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1. Introduction
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2. The EM algorithm for mixtures of densities from exponential families

25 The mixture model
- md 1‘"?'0'@ ) ﬁlv
P(x|F) = Za,P(x|f,) a;>0, Za,: 1,
i=1
M ox=[x,..., Xx,| ¥ R", ,Q'j‘! P; ; ﬂgc £1¢7 fo*f -.‘7" @Wj ¥
K23 0 wipr 1Y ik

ni';hlix F ‘bﬁq Lif €0 %R E AEC .lq‘l < .!
é.ﬁvt' hL o i ‘1;:( ﬁg‘% a"vﬁjiv
é.ﬂ,v,l ff‘k' ,,x.!f',), (al,...,aK,fl,..., K)E "'\\/",.‘5
= {(al,...,aK,fl,...,fK): Zai = lATﬂ a,~>0,fi € O,{.. = 1,...,K}.
¥ ,qﬁp<x|f>—P<x|m,,S>if,l,. ﬂ'i%{‘«““% ;¥
Pj(x|fl-)=P(x|mi,S,~) Wv—(lﬂ)(v m;) ! (x— m;), )
,ng gl ] L TR TR 3
'j’*ﬁi"’:“ Lihc&;ﬂ"‘ﬁf f-‘ipv@’ eo !; 4’;;‘
’-ur‘iaﬁ. oy A—J}‘r e-fz.% »
ExT) . y
T'O' l }‘;‘ﬁ Wit p.f 'ﬁ f?‘;j .‘1 EM%;:;EJJSJ

t mhi Cing - 1 ‘» 1
‘ﬁ' ’ ‘_.Z{ﬁ’; » T ’Frﬂfi'ri’ﬁ* m M é'gﬁw 3
T B s 1» T
,, l" pc G }’l

VRS ST} e g (; 1
Ff‘}.é-i’ o jc {1:; ‘!.y ye R
cﬁ}y}j 411 -fﬁé.u i o et
3)

x € R",

o= 26 b)Y,
R’ Tﬁ a(y)i‘hv’}' ‘;0

AL D00, 100~ {.,ﬁ. Loy
ap) = [ b0
¢ G; “; R"{ g 10, () =04
kn <fLOO-H %(’iﬂ Z(x)'éfm 1"‘5‘&.{5?: ;'l i) o
.h_. A]'b’l‘% w R <o wried e e ﬁ}'u}_nﬁf
<), i}, ().



108 J. Ma, L. Xu /| Neurocomputing 68 (2005) 105-129

rﬁ':' ~;,le b

’1.‘% "ﬁéi '03 v ~ ’ﬁ}_ }‘Lﬁ "4 ‘u st X '}1]

P(le) = 61(X|Y(f)) = a(f)flb(x) YO*I xe R
X

< & < ' < ly fﬂ 3 T C‘E G(C 1‘
P(x|f)ﬁ-’€ E ',' 'w:é..: - l‘l'.é.\!? cﬂ ,:?:%}' Vgﬁ b~
9, “prow PN LIV ‘h}'xﬁ}' U(x[F). T'O'w :

P(X[F) S U(x|F) = w(x)(1 g !, ~1/HD, @
wﬁc'
2y — V)
lx —ml|
i P
et 5 - : x|F). M, o g (1O T Ny =,
H ﬂ ﬂ‘ ﬁ " M%x)?f'.{ ") 1,€2, ;J »

1)- ﬁ@ 1y ";ﬁ > fa h .‘ XlyeoesXn
} !ﬂ' e ﬁv%ﬁ:« lvwlﬁ .‘5.{'
V wl *,*:w-‘w"' ég;_ < [
Eé’liff f.é'i“‘!l o< Ry pﬂ’-ﬁt ] Lp -y
n’ ! A7 AL

P x'fﬁ:ﬁm e e 4 pdrey T e

'ﬁP-“l'f’eo CRL[ '?'Oﬂw : b

Pix|F)) = a;(F) ™" b;(x) Y T*O | x e R

Q)
g P =@ aKf* """ f*gi Lojcpm"-‘f. P g 1% .czn;‘;c

-k e "‘is et Ty g %y vy
7 f‘--re..'g é»ﬂk p o ‘t}xr"' w gl e ﬁl},’b‘% o
Toeoo
Mbi'b < gl \,\.}’ VY <k l}'é'ﬁ} o Pi(x|F; )i" ;_’}'finr}:
Pi(x[F)) < UxIF) = wx)(I' )~ /=0, (6)
J"C'
Z,(X)ZM
llx — m*||
/f'v‘ mﬂr I , Ya |."c *‘1- .
ﬂf; &b.ﬁ_‘cz I’:;ﬁw(‘x) jf ".?L JD fé‘
liv.{ *v}‘l'u 'ilh i G ’Hfi{#’lﬁf ni'bhg-‘t y’i
.}'-,, g’ i -nf‘« qlii I ,i)! s xIF ’1 e RN Y

u},é'i}_ o %‘&ﬂ}_\.}}dv}' it "li’w» ) H
()—LwL i= 1K,

llx — mll



J. Ma, L. Xu /| Neurocomputing 68 (2005) 105-129 109

2.§. The EM algorithm and its asymptotic convergence rate

{ — (D s —
c dm’ i"' oo SN ={x t I,...,
Loy x e v - i é —(a,..., @,Lf"f# ..... f%:()gf

*;’M; ot o p Tk i L§F> > l,ﬁ POOIE) g oM

i AL ’f'}‘fi“p’?» »"b B e
& NZ aﬁiﬁ? (M)
= Sty /(s )

e (o o, T 0 ey [0 ‘M. -,

cws lf 11 \,'., ‘
#!43 *:{ . ﬁ”‘ '&“'.:ﬂ(Fi f{ éﬂ‘k 1! h.
T, ﬁ;ﬂ‘,;,gr iy

*\/ i’
h A‘,molr ZF o b i’ ,}”'5 e ARG .‘*"; ,g}‘; 4?.11!-
:Il M{fv a1t P Ty A by aea
G(,:g_)u P ! T T Yy b
Fr—FY = G(R) — G(FY) = G(FV)(R = FY) + O(IR— FY|1) ©)

rowy ':*1 e V.‘i"G/(F)"‘&EV Ml fw G\, FNTH O(x)

} x — 0. B¥ ot .
B f;fzi‘ fﬂ' [P NETANR ’G@)p 'k“-'i{
PO - R TS e JEEE Ty
O(F*) = diag(a?, ..., ag,aim'Py,..., ‘PK) (10)

wi'"
Pi= [ [t(x)— Ft(x) — F]w, (x| F),
[ 1) = £~ 1 a1y

RFY) = [ V(x)V(x)P|F), 1
(F)= [ Ve iFy m (an
w‘i."

V() = 03)......bie). &y (1061 () ... o (x)G () W

b,() = PAxIT)/ P(xIF?)

Gi(x) = P '[ti(x) — F7].



H, ,} E() E () NON TN R S S )
h}ﬁn . ({FW 9= o N . HAS T

L. 1 *a it ot
35 o we &ﬁ'fw’"fr "" EM. ni;"-ié’if’r;j
(FY)Il =

r< gl G e (FY)
= [E(G (F)I = Il = QF)RF]. (12)

Mo LY Loy n‘s_}v .
LS o e TUN oy, E ey, fc 5
I}ﬁ"‘:' ;‘f; n‘f}ni‘*"’ "vlﬁ;civL if ﬂ?
ijm 3 i &
V{’&S‘F\}'}J {cﬁ"i“né”ﬁqngﬁ ,V': “F}'

c,j’ P

b
>

i’
d
L

3. The main result

35 The measures of the overlap
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Lemma 1. Suppose that a mixture of K densities from the bell sheltered exponential
families of the parameter F* satisfies Conditions (1) (3). As Z(F*) tends to zero, we
have
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have for each i

@ IP:ll<clim; — nm?|l”, (25)
where j#1i, C and p are some positive numbers.
(0 E(llt(X) — ) <uM{(F), (26)

where M{(F*) = g illm} — mtll, u and q are some positive numbers.
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where >0, p is any positive number and o(x) means that it is a higher order
inﬁnitesimal as x — 0.
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.3{. The main theorem
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Lemma 4. Suppose that Pi(x|¥}) = P/(x|m},S}) is a Gaussian distribution with the

mean m} and the covariance matrix S}, and that the condition number of S}, i.e., K(S}),
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Lemma 5. Suppose that Pi(x|¥}) = Pi(x|m},S}) is a Gausszan density and K(S}) is
upper bounded. As I' - tends to zero, we have
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where t is a positive number.
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Theorem 2. Given a Gaussian mixture of K densities of the parameter F* that satisfies
conditions (1) (3), as e(F*) tends to zero as an infinitesimal, we have

IG'(F)Il = o(, *>~4(F")), (33)

where € is an arbitrarily small positive number.
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