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Abstract

Thee ime} ionofa eg ession® ng ionbyke nel me hod fo long%u dinalo ¥ nc ional d% ais conside ed.
Int he co of longj" dinal dg a analgsis, a andom ¥ n¢ ion spically ep esen s a ¥ bje h:} is og en
obse \ed 3 asmall ¥ mbe of ime poir} s, yhile int he s¥ dies of ! nc ional dg a_he andom ealisa ion is

uy ally mea¥ ed on a dense g id. Hoye.e , essen iall*}y he same me¢ hods can be appliedt o b(} h sampling
plans, as yell asin a ' mbe of sg‘lings lsing b? ween, hem. Int his pape gene al e¥ ] sa edeiedfo v he
asymp icdis i, ionsof eal-\a¥ ed ¥ ng ions w} ha# men s which a e ¥ nc ionals fo med by Weig}} ed
ae ages of longi¥ dinal o ¥ n¢ ional d% a. Ass,mg(}ic dii ilB‘t ions fo _he e ima o s of, he mean and
co,a iance ¥ ng ions ob ained f om nois g obse V¥ ions w} ht he p esence of w} hin- bjeg co el:% ionae
;“ died. These as <Mp Q icno mal'} ¥ e¥ } sa ecompa ablet 9 hose§ anda d ges olg ained f om independer}
dg a, yhich is il ed in a sin¥ lgion §" d¢ Besides, his pape dis¥ sses_he condj ions associg ed
w} h sampling plans, hich a e ed ied fo v he \alid} yof local p ope, ies of ke nel-based ey imz} os fo
longj" dinal o ¥ nc ional da a.
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1. Introduction

Mode n_ echnologsand ad janced compy. ing en,i onmen s ha e facilj 3 ed,_ he collec ion and

. . L oY 4 .
analssis oft high-dimensional d% a,0 d% a, L% ae epeg edly mea¥ ed fo asample of bjeg s.
The epea edmea¥ emen sa eof en eco dedoe ape iod ofy ime, sagonan closed and b& nded
il} e al7’. ; also cd 1d be a spacial a iable, ¥ ch as in image o geoscience applic% ions.
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When, he d:}aa e eco ded denselS,oVe time, of en bsfmachine heija e S,picall e med ¥ nc-
v ionalo ¢ (e d%a w} hone obse \ed¥ .eo ¥ ng ionpe ¥ bje% , while in long}u dinal §U dies
v he epea ed mea: emen s ¥ all‘} ake place on afey scq, © ed obse % iona]y ime poil}Ps fo each
¥ bje% A signiﬁcaI} il} insic diffe ence b% weel}, 0s¢, ngs lies int he pe cep iony h;} nc ional
da aa eobse \ed int he cop iy m w} h¢  noise [2,3], he eas long;u dinal d% aaeobse ed 3
spa selydii ilb‘te ime pOil}S andaeofen¥ bjegtoexpe imen ale o [4]. Hoye.e,inp ac-
ice ¥ nc ional d% aae analiaed ag e smog hing nois{jobse V3 ions [10], yhich indic% es, hz} v he
diffe ences b& ween, O d% spes el% ed! 0, he yayin hichap oblemispe ceieda ea & ably
mo e concep! al_han ac! al. The efo e int his pape , ke nel-based eg ession ey im% os ol} ained
f om obse a ions 3 disc ¢y ime poil}s co% amin% ed W}h mea¥ emep ¢ os, he _ han
obse V3 ions int he con iU m, a e conside ed fo v hese eali; ic easons. In,! he con &, of ke nel-
based nonpa ame ic eg ession,! he effe% s of sampling plans on, he 33 i; ical ey imz} o saealso
in Ve ig% ed.

A \as lie g e has been de,eloped in_he pas decade on_he ke nel-based eg ession fo
independeI} and ideI} icall<j di; ilb‘t ed d% a, fo ¥ mma 3 see Fan and Gijbels [5]. The e has
been ¥ b§ an ial ecen i%e ey in e endingt he exi; ing s?m%cg ic e¥ }st of ng ional o lon-

iU dinal d% a[8,11,14,13,9]. The ist!s’ es c¥ sed b he w} hin- bjeg co el@ ionae igod sl
add essed int his pape . Hat and Weh 1y [8] §u died, he Gasse M lle ey im%o Oft he mean
P ng ion fo epeg ed mea¥ emen s obse \edona e la gid by as¥ ming i%iona yco ela-
ionsgU ¢l e, and shoyed ha he inff ence of he W} hin-¥ bjec co el:} ion on_ he asym ?ic

|4 S
\a iance is of smalle o de compa ed, o_he s anda d g e ob ained f om independe(? d% a and

L . tr o . N £ .
will disappea Whentheco eltlonf‘ ng ion is diffe en iable g 3¢ 0. asgmp g icdi 1l9t10n

e¥ } is in fa% consi; en w} th% in Hat and Weh 4 [8] and applicable fo gene al co.a i-
ance ¥ ¢! e ihd iona g as¥ mp ion. This p oblem yas also dis ssed by S anisyalis
and Lee [12] and Lin and Ca oll [9], he e, he{ju sedt he h# i; ica® mens Oft he local
P ope, ¢ (.)f. local pol?nomla.l e img ion anq u}u }1\613,.1gn0 edt helw} hm-!;].‘t.)]eg co elf} ion
while de iying he asgm Qic ya iances. This pape de ies app op ige cond} 1onsth ae e-
& iedfo he ‘alid} 50 t’he local p ope, of ke nel_ spe es img o s ob ained f om long}u di-
nal o ¥ ng ional d% a. These cond} ions also p oide p ag ical & idelines fo a i¥ s sampling
p oced es.

The cog il‘)‘t ion of his pape is, he de i3 ion of gene al asymp q ic dig ilb‘t ion e¥ lsin
bg h one-dimensional and, \,0-dimensional smog hing con e fo eal-(a¥ ed ¥ n¢ ions WF’ ha-
g mep s whicha e ¥ ng ionals fo med by Weigl} ed a.e ages of longj dinal o ¥ n¢ iona d% a.

These asgmp ¢ ic no malj e¥ ] s a e compa able_ o, hose olg ained fo idep ically di§ it ed

and independel} d% a. These e¥ }s ae appliedt 0, he ke nel-based ey im% os Oft he mean and

co,a iance ¥ nc ions, which S,ields asymp (}ic no mal dli‘; i¥_ions of hese es ima o s. In pa_ ic-
Ula -+ O he bes of & knoyledge, no asgmp g ic di i, ion e¥ Isaeajailable! p odgefo

nonpa ame ic es im% ion of coya iance ¥ ng ions ob ained f om longj" dinal o ¥ ng ional d% a

con amin% ed W;h mea¥ emen e o. st compa ison, Hall ¢ al. [6,7] inVe; iga ed as?mg(%ic

p ope, ies of nonpa ameg ic ke nel ey im:} o s of :&‘t 0co,a iance, yhe e _he mea¥! emens e e

onlgobse (ed f om a single o iona o ocha§ ic p ocess 0 andom ﬁefd. A} h& ght he as ymp-
t’gic dis i¥, ions a e de ied fo andom design int his pape v he a ¢ men s can be extended
¢© fixed design and (}he sampling plans w}h app op i% e modiﬁcz} ions, and asgmp g ic bias

and ,a iance e ms can also be ob ained in simila manne . This ill p o,ide_heo ¢ ical basis and

pag ical ¢ idance fo v he nonpa ameg ic anal gsis of B ng ional o long'}u dinal d% a W} himpo a}

pg en ial applic% ions hich a e based on_ he asm ) ic dis i¥, ions. Typical ex amples incE’ e

M

v he cong u gion of as ¥mp Q ic confidence bands fo eg ession fr ng ions and confidence egions
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fo co,a iance ¥ faces, and also fa; selec ion of bandwi(} h fo co,a iance ¥ facee im% ion
based on as ¥Mp Q icmeansd aede o. q he applic% ions i%he con e, of smoQ hing indepen-
deI} dz} a can be ex plo ed fo v he smogQ hing of long}u dinal o ng ional d% a sing ke nel-based
€s1ma o s.

The emainde ofy he pape is o ganised as folloy. In Se¢ ion 2 e de iy he gene al asgm % ic
dig i _ions of one-and ,0-dimensional smog he sol% ained f omlong" dinalo ¥ nc ionalda a
fo andom design. These gene al asymp @ ic e¥ }s ae appliedt 0 commonl?u sed ke neli spe
esimg o s of he mean ¢ e and co,a 1ance ¥ face in Sec ion 3. Exyension o fixed design is
dis# ssed in Se¢ ion 4. A sin¥ g ion § dis p esep ed, 0 ea¥ ae hedeiedasympoic e¥ |s
fo co el:} ed d% ain Seg ion 5, hile dis# ssions, inc¥ ding pg en 1al applic% ions ofy he e¥ } ing
asgmp ic no mal} gae offe ed in Seg ion 6.

2. General results of asymptotic distributions for random design

In_his se¢ ion ye ill define gene al ¥ ng ionals_ha ae ke nel—weigl} ed a.e ages Oft he
da a fo one-dimensional and, ,,o-dimensional smog hing. The il} od ced gene al ¥ nE ionals
inct de, he mo commonl sedt spes of ke nel-based e im%o s as special cases, ¥ ch as
Gasse M lle esima o, Nada asad Wai on eg im%O , local pol{}nomial ey im@o , e c. Since
Nada aga Wa% on and local polgnomial ey imgos ae mogly Used in p agice, hei
asymp ic beha,io s int e ms of bias and \a iance fo independe d% a hae beent ho & ghly
§u died in exi ing !lje %u e. Hoye.e , fo long}u dinal o ¥ nc¢ ional dg a, pa, i¥lalgin e-
ga dto co,a iance § face ey im% 05, he asgm ic behaio s of bias and a iance of hese
¢ WO commonlsfu sed esimg o s ae §ill la gelg" nknoyn. The efo e in Se(% ion 3, the gen-
e al as{;{ng(}ic e¥ }s de,eloped in_ his seg ion ae appliedto Nada aga Wag on and local
polgnomial esimg o s in bg h one-dimensional and_ o-dimensional smog hing SGy ings. In
pa_id¥ la ,the lack of asgmp g ic e¥ }s fo _he co.aiance ¥ face e im%o s of longi¥ di-
naf o P ncional dga is an addj ional m i\% ion fo the definj ion of v he  ,0-dimensional
gene al ¥ ng ional th% can be applied ¢ © deelop the asymp @ ic d1§ iy, ions fo these
esimgos.

We fi s conside andom design hile &, ensiont 0Q he sampling plans is defe edy 0 Seg ion
4. In classical long(i’u dinal ¥ dies, mea¥ emen s a e of en i%!ended obeona e la_ime g id.
Hoye.e , since indiid als ma, miss sched led Vis@ s, he e }ing daav ¥ ally become spa se,
whe e onlg fey, obse X! ions a e ol% ained fo mog E’{)je% s, W} h" ned' al ¥ mbe s of epe? ed
mea¥! emen s pe Y bje¢ and diffe eg mea¥ emen , imes 7j; pe indiid al. This sampling
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: 2
\a iance ¢°,

o
Yij = Xi(Tij) + & = p(Ti)) + Y Eaudp(Tyj) + aijs - Tij € T, (1
k=1

whe e E¢jj =0, var(eg;j) = o2, and_he ¥ mbe of obse \@ ions, N;(n) depending on, he sample
size n, a e conside ed andom. We make, he folloy,ing as$ mp ions,
(A1.1) The ¥ mbe of obse ‘:}ions N;(n) madefotheéhkl bje% o cY s Jd=1,...,n/isa .

W}h N;(n) 1"1v'd N(n), yhe e N(n) > Ois apos}i‘e il} ege -\a!‘ ed andom ,a iable W}h
lim¥ p,_, ., EN(n)?/[EN(n)]> < oo and lim¥ p,_, .. EN(n)*/EN(n)EN(n)* < oo.

Int he sed! e]y he dependence of N;(n) and N (n) on, he sample size nis 8 pp essed fo simplic} %
ie., N; = N;(n) and N(n) = N. The obse %] iont imes and mea¥ emen s a e as¥ med_ o be
independeI} Oft he ¥ mbe of mea¥ emen s, ie., fo ang ¥ bs; Ji € {1,...,N;} and 1!'0 all
i=1,...,n,

(A12) ({Tij : je Ji}, {Yij 1 j e JiDis independeI} of Nj.
Wiing T; = (Tit, ..., Tin)T and ¥; = (Y,-l,...,Y,-Nl.)T,é is easy, 0 see, hy  he, iples
{Ti, Yi, N,'} a eii.d..

2.1. Asymptotic normality of one-dimensional smoother

To as¥ me app op i% e e la } {jcond} ionst h% ael sedt odeie asymp icp ope, ies, €
define a ney,, pe of con i 1} {Z}' h% diffe s f om, hose (;hich a e commonly sed. We sy, hg
a eal ¥ncion f(x,y) : W1 — Risconi¥ ¥sonx € A C NP nifo mlyin y € N9,
p o,ided fo angx € A and ¢ > 0, he e exig s a neighbo hood of x ng depending on y,
saging U(x) € NP, Y chyh% [f(x',y) — f(x,y)| <efo allx’ € U(x) and y € RY.

Fo andomdesign, (T;, Y;j)ae as¥ med! o ha\et he iden ical di; ilb‘t ionas (7,Y) W; h joi
dens;j v8(, ). As¥ me h% he obse il iont imes 7;; a e 1.i.d. w} ht he ma ginal dens} 3 f(@),
b dependence is alloyed among Y;; and Yikt ha a e obse %] ions made fo . he same ¥ bjec o
cﬁ;e . Also den(g e, he joi dens} ﬁof (T, Ty, Y, Yi) b{j g&2(t1, 12, y1, y2), whe e j # k. L;
v, k be gien il} ege s, w} hO<v < k. We as¥ me ed la } ijcond} ions fo v he ma ginal and jOil}
densj ies, f(t), g(t, y), g2(t1, t2, y1, ¥2) andt he mean ¥ nc¢ ion of, he! nde lsing p ocess X (1),
1.e:, E[X(t.)] = u(t), W}h espe%’to aneighbo hood ofan}e lo poip t €T,as¥ ming, h%t he e
eigsa neighbo hood U (#) of ¢ Cht h% :

(B1.1) %fkf(u) cx.i;s and is congiﬁl dsonueU(t),and f(u) > 0fo u € U@t);
(B1.2) g(u,y) iscol1-1r i & sonu € U(+)M nifo mlginy € % %g(u, y)exi;sandiscm}iﬁ‘ & s
onu € U(t)Y nifo ml{jin y e N;
@u)&Mmmdwgmpﬁ&memeUmmmmm@m@hmem%
(B1.4) [;%,u(u) ai; s and is con i &sonuecUQ@).
L% Ki(-) be nonnegg iye! niya i% e ke nel ¥ ng ions in one-dimensional smoq hing. The as-

¥ mp ions fo ke nels Ky : )t — N a e as folloys. We say, hz} a' nija i@ e ke nel ng ion K is
ofode (v,k),if

0, 0<l <k, L#v,
‘/MKNMduz (=D, L=y, 2)
#0, =k,
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(B2.1) K is compag 1 ¥ ppo, ed, || K I = [ K#(u)du < oo;
(B2.2) Kjisake nel® ng ionof o de (v, £).

Lg b = b(n) be a sed{ ences of bandwi(} hst h% a eY sed in one-dimensional smoQ hing. We
de,elop as?mg(gics asn — oo,and e ie
(B3) b — 0, n(EN)b'*!' — o0, b(EN) — 0, and n(EN)b**! — 42 fo some d wih

0<d < 0.

One cd 1d see iny he p oof of Theo em lt h%! he as¥ mp ions (B3) combined w} h(Al.1)p o,ide
he condj ion ¥ Cht h% l’he local p ope, of ke nell-’ e es im%O s holds fo long}u dinal o
B ng ional dg a yj h he p esence of 1 hin-§ bjec co ela ion.

Lg {W;} =11 be acolleg ion of eal P ng ions i/, : M* — N, hich 53 isfy

.....

(B4.1) y,(t,y)ae con i & s on {7}Y nifo mlgyin y € 9
(B4.2) ;le\,lﬂz(l, y) a,i;s fo alla & men s (t,y)anda e con it & s on {t}! nifo mlgin y € 9.

Then e deﬁnet he gene al We:igl} ed a,e ages

1 n N; (T
‘I’),n=m ZZW(TU"YU)KI< 5 ' ) =1,...,1L

i=1 j=I

and
dV
Wy =) = ﬁ/%(t,y)g(t,y)dy, A=1,...,1

Le
Oy = 01c) (1) =fwk(t,y)lh(t,y)g(t,y)dyllh 1P, 1<4, k<L,
and H : %! — R beal n%ion w}h con it & s fi 50 de deigies. We den(}ethe g adiel}
V6§ 0 ((0H /0x1)(v), ..., (OH/0x;)(v))" by DH(v) and N = 3 i | N;/n.
Theorem 1. If the assumptions (Al.1), (A1.2) and (B1.1) (B4.2) hold, then

VAN HW o ) — H(tys o )] —> NGB IDH (g )]
SIDH (... i), 3)

where

4

(=bkd [, oH rdky
B = T /u Kl(u)du;ém{('ul“""ul) }dtk_‘,,u,l(l), = (0)1<ri<i

Proof. } is seer, h% N canbe eplaced W} hENby S‘Pt sk{jTheo ent! nde (Al.1). We noy, shoy,

3

VENDPTH(EY 1y, ..., E¥) — H(y, .o )] — B “)
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Since (A1.1) and (A1.2) hold, and K is of o de (v, k),! sing Tai,lo ex. pansiont oo de k, one
ol} ains

EY), = bH_l Z EN Z IPA(TW Yij)) Ky ( — >

N t—T;
b‘“EN 2:: [%‘(Tj’yj)K] ( b j>‘N]
1

t—T
ZWE {1//1(7", Y)Ky ( 5 )}

(—D* [ 4 dk ke K=y
=u; + I /u Ki(u)du = wy(t)b +o(0"7). 5)

Then (4) folloys f om an [-dimensional Ta?lo ex.pansion of Hofode 1ad nd (y,..., ul)T,
cd pled W} h (5). If e can shoy,

VR(ENDY [P, ..., )] —(EY, ..., E¥;,)T] 2 N(,Y), 6)

in analog? o) Bh%t acha @ and M lle [1], and c \%11’11 iy of DH (T Nz) and appls.—
ing simila a & men sU sed in (5), we find DH(EY1,, .. E‘I’;n) — DH(yy, ..., ). Then
Cam Wold de,ice sdelds

VAENGFH Wiy, ..., Vi) — HEY, ..., E¥i)] —> N, DH(uy, ..o )"

ZDH(#], ...,,Ul)), (7)

combined } h (4), leadingt o (3).
; emainst o shoy, (6). Obse ,ing (Al.1) and (A1.2), one has

n(EN)D> M cov(¥,,, ¥in)

- E i Z W, (T, YKy (

N (=T
2o (5]
k=1
T vk, (=1
)( J ]) 1( b )

1 N t — Ty
E [E\/ I; Ve (Tie, Yi) Ky ( 5 )}

=1—-1.

EN 1
N

-]
2l
uMz
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} is obVid,l Sth% I = 0(Mb) =o0(1) fomthe de i\;} ion of (5). Fo Il,; can be hen as

N
1 L (1—T;
Il:EE EV;W(TﬁYj)‘//K(TJ"Yj)Kl ( b ]>

1 1 t—T; t—Y,
+EE EN Z lW(T,/’Y.i)l//;g(Tk,Yk)Kl( 5 ]>K1( 3 k>

1< j#k<N
=0+ 0.
Appl?ing (A1.1) and (A1.2), one has
N
1 1 t—T;
Qi=7E u ) E [lﬁ;,(Tj, Y)W, (T;, Yj)K12< p ")’N]

j=1

= %E |:l///1(T, Y)W, (T, Y)K} (#)] = 0 +o(1).

Then (4) ,ill hold, obse ing (A1.1) andt he folloyinga ¢ me% h% &a an ees, he local p ope, <
. . i 4 A N
of,_he ke nel-based eyimgo s gl ht he p esence of wh hin-¥ jeg o elz} ion in long}u dinal o

P ng ional d% a,
1 N ]
N

t—T; t—T,
ZEVE Z E[¢)~(Tj’yj)wK(Tk’Yk)K1< 5 j)Kl( 5 k)

1< j#k <N

EN(N — 1 — T — T
= ¥E |:lﬁ,1(T1, Y)Y, (T2, Y2) K (t 5 1)] K (t 2)

()

bEN b
bEN(N — 1)
= —/ W)t —ub, y), (t — vb, y2) K1 (u)K2(v)
EN 9
Xga(t —ub,t —vb, y1, y2)dudvdy) dy;

__DEN(N —1)
~EN
i.e.,the w} hin-§ bjeg co el% ion can be igno ed ,hile de i‘,ingt he asymp Q ic ya iance. [

" Vot YO, (t, y2)82(t, t, y1, y2) dy1 dyz + o(b) = o(1),
%

2.2. Asymptotic normality of two-dimensional smoother

The gene al asymp ic e¥] canbe exyendedto wOo-dimensional smog hing. Le (v, k) de-
nge, he n¥ }i-indices v = (v1,v2) and k = (ky, k2), zhe e [v| = vi + vz and |k| = ki + k2.
In_ . 0-dimensional smog hing, mo e e#' la j ¥ as¥ mp ions a e needed fo jOiI} dens} ies. Lg
fa(s, 1) bethe jOiI} dens% s of (T}, Tx), and ga(s, 1, sty 2, 1 yé)the ]Oil} dens} < of
(Tj, T, Tjr, T, Y, Yi, Yir, Yio) whe e j # k, (j,k) # (', k). Den(}e he co,a iance ¥ -
face b§ C(s,t) = cov(X(Tj), X(Tp)|Tj = s, Ty = t). The folloy,ing e Ta } §cond} ions a e
as¥ med, whe e U(s, t) is some neighbo hood of {(s, 1)},

(C1.1) %fg(u, v) ai;s and is cor}iﬁl &son (u,v) € U(s, 1), and fo(u,v) > 0 fo

(u,v) e U(s,1);
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(C12) ga(u, v, y1, y2) is con ill & s on (u, v) € U(s, N nifo mlgin (y1, y2) € R d

> duk1 dvk2
g, v, y1, y2) a}s and is con i & son (u,v) € U(s, 1)U nifo mlgin (y1, y2) € N2

(C1.3) ga(u, v, u', V', y1,¥2, y1, ¥5) is 001}i1‘1l &son (u,v,u/,v) € Uls, )Y nifo mly in
1, y2, ¥}, ) € R

(Cl1.4) LC(u, v) ex.i;s and is cop it & son (u,v) € U(s, 1).

duk1 dvk2

S S . e . .
L? K'z be nonnegg ie bia ige ke nel ¥ ng ions sed in, het wO-dimensional smoQ hing. The
as¥ mp ions fo ke nels K3 a e as folloys,

(C2.1) Ky is compag ed ¥ ppo, ed W}h ||K2||2 = fmz K22(u, v)dudv < oo, and is symme ic
W} h espec . ocoo ding es u and v.
(C2.2) K, isake nel B ng ion of o de (|v|, |k|), i.e.,

0, O] < |kl [T} # [v],
[t ko v duav = { oM =, ®)
"2
Li+Lr=|l|
‘ 0, 1 = Ikl.
Le h = h(n) be a sed ence of bandwi% hs! sed in_ ,0-dimensional smog hing, hile }

is possible, hg  he bandyi hsY sed fo ¢ WO 2 8 men s may, be diffe en . Since ye ill fod s
on_he es img o of he co,a iance ¥ face hg is symme  ic abd _ he diagonal, j is ¥ fficien , o
001;511(1163 v he 1del} ical banqu} hs fo v het woagd men s. The as yMp @ icsis deelopedasn — oo
as folloys:

(C3) h — 0, nEN*hIV+2 — oo, hEN®* — 0, and nE[N(N — D]AZKI+2 5 ¢2 fo some
0<e < o0.

Simila _ o_ he one-dimensional smogQ hing case, as¥ mp ions (C3) and (A1.1) & a an ee_ he local
p ope, v ofy he bia ig e ke nel-based ey im% 0 s ih hep esence of w} hin-¥ bjeg co el% ion.
Lg {¢;}1=1...1be acolleg ion of eal ¥ ng ionsp, M+ >R, A=1,....1, 3 isfqing

(C4.1) ¢;(s,t,y1,m)ae con it & son {(s, r)}¥ nifo mlgin (y1, y2) € "2
(C4.2) Lk‘(;’a(s, t, y1, ¥2) ex} fo alla @ men s (s,t,y1,y2)andae cop i & son {(s, 1)}

dsk1di*
U nifo mlyin (y1, y2) € R2.

Thent he gene al Weigl} ed a,e ages of,! wO-dimensional smoQ hing a e defined by, fo 1<A<I,

1 n
Vi = Vi (1.8) = w2 o> 4Ty T Yij Yi)

i1 1< AR <N,
xK»> S_Tij,t_Tik .
h h

av
ds' dt"?

L¢
mj =m;(s, 1) = Z

vi+va=|v|

/2 @, (s, 1, ¥1,y2)82(s, 1, y1, y2) dyrdys, 1<A<,
N
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and

W) = W(8, 1) = /2 Guc(s, 1, 1, ¥2)b; (s, 1, V1, ¥2)82(s, £, y1, y2)dyidy2 | K2 |1%,
%

1<k, 1<,

and H : ! — Risal ng ion i h con it & sfi § ode deigiesasp eid sly defined.

Theorem 2. [f assumptions (Al.1), (A1.2) and (C1.1) (C4.2) hold, then

\/nN(]\_l — DR2VR2[H (D, ..., D) — H(my, ..., mp)]

2 NG, [DH(my, ..., m)ITQIDHm, ..., m)]), 9)

where

—1 K| ! d\kl
y:( )ez 3 /uk‘vszz(u,v)dudv

k| 2 dski dtke
Ikt ko =Jk| 7N

X /2 b,(s,t, y1,y2)82(5, 1, y1, y2) dy1 dy>
N

oH -
X1z (ml,...,ml) ’
om

N
A

Q= (0)1<r<i-

The p oof of Theo em 2 essen ially folloys h% of Theo em 1 }h app op 1% e m0d1ﬁc% ions
whichae ed iedfo y WO- ~dimensional smogQ hlng

3. Applications to nonparametric regression estimators for functional or longitudinal
data

A} h# gh (aid s e sions of ke nel-based esimgo s hae been iI} od ced in I}e f}u e,
Nada aga Wag on and local polgnomial, especialls local linea esimgo s, a e, he mos com-
monl<u sed non-pa ame ic smog hmg echnid es in long}u dinal o ng ional dg a analssis.
B e,0 W}hln ¥ bjec co el% ion,, he a5<.m ic behaio in e ms of bias and ,a iance of_ hese
ey 1m o s fo n01511{, obse \ed lon U dinal o ¥ ng 10nal d% a has % been as “ellu nde s ood
as fo ii.d. d% a. EspemaH{, asgymp 1c e¥ }s fo co,a iance es ima o s do nQ e is . The efo e
1n his seg ion, e appl he as?mg % ic e¥ }s de\eloped fo gene al ¥ ng 1onals 0 Nada aa
Wa on and local linea e 1m% os eg ession ¥ ng ion and co,a iance face 0 ol% am hei
asmgglc d1§ 115l ions.

3.1. Asymptotic distributions of mean estimators

We apphv Theo em 1_ o_ he local asgm ic dis i¥_ions of, he commonli,u sed Nada aga
Wa§ on ke nel ey 1m%0 Uy (1) and local linea es 1m%0 g (1) fo B ng 1onal/long}u dinal
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d% a:

R n N; f_Tij n N; f_Tij
NG . '1K1< 5 )Yij Z.lKl <T> ) (10)

i=l1 j= i=1 j=

(o0, 1) i=1j b

n N,'
fi (1) = ao(t) =a gmin {Z Ky (t J>[Yij — (o0 + o1 (T35 —t))]z}- (11)
-1

Corollary 1. If assumptions (Al.1), (A1.2), and (B1.1) (B3) hold with v = 0 and k = 2, then

— D d @ ® fO+2uV @) fO@) ,  var(Y|T=t)||K1|?
VaNb[ () —ut)] — N (5 ) ok, 0 ,

(12)
where d is as in (B3), 0%, % Fu’lg (@) da Tm(()TA2951
(0. @]
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He ew;; = K1((t —T;;)/b)/(nb), zhe e Ky is ake nel ¥ ng ionofo de (0, 2), 53 isf?ing (B2.1)
and (B2.2), and &; (¢) is an es im%o fo l’he fis de i\%i\e 'If/(t) of u g1

Obse \ing, hg Co olla g 1 implies N () = u@), le f(1) = D wij/Ni. | is easg, 0
shoy, £ L f@@) in analogs.fo Co olla_y 1. We p oceed o shoy, ai(t) L W (t). Deng e
G%ﬁ = fuzK] (u)du,the ke nel B n%ion K @) = —tKl(t)/a%{I, and define ¥ ,,, 1 <A<3 ¥

Y1, y) =y, Yo, y) = 1,5(u, y) = u — 1. Obse e, hy Kiisofode (1,3), f(t) 2 £(),
and define

X1 — X2l (1 x1 — xpu(t
1 — X2uN() and  H(xy. x0, x3) = 2 2#()'

H(xy, x, x3) = 7 5
x3—bx2/f(t)-0'K1 X3

Then
&] (t) = ﬁ(\Plna "P2na "P?m)

_ [H(qjln, ) 4 PO ﬁN(t))] .,

Y3, W3, + 293,/ f (1) - 0%,
Nge}h% = fAmf) @),y = f'(1),and 3 = f (1), implging ¥, —p; = Op(1/v/nNb3),
fo 4 =1, 2,3, b? Theo em 1. Using Slutsky’s Theo em, |H(Wy,, Yo, ¥3,) — /()| =
0, (1/¥nNb3) folloys.

Fo v he asgmp 9 ic di; ilS‘t ion of i , ng e, h%
> ﬁ\/ 2 wijYij =2 ﬁ\/ 2. wij(Tij — Day )

p» ﬁ\] > wij

Conside ing VaNb Y, ﬁ\, > wij(Tij — 1) = ¥'nNbak b*Wa,. Since K| is of o de (1,3),
Theo em I implies W2, = f'(t)+0,(1/v/nNb?), ,hich ?ieldsVana%(lbz‘I’zn = «/n]\_/bSG%(l
(@) + 0'%(1 0, (b) = 0,(1) byobse \ing nNb> — d* fo 0<d < oo. Since f) 2 @) and
&1 (1) — W (D] = Op(1/VnNb?) = 0, (1), ye find

(1) =

lim VaNbliy 1) — p0]1 2 lim VaNb
n—oo n—>oo

5 LNZ,/ wiYii — {0y LNZJ wijTij + 1/ (1) Y ﬁvZ, wij )l
Y By X wij

Using, he ke nel K of ode (0,2), we e-define ¥),, 1<i<3,th & gh (w,y) = v,
Vo(u,y) = uand Y3(u,y) = 1,se,ingv = 0, k = 2,1 = 3 and H(x1,x2,x3) = [x] —
W (t)x2 + t 1/ (1)x3]/x3. Then (13) folloys byapplsing Theo em 1. [

3.2. Asymptotic distributions of covariance estimators

N%et h% in model (1), cov(Y;;, Yik|Tij, Tir) = cov(X (Ti;), X (Tix)) + azéjk, whe e 8y is 1if
j=kand0 (%he wise. Le; Cijik = (Vi — M(T;;) Yik — ((Tix)) bet he  ay. co,a iances, he e
u(r) is, hee img ed mean B ng ion olg ained f om_he p e,id s § ep fo ing ance, i(t) = an(t) 0
a@) = py(0). ; is easy, 0 seeth% E[Cijk|T;j, Tix] =~ cov(X(T;;), X (Ty)) + ozéjk. The efo e,
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v he diagonal of,! he ay co,a iances sh¢ Idbe emo.ed,i.e., only Cijk, j # k, shd 1d be inc? ded
asin®_ daafo_ heco,aiance¥ face smoQ hing §epasp e\id slyobse \edin % anisy, alis and
Lee [12] and Yao ¢ al. [15].

Commonlifu sed nonpa ame ic eg ession es img o s of_ he co.a iance ¥ face, C(s,1) =
E{[X(TY) — u(THX(T2) — u(Tp)|T) = s, T, =t]},a & het wO-dimensional Nada asa Wa; on
e im% o and local linea ey imz} o defined as folloys:

n
~ s—=T;; t—Ti
CnGs,= 1| D Kz( — h‘)cijk/

i=1 j#k
n
=T t—T;
Y () | a6
i=1 j#k
~ - z ~ T t—T,
CL(s.1) = fo(s.1) =agmin 1 3 > K> (s T )
B i=1 j#k

X [Cijk — f(B, (s, 1), (T3, Tix))]
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</>1(t1,t2 V1, y2) = (1 — u1)) (2 — u(22)), Po(t1, 12, y1, y2) = y1 — u(t1), and ¢ (1, t2, y1, y2)
hen Y PrseT |Ppnl = Op(l), fo p = 1,2,3, b<, Lemma 1 of Yao ¢ al. [16]. This im-

phes ¢ 13 ¥ Dy seT 92210, (1/ (Vb)) = Op(l/(«/_b)) and ¥ p, 7 |D3,|0,(1/(/nb)) =
OP(I/(fb)) Since ¥ PreT I |f(r) — /z(t)|2 = O, (1/(nb)) a e negligible compa ed o CI>1,,, he
Nada asa Wa; ones 1m% o CN(s,1),0of C(s,1) olg ained f om C; j is asymp Q 1call{, ed 1‘alel}
hz} ol% ained f om Cjjy, deng ed bﬁ CN (t,s).
The efo e, } is § fﬁ01el} 0 shoy, h% he as{.mg(}lc d1§ 1Iblt ion of Cn(s, 1) folloy,s (18)

Choose v = (0,0), k| = 2 b1 (s, t yl,yz) = (y1 — p() (2 — W), Pa(s, 1, y1,y2) =

and H(x1, x2) = x1/x2 in Theo em Zthen CN(s t) = HW,, Yo,). To comﬂa‘te ynGs, HY
DH(my, m3) = (1/ma, —m1/m3), and ng emi(s, ) = [y (1 —u() (2 — (1)) g2(s, 1, )’1,y2)
dyidys = fa(s, 1)C(s, t) and ma(s, 1) = fo(s, ). One has (d*/dt*)m (s, t) = [(d* f>/dt*)C +
2(df2/dt)(dC/d1) + F2(d?>C /dtH)]|(s, 1), (d?/d*t)ma (s, 1) = d? f>(s, ) /dt* and simila de i iya-
v ies “}h espegto he a & mel} s leadlngt 0, he blaste m in (12). Fo l’he as{.mlg(%lc \a i-
ance, ng e, hy o1 = = K2l [z 01 — p(s))* (2 — u(t))zgz(s Ly, y2)dyidys = El( —
M(Tl)) (Y2 — H(Tz)) ITi = 5,72 = 1) fals, DK w12 = w21 = K2l fals, 1)C(s, 1),
wy = ||K2|| fr(s,t), and DH(my,my) = (1/my, ml/mz), SJeldmgthe \a 1ance,!em
in(12). O

Corollary 4. If the assumptions (A1.1), (A1.2), and (C1.1) (C3) hold with |v| = 0 and |k| = 2,

then
JaN(N — DR2[CL(s, ) — C(s, 1)]

2
—>N( GK2[d2C(S 1)/ds® +d*C(s, t)/di?], w)

fa(s, 1)
where e is as in (C3), v(s, t) = var{(Y1 — w(T1)) (Yo — w(L)|T1 =5, Th = 1), O'%(z = fmz (M2 +
V) Ko (u, v) dudv, | K2|* = [r2 K3(u, v) dudv.

(19)

Proof. In analog o, he p oof of Co olla ¥3, he local linea e 1mf}0 CL(s t) ob ained f om
Cijk is asi,mgglcally ed 1‘alel}t 0, h% ol% ained f om C,]k, deng ed b« CL(t s). Also denge
he so¥! 10nt0(l7) age ¥ b;} tlng Cijk fo C,/k,b<,ﬁ(s 1) = (Bo(s, 1), ﬂl(s 1), ﬁz(s 1)), and
1n fag ﬁo(s t) = Cp(s,t). Fo s1mphc}<, l; Wik = Ko((s = Tij)/ h, (t — ,k)/h)/(nhz) and
. i jk isabbe vig ion of doim1 2 jxk - Algeb acald lg ions gield, hy

é Z[ Jj#k Cljle]k ﬁl Zz \Jj#k lek +,Bl Zz ,J#k Wl]ky ﬁZ Zz Jj#k lekTLk'i‘ﬁZ Zz ,J#k lekt
L=
Zl J#k lek

~ Roo(S10802 — So01511) + R10(S00S02 — So1520) — Ro1(S00S11 — S10502)

b= ,
500520502 — 0057, — S3S02 + S10S01S11 + S20810811 — So1 S50
B, = Roo(S10S11 — So1S02) — R10(So0S11 — S01520) + Ro1(So0S20 — S3)
5 =
500520802 — S00S7; — S75S02 + 10801511 + S20S10811 — So153,
he e

W

Rpy = Z Wijk(Tij — )P (Tix — f)qéijk, Spg = Z Wiik(Tij — )P (Tix — 1)1,
i,j#k i,j#k
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N(;e h% [N)’I and Bza e local linea ey im%o soft hepa ial de i\:}i‘es of C(s,t),dC(s,t)/ds and
dC(s,t)/dt, espegl\eli_ In analog o, he p oof of Co olla {,2 } can be shoy, |fi(s, 1) —
dC(s,t)/ds| = Op(1/\/REN(N — 1)h?*) and|[32(s t)—dC(s,t)/dt| = OP(I/\]jnN(N —Dh%
byapplying Theo em 2. Then one can ¥ b;}utedc(s t)/ds,dC (s, t)/dt fo ﬁl(s 1), ﬁz(s t)in
CrL(s, t) and den(}e he eél}mg eilmgo b? Cf (s, 1). ; is easy o see h%

lim NN — DR2[CL(s, 1) — C(s, )] 2 lim VaN(N — Dh2[C} (s, 1) — C(s, D)].

We define @;,, 1<A<4, h & gh dy(s, 1, yi. y2) = (1 — u() (2 — (@), do(s. 1. y1.y2 1 ()Tj/
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hose in Co olla ies 3 and 4, W;h f () eplaced by 1/|7) and f(s,t) eplaced by /1712, whe e
[T ist he leng h Oft he i1} e \al

5. Simulation study

A H me ical §“ dyis cond ged 0 e‘a‘l1 e, he de ied asi.m}%]? ic p ope, ies. The ke finding
in, his pape is, hg he asimQ qic e¥ F ng ional o longi" dinal a e compa ablet o, hose
o ained f om in epende 3 ie., he 1nﬂ‘ ence of }hm !;‘ bjeg coya iance does ng play
significan ole in d? e mlmngt he as<.m ic bias and \a iance. Fo 51mphc} w we fod s on, hé
local polgnomial mean eg img o s “hlch ae og en ¥ pe io e he Nada asa Wa; oneg 1mz} 0 S.

We fi 3 gene %ed M = 200 samples consig ing of n = 50 i.i.d. andomt a]e% o ies each.
Folloy,ing model (1) he sin¥ 1% ed p ocess has a mean ¥ ng ion u(r) = (r — 1/2)%, 0<r<1

which has a cong an second de i 1‘%1\6 u® (t) = 2,and a cong an } hin-§ bjeg co,a iance

2 Il(élOIl deied f om a andom 11}6 cep 51 X N(O /1), whe e 21 = 0.01 and¢;(t) = 1,

0<r<1. The mea¥ emen e o in (1) yas S¢ 8” b "N(0, 6%), whe e 62 = 0.01. A andom
design asY sed,  he e he ¥ mbe s of obse (3 ions fo each kl bjec N; e e chosen f om
(2,3,4,5) }hedf al likelihood andy he loc% ions of he obse %IOHS“C & nifo ml«dli 115‘ ed

on [0, 1], i.e., Tl] 1 "U[0, 1]. Fo compa ison, We gene aed M = 200 samples of n = 50
iid. andom ajego ies hich ha Ve he same 5 %u e as in model (1) 19 no “;hin g bjeg

co eI% ion. L% ing &;1 = 0 and &; S "N(0, /A1 + 62) leadst 0 1ndependel} d% a V%hl’he same
mean and a iance ¥ n¢ ions. The efo ey het wose sofd aha\e he same asgm ? Qic d1 11351 ion
fo he local pols.nomlal mean e 1m%o s. We also gene 3 ed M = 200 co el ed and mdependeI}
samples espe%‘ ‘el? con51 ingof n = 200 ajeg o ies each fo demon; z}mg' he asgmp @ ic
beha,io , e inc easing sample size n.

He e V\e se he Epanechniko ke nel ¥ ng ion, i.e., Kq(u) = 3/4(1 — uz)l[ 1,11(), whe e
14w) = 1if u € A and 0 g he ise fo angys¢ A. N ey % n(EN)b*+1 — 4% in (B3),
1@ = 2, var(Y|IT = t) = i1 + ¢* = 0.02, and, he design densj § f(1) = I, yhee
k = 2 fo local pol?nomlal ey 1m%o s and b is he band 1@ hY sed fo , he mean e 1m ion.
F om, he abo e con; (t;lon one can cal¥ la e_he asgm glc \a iance and bias Oft he local
pol{.nomlal mean e img o s up (1) sing Co olla 52 thh isin fa% applicable fo b(}hco eI% ed
and 1ndependel} d% a. Slnce he bias and \a 1ancete ms ae boh congan in & siny 1% ion
f ame, 0 k, fo con,enience v‘e compa e, he asi.mgglc 11} eg :}ed s a ed bias and \a iance
W } h} he empi ical i ipegy ed s a ed bias and (a iance ob ained” sing MOI} eCaloae agef om

=200 sin¥! I ed samples based on fo E[{fy (1) — u(®))?]dt = fo (B (1) — E[fy ()]} dt +

fo {Elp ()] — w(t)y? dt. The as?mgglc 11} eg %ed s¢ a ed bias and a iance a e gien by

| 0.02 x || K%
AIBIAS = —o% b*, AIVAR = ———— (20)
27K nNb

andt he asymp ic i1} egq ed mean s§ aede o AIMSE = AIBIAS + AIVAR,  he e o‘%( =
Ju?Ki(w)du, |Ki|I*> = [ K}@w)du and N = (1/n) Y /_| N;, while, he empi 1ca1 inegged
s a ed bias, \a iance and mean s§f aede o ae den(% ed by EIBIAS, EIVAR and EIMSE,

The asgymp 9 ic and empi ical § ar“ ies, ¥ ch iljsj' hei ipegy “ed s a edbias, (a iance and mean
s aede o,aeshoyninFig.1fo_heco el% e 1ndependel} d% a }h sample sizen = 50/n =
200, espegl\elﬁ F om Fig. 1, } is ob,id Sy h:}the asymp @ ic app o 1mz} ion is imp o\ed by
inc easing, he sample size. The as MR Q icd an i ies AIBIAS, ATVAR and AIMSE ag ee |, } hy he
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x 1078 x 108

n=50 / n=50 f
Correlated Independent |

3 x 107 3 x 103
55 n=200 // 1 o5 n=200 /
Correlated | 1 o Independent |
1.5
1
05+ _
0
-2 -1.5 -1 -0.5
log (b) log (b)

Fig. 1. Shoyn a ¢ he empi ical ¢ an j ies (solid, inct ding EIBIAS, EIVAR, EIMSE) and as §np @ ic ¢ an | ies (dashed,
incY ding AIBIAS, AIVAR, AIMSE) e ¥ s log(b) fo co el@ ed (leg panels) and independer} ( igl} panels) d@a w}h
diffe en sample sizes n = 50 $ op panels) and n = 200 (b(h om panels), yhe e b ist he bandwicg h sed int he smog hing.
In each panel he il} eg %ed s§' a ed bias is_ he one “}h inc easing pg, e n, he ineg aed aiance is_he one yjh
dec easing p%te n, and' heyc oss each @ he , yhile, he ig eg 4 ed mean sda ede 0, whichisla g, han bghieg ;}ed
s a ed bias and \a iance fo ang band 14h bu g allﬁ dec eases fi 5 and hen inc eases age eachmg a mini

empi ical an } ies EIBIAS EIVAR and EIMSE fo b(} h co el% ed and 1ndepend61} d% a. Fo
he sin¥! 1 ed d a i h he same sample size n, ¥ ch asymp %10 app ox. 1m ionsfo co ela edand

1ndepende1i, d a a e yell compa able in pg,en and magnj de. This p oxldes he exldence h:}
he“ hin b]e co el% ion indeed does ng hae obid smﬂl ence on,he asgmp ¢ ic beha \i0

of he local polS.nomlal ezllmio s compa edy o, he 3 anda d ge ol} ained f om 1ndependel} d% a,
ﬁlch is con51§ en “} h eo ¢ ical de i3 10ns

6. Discussion

In,! his pape ¥ he as mp Q ic di§ ilS‘t ions of ke nel-based nonpa ame ic eg ession ey im:} os
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design desc ibed in (A1.1) and (A1.2), fix.ed edf all§ spaced design desc ibed in (A1*), and some
case lying b? ween, hem. The p oposed e¥ } scd 1d also be &, endedt omo e complic% ed cases,
¥ chas, panel d% a he e obse (g3 ions fo diffe en ¥ bje¢ sa eob ained g ase ies of common
y ime poin s & ingalong¥ dinal follog¥ p. If conside ing andom design, he dens] yof he jh
obse g 1on ime 7 cd 1d be as¥ med, o be f(7), hen he e¥ ]sae eadilyapplied, o his case
w} h app op i? e modiﬁc% ions \?J h espe;? 0, he diffe en ma ginal dens} ies.
The gene a ass.m%(;ic dii i tion e is in ni,a i%e and bi,a i%e SmoQ hing s¢, ings a e
applied' o, he ke nel-based ey imz} o s of he mean and coa iance ¥ n¢ ions,  hich sields asgmp-
icno mal dig ilblt ions of hese e im% os. Tot he be; of & knowledge,' he ea enoas ¥R @ ic
dig i¥,_ion e¥ ] sa,ailableinlie g¥ efo nonpa amg ic ey img o s of co,a iance ¥ n¢ ion ob-
ained f om obse ed noisy long}u dinal o P nc ional da a. This p o,ides_heo ¢ ical basis and
p ag ical & idance fo v he nonpa amg ic analgsis of ¥ ng ional o long'}u dinal d% a w} h impo -
¢ A0 Poen ial apphc% ions, h% a e based on, he as ¥mp g ic d1§ 115'l y lons. Fo e ample, asymp @ ic
confidence bands o ~ egions fo he eg essiond (eo heco,aiance¥ facecanbecons ced
based on, hei asgmp ¢ ic di; i¥_ions. Since, & e, o_hei heaw comfa‘t ional load, commonlsf
U sed p oced es (¥ ch as ¢ oss- \alid% ion) fo bandwigh sele¢ ion in_ . 0-dimensional SGy ings
aeng feasible, one impot ag esea ch p oblem ist o seek efﬁciel} app oaches fo choosing ¥ ch
smoqQ hing pa ame e s. Also ng ional p incipal componen analssis, aninc easingl{jpoﬁ1 la_ ool
fo ¥ ng¢ional da a analssis, is based on eigen-decompos} ion Oft he ey im% ed co,a iance ¥ nc-
v ion. TH s, he inff ence Oft he asgmp @ icp ope, ies of co,a iance ey im% 0 s on, he es im% ed
eigent ng ions is ang he pg en ial esea ch of ir} ees.
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