450
2 0.1633 0.0397  0.2041 0.3840 0.8140 0.0103 0.0158 0.0387 0.0768

tDe ignand o (p (, of he im lgiona e he amea_in Table 1. EMSE denge  hea e ,age in eg g ed mean-
Kl a ede oL{o ‘ﬁatlmat 1ngtheq_ﬁ elgenf ng fon.

|
L" "l--
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We find _ b ot AT ial Jen ltl ]t of hee o EMSE in ¢ 1mat ing  he elgenf ngion on ; he
al e of 6. I{hl 1 ca edb ¢ he ?a(:[that a 6g o“n_lalle inc ea 1ng1 mo eupf he a 1at10n
1n“he ob e, ed datﬁl d eto €0, Lathe”han o he pgcen n of he ndel ing Lt}P and
¢ he efo e1t become 1nc#;a ngl dlfﬁC L (0¢ 1mate he elgenf ng 1on1LTh1 i"al oobe ed
in o dina FPC anal Jg,g ¢ he e,‘_o in e ¢ M4 ing an e1gei_1f ng ion 1 1edtothe8} e\()f
lt a 001at ed eigen_al e ¢hel geL the bette he e1genf ng 1omcan bee, 1mat ed. ALho gh
la e al e, of § 1nc\'d‘a e he €0, inp edlc[ ing indi 1dgLal ajecto ie ,thl i _)t_hm € .f)
tatlon {oLthepedlcto poce e X,thl L beca &t alatlon of1nd1 id al aJeC[O 1e
inc,ea e , D¢ ea  hebina | ng eof he e ponqeylmpo ¢ con ain _on c{4 ch of h1
a 1at10n1 eﬁ'écted in he Jpa .EOb e atlon fo,  he ¢ pon ep oce, e ,thee Qk 1nc ea e
m' ch mo e, JJ,LChl beca 5t he bla e\h he app o 1mat10n hat a, e ed foLthe ep‘e il
t1fgn a elnc ea 1n§ &t A

The e O in e 1mat 1ngthe mean f ng 10n .emain fai | able a long a 6< 1. Th1 1
€ pemall and ng ne, peg edl ob;e ed fo ¢ he mean ofy p edlcto p,oce, e X, 1nce h1
mean e 1matel noﬂaffededb an_ app,0 nnatlone 0,. We concl de hat hle 31 la ge
1t&e act al ehaya mall effeq onthe eLLol@mmeanf nctlone 1mé¢e and aa;[no e efect on
hee 0 \Iﬁ indi 1d alp edlctlon and _Qn&e hattlﬁe ong effect on hee o in elgenf nc-
t10ne img, ion d@s~ no . pillo e 1nt0 he p ediq 1 ion_ fo indi_id al a]ec[o 1e oLthe wmean

f ngione 1mate a he effec[ 1 m]t igg edb hem ]tlphcat 10?1'1_1141»(2
Vl.. YL

5. Application

P ima  bilia  ci ho i (M a gh et al, 1994) i iaae b fatal ch onic Ii e d1 ea e of
nknog_ca e @ap e a.{ene@ ofabo 50 ca e pe mllho.p pop lat 10n The d’ét 2 _Loe( ¢ col-
{lle ed bg ﬁn Jan a"" 197%4nd Ma 19%_4 b_ he Ma Y0 Clinic ( ee a.Lo Append1x D of Fleming
and Ha 1ngt6'1’1(].99l¥3 The pg ien, - _g'_e chted led; % ha emeay ement of blood cha ag e, -
1Jt c & 6m0nt hy 1 eaLandann all_; he eafte ﬂo W dlagno .Hg, L, 1ncemanYlnd1 1d al
m1 ed omeof hei] ched ledlllt ,thedataa e .pa eandl g la _k_hﬂ_ne aln mhé.bof
epeat ed mea,_ ement pdﬁ bJe "and al 0.a 1ng mea emels;t t1me o ac}p 1ﬂd1 id al
To demon Wat ethe ef ﬂﬁe” of  he m¢ ho\d p,opo, ed.‘ ¢ ,1G heanal i o he?a‘ ic-
ipan Lo 1 ed at.‘_leagt 10 Yo, (3650 da”) ince, *he en e ed he  d adgd eah eand
hadno, haEﬁ% a plant attheendof he IQh ea . WecaLLyo t0 anal 1 on hedoman?f om
0,010 ea plo ,ing he d_namic beha 07, of hepe , CHCe thhepat omegal (0, no; 1, e )
ch1 a longlt dlnall med_ ed BeLnoJ L.a, 1able _ulwpawe and 1, £ la mea,_ emg o
P eyence o, ab;.ence of hepat.Lomegal i, ecc}'ded on  he'da J;),eé_e h@ pat 1ent yLa e een.
We 1nc1 de 42 pgien  fo J;)Qm a oal of 429 b1na .6, pon, e <g¢ ob e, ed, the
n ]IgnbeE‘Of .eco ded ob e, atlon ,anged f om 3 0 12, 41,11 a median of T1 mea » ,emen ' pe,
)€ LS
% WeC[emplo a logi  ic link f ng ion, and . he ,mo he,im e, of . he mean and co_a iance
f ng 10n fo’ he nde lymg\b oce  X(1r)ae di pla ed in Fig. ”1. The mean f ng 10n\'0f he
ﬂndel 1ng p oce% hoj_a’%lnc en | Ling end I]tll abo ; 3000 da . €, cen feql a _ho, dela
'@t ¢ he Bleglnnlng, and a o cn dec .ea e q,a,_d hé end of he' ange of  he dat a. We al_
p, o, ide poin ‘],e boot . ap eapnﬁdence ine al ch b oaden (not ne pecte nea, he
end 01nt of hedomaln The ¢ 1mat ed co a/ 1ance face of X(¢) pla .api dec ea
ing co elat 1on a ¢ he diffe ence bet N mea ementu{ 1me inc e e . Wlt}?ma 1ancg’ f nc[ ion
v(,u)—u(l — 1), helte dtl ep oced e 0,8 G ing hen mbe ofelgenf nct}én and.’Lhe a -
lance pa amg e, '7that i e@c 1bedJ_1n Seq fon 3.2 1eldedt he ch01ce M3 fo, he n mbe of
componery _ 1ncl ded and 7y~ =191fo  heo e di i pe, lon pa amete The lea e one.bomt 01 t

‘iL L
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Fig. 2. (a) Plot of PE('yzz) values (26) of the final iteration versus corresponding candidate values of 2,
where 52 minimizes PE(1?) and (b) FIC scores (28) for final iteration based on quasi-likelihood by using the
binomial variance function for 10 possible leading eigenfunctions, where M =3 is the minimizing value (for
the primary biliary cirrhosis data)

W'e ﬁn'dt hat.the 0, eLallt .end oft he pLedic[ edt Laject (')Liem Y (6 agee_ w he obye}_ ed
longlt dinal bina o { come, ,and lea e-one-o , anal_i _inge a ion (24) confi ‘'med, hi_ . In
. - | »y s o - L
makvg{gt he compa, iyon be ‘Qgrvl_'obyetkd dg gand fi; ed.bLobab i ie, —geed; o keep in mind
hg (he Be no lliob e gion coni, of0 o 1, hgea  hefiedp obal;ﬂitie and e pon_e
t t L 8wt e ,&TC GRS f_ K38 t . > Lt
poce e ae g{onﬁt ,ained} o beat G ybet _ﬁr»l_'o and .'TheLefoLe, long g n - e e, peg ed fo,
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6. Discussion

The aw mp ion of mall 6 1mphe ¢hg (he aigionin helgen p, oce, X1 a. medto be
11m1t ed-gLaccoLdmgt othe a_ mp 1on X(t) —ﬁ(t) +6Z(t) We no e, hat he mall 67.@ mp[ ion
doe > 110, affec[ the me hodo.{og P,opo, ed, fo _b,;g_l he . al e of61 | no, needed anduLpla
ole The e ima 0, p,opo, ed gll_a?_gd 8¢ and a econ, w@nt fo, he niq e LGP X, ch
1 cha ,aG e,} ed b_. mean f ng ion vt) andco_a 1ancef} nct ion T(S t), a’} defined in e,p.e, ion
(8) Ho ¢ge blame ma, be acc, ed fo, ,e poh e p oge, 1mate and e pemall p edlct ing
indi 1d al, pon e“ajec[o ie quthe ca e *of la ge 6
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Up(s,0)= 3 Y3 TTy Kij(s) K (),

iim; =22 j,k: j#k
Tqr = qr/UOOs

Z= U(fol > DD ZipKij($)Ku(n),

iim; 22 j,k:j#k
R=RyRop — R,

Ziw=YjYu, Kij()=K{(t —T;;)/h}, K1 a ke nel f nctlon andhaband_l,%h Ofco/@r ldn
h band h nd h b Ig hic bel h
e f(f zrne an 44 o con ctaan s, _c_gﬂ?ectt eapp,op, i e ba o,l o be aﬁe an
% haand,{i'aLe con, ent 1ona1 e cep“hat dlagonal em a eormt ed J;;,gn con,, ctmgthe latte The
data in hezthblock e Bi= 3’ fo 1<i<m;}, a enot 1ndependent of otte anoﬂhe b henblock

aJecto 1e Bi,....,B,a emdependent The efo e, alea eone; ajeGo, o e ion ofc,lo - ahdat ion
(Rlce and Slf €, man, 1991) can be ed o elect the band:idsh fo =t hJ itlmato >
WL

Appendix B: Positive definiteness of covariance estimation

Sincet he o imat o, 7(s,1) imaymmet Lic, _e_(rfy ﬂ?.,
T(s,t)=Zl9j%/J,-(S)¢,-(t), (34
J=

hge (9,,¢ ) a e (eigen al e, eigenf ng ion) palL’ of a linea, ope ato Ain L? Jnch map, a f n 1onf

?f ng ion A(f) _b,@_w deﬁneib A(H(s)= fz 7(s,1) f(t) dr. IE plalned afie cq at101q,‘(1
the eey’tlm e aco ainetl; A” ming, he onl aﬁn en mbe, o fe 5. ,en0ng, eo._theopec}
be po ]tl e emldeﬁmte o, i alent be a mope o a 1ance f ng ion, if and onl_ i each
§; >0 Toen ethl p,ope, mp teer dtIOIl 4)11 me, icall \'ndd ogt ho ), S, m hat co e pond
o nega i e by , gi ing hee im 6" W
t gat g - g¢ & ‘iL 'L
T,0= Y, 0;9;()¥;0). (35)

j=1:0,>0

The modified %tnn go, 7 i o, 1denthlcal (0T if one o, moe of  he eigen al ¢ §; ae Gl
negagie In_c cae,thee ima 0, 7

5{L1Ctl gege, Lz-acc acythan T, ﬁé"\l'e% an egti)-(
mag o of 7. l W

Theorem 1. Unde, g lal_it ycondit ionw, 1t hold,t hat

LN
/ (F-1r< / (r—". (36)
IZ IZ

Topoehi e 1, ho bﬂ condj ion (36) hold G inee alj  hgne e 71i anony i ial
modlﬁc 1\0n ofq'“l]é _ﬁ‘ﬁ'r 7.1n he]te 1e on he 1Je;1'gnd 1de feq_yatlon"(‘ﬁlj _g‘:[na Y \'t
lo ofgeneal o de, he e m Oil hoeco epondmgtonon-eo%aeh edﬁ Tb 1<jgJ
a and 0; _Oo¥:l fo, ]>J+1 'fhe eq_ encee/;l,.. ’é/le nece a il o, hono ma and_ﬂna chooe
z/;,)il,ep,”,... eh atthef i eq} ence%,%,.. i o,thono maﬁmd{l ocompleteln he cla_"of q a e

mteg ablef ng ion on T .y / W ]L
We ma, he efo ee WP, ”the“ eco a iance 7in e, m of h1 eq ence, a_a con, entlonale pan,_ ion
in a gene atlLJ, ed Fo 1e Je e W ~ Ny
‘iL o0 o0
T(s, ) =2 > apth;(s) ¥ (), (37
j=lk=1

%ﬁajk = fIZ T(s,0) ¥ ;(s) ¢, (¢) ds dt. Ex panyionﬂ~ (34), (35) and (37) implyt hat

oA"
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. F—1’=2>ay+ _Zl(a././ -0,
> =

Jyk:j#k

/ T—TP=Y Y+
72 j=1

Jk:j#k
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v o[g{ (T }]

O'iklECO\('XikaXil)zzjzej"/)j(Tik) »i(Ti) + 6u GO (T}

_hg educe al 1ifk=land00the Le, and
L‘v Ral L“S{w
W

o man (Yo —g{uTin} Yil_g{‘u(T"l)})T
di=X; E(Xl)_< g}y T g {uTn}

Denote co_ (X:, Xi) b i = (o)1, 1<m;- Then the elplicit foLm ofthe ma l_iceQ A;j in cq ation 21
i g1 en by

W
E(&ij|Yila---aYimi)=9j¢z ]E, dl: (39)
qge St]t te,ub na e pe 10n(15) yb_ya e W P.C. ion (27),and 6; dndd;,b he co, epondmg
estim e i g@n al gl an delgeﬁf nctlon de1 e foma(s t)toob[am heestlm ed \evkrlon
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