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1 Introdu tion

] .rfiqoerfi ent cqpponent anakss (o ) 5 ap;oWelf 1 tool {or bpfl s18nal p lo
cassin® arfl has e amed & an mtemse Iseakh s Dject in he litelas le gne
of ppottant spleation of Is 5 sé for bufl 5o e separation whele he
so Kesi®nak ale #s ;& 1o ke uflgperflent aufl non & ssian Tnpatic Jar
comsfler a conventional o plo b]em whith &s ;& an s tantanco s lineal
nxmS el x— As whele A € R denotes e oy Xin8 , atlix s € R”
afl x € R™ C.o“espo.rf/i 1o he ndhl ers1onalso ke vecto! arfl mdhl €18 10nal
mIxt e vectol Ispectivel The Soal of 5 5 toseck a dem xm® atlx

W eR™™ app 1t thepixt e vectol x -
y— Wx- W(As)- (WA)s (1)

wheley € R™ collesporfls 0 the np el s18nal vectol When heso ke ms
ales tats tcally ‘1rfiepe‘rfi ent 115 hop ¢ fat he tecoverd Y 5 abo<qpponen
twye ufl » erfl ent hats
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a(y)— [ aw): (2
=1

whele ¢(-) denotes hep loPabiy demsat { netion  enelally arfl  nless s tated
othelwpe 18 B &S med m hepapel hatm-—n afl heseq ale p X8 ;) athx
A 5 mvelible
Thest 4y on thely plobley, can R traced back 1o Ton® Tno ye &Ly 1
whoshowdd haty Iecovel heso ke s @ toscaln® afl Iiellln tation g, D
8 1% whenw (i— 1,...,n) kegye cqpponentwse nfleperflent arfl at ot
¢ o ey, B assian LateI on o gpon 2 { 1herfor, ahad e plobe,
el he napels | 1nce ten el ‘o plobk}n ha enwilel st did flqn
difelent pekpectives B ) any Iseakhek (¢8 2 7) Inpalic Jal one of
assential 8oal to exp loit he .1rfiep erfl ence mp atallel 5 toq 1y, 1% he {ollowin®
obectave { nétion o! heso callkd L mpy mom b & wfoly, ation (M)

D(W) - —H(y) -3 / M W) 1083y )dys, )
=1
whele H(y) - — [ p(y) 1o8p(y dy Iop Isenk the entligpy ofy pi(yi)denotes he

Iedete}n 1neCl cflelp Iobabdl'& ey § n¢ton (pdf ) hat s mp]qnented o
ap LoXy, ate hepy, algmalpdf ofy arfl pW(y; W)denotes e jomip lobabihy
dg¢ub fonony - -Wx Tn e litetat e how %o choge \hemdie]pdfs B an
mp oltant Bs elor el ) 1o]0]em T4s known that with each djelpdfpz(yz)
pledeﬁned hs Mmme\hdi wolks onl m he¢se Whele he Sqpponent o
y ale erhel alls pel a ssias olalls b assias "‘

Fol fhe ¢ wheleso ke contamn Poth s pel assan afl s P assian
s1%nak 1n an nknown 5, anne! 1t W& s 88 4 hat cach dielpdf pi(yi)
bhO LSS elel} A) stabe afl ke jearndd toge‘helvxlhdemlxmgmatllxw
n falﬁ he_]eal_mngofpz(yz
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one bity athn® corfl 1tion 8 alantess a feasible sol ton of he I5  wloblky,
by globally , axy, 1408 e sy plfidd obectve I neton (to R defind Jater
m ection 2) denved {19, e (3) Fowevel s s 1t 5 lathe! Isthcinve
that 1t s Senetall diffic 1t o obtam afesiblesol ton of he I plobg, b
sealthm® he g,loba,]m aXm m d e obective neion s ay atel of fact 1t
B mole siSnificant tos t dy e localsep alation p lgpely o hely 1obiern
iflel hhe one bt ath mgﬁorf1 1hon hat heso e can Rescp alated " locally
m X 1408 hat .ob]ecnve { nction m the Sape settmg lon® 45 d.ﬂecnon
WL &X 17 aleddy proved gatall he localy axyy a of e fol, Jatd
.objeC‘nvef ne tion C.ol'l'espo.rfi to the feas1besol tom of thels Iobk‘m 1 the
tW.o so ke xmSse ttmg.

Tnthspawe! wel rher mves ti%ate e foly lated obective I netion m he
Senelalcase pecticall wep love hat hele alwas exs iy any localy axy, & of
the ob]ecnvef nc tion ‘hatCollesp ofl o hes table fess 1besol tiom of thel, o

loblem 1e thestabesol tom o alocalseakhin® alSolihy, on he objective
f nétion) 1 the Senelal ¢ae el e one bltm akhin® Corfiltlon M)leowzl
mn celatnsit ation el he one bltm ath S corfl 1ion thele ako exs ts Qn €
local ) iy, @ o e obective I netion hat Collsp ofl to hes tabe feasibie
sol tom o hely pl',oblem Wl‘hleeds pel afls b assianso ks That
5 thes ceassd lsep atation €an ke o btaindd via locall ;) 1y, 1408 he objective
{ netion el e one bitm aikhin® corflition s ¢h acae W.lihm.lxed s pel
afls b assianso s,

The s tof hepaperssil et 1 & follows We fikifol, late he objective
{ neton arfl mnitgl e a lee, a mmsection2 ection? p lsend thep an s 1s
of two theolgys, We concl de briefly 115 ec tion ‘

92 The Obje tiVe #Hn tion and a Yemma

Ford x¢ ssions mple1y weas pe hatheso ke m1Xed arfl tecove e g 18nak
ale all whitendd arfl s W afl A ate bot orthonoly a] When theskewnes
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By hatwe & Tewhite () &

TR - S k- SN vk, (9

i=1 j=1 i=1 j=1

Usfler te one bt Mchmg':orfi 1ion wih the he]p of celfammpel, tation we
Ccan always obtam KPP > 2>k > 0> kp-i—l > >k arfl vi > 2y >
0>wvpy = 2 v, which will P@ com fletd & the one bltm a‘iﬁhmgcorflltlon
m hs papel

Ttha enploved in 1" hat e 8o bal ) axyy, 1%ation of X e dj) et he
one Dty aichm&corfl 1hion can onl ke Spp Toach able B setin®R & an fentiy
matlix p to celtamnpel, tation arfl s18n 1rfiete1m macy That s the Slobal

m #X 14ation of K¢ will Iecovel the ohi¥malso ke p to s1%n arfl pel
m ‘aton ;1rflete}n‘1n391€b i the one big ), ahin® corfl 1tion B satbﬁed‘ 'n the
Woso Icem.lxlngcase 1€ n— 2 1ths been { IheIpIO\véi m 17 that ke
losaly, axyy a of J(R) ale abo onk leashable I hepely tationg, atlces p to
s18n 1rfiete}n.1naﬁ}' ler he one bt atehin® corfl 1ton 'n the followin® we
will p love hat hele eXs by ay local y axyy a of J(R) hatcollsporfl to ke
stable fess1blesol tiom of hely wloblg, ~Woleovel! in celtamn ¢ases Whele
ot s pel afl s b assianso ke coexst sqpe m iy 2 of J(R) ako co!
sporfl to hestable feaibesol wom of Iy wlobg, B elolke d.omgs.q we
midd e one ey @ % Tollows,

Lemma 1. Suppose that F(x) (x € R™) is a twice differentiable scalar function
under the following constraints:

Ci(x)"oa i"laza"'ak' (7)

Construct a Lagrange function with a Lagrange multiplier set X — {A1, Ag, -+,
Ak} dee, L(x,A) — F(x) —&—Zf:l X:C;(x), and assume that (x*,N*) is a solution
of the system of the equalities that all the derivatives of L(x, ) with respect to
the variables of x and the Lagrange multipliers \; are equal to zeros. It is also
assumed that these VC;(x*) are linearly independent. If for any nonzero vector

q /- 0 under the constraints q* e C;(x*) —-0 fori—-1,2,---  k, we have
q"\EL(x*, A" )q <0 (or >0), (9
then x* is a local mazimum (or local minimum) of F(x) under the constraints.

Lepm 21 5 awell knowny, athey atcal s 161n go &, 14ation heoly 14 p ool
can kedp A 1n 18

3 The Main Results

Wit e above backS1o ﬂi we ale Tesfly to inves wdate he localy, axyy, 19ation
of objective I netion J(R) defined 1n dj) vhele R 5 apel, tation athix p
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ay Ty

tos15n ufletel) macy (nay el & aspeC1a] olthonoly, al y attx) We comfler
e Senelal gp by 14ation p loPley of g axp 1408 J(R) wih 2 fixed m atiix K
afl RR” -1

Tn ofel tosolve hs Cors slamd @ ¥ 1434100 p lioblem we mildd ce aset
of LaStanSe ), limhes A — {);; i <5} aufl com st ¢t theLaStanSe objecive
{ neton

R)\)' erwkz]JrZZ)\U(ZTlﬂ’lj76@'), Lf,)
i=1 j=1 i=1 j=1

whele 6;; Qenotes the K lonecke ! I netion® v del'.lvatlon we have

OL(R,A i n
% = ki + Y 2\ Y rig; (10)
Y 1=1 I=j+1
OL(R,N) 0
6)“] Z’f’lﬂ"lj i'~ (11)

I=1

wen A wedefine a new p attx U= (wgj)uxn #

Aij
Ujj =
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Theorem 1. IfR* is a permutation matriz up to sign indeterminacy and k;; >
0 at all the positions where |r 1, it corresponds to a local maximum of the
objective function J(R).

1j| S

Proof: FoI convenence we vectohike the n X n ) atlx R mto an n? X 1 vecto!
R - T RnQ
vec - T11,721, 0 TRl T12,722, 7 5 Tn2, " 5 T1ns T2y " 5 Tnn € .
Iesp orfl Sl we ) & ak o Cors t1 ¢ 1o n2 X 1 vee fol
o ollsp orft in®y wWe y & ako Cors a nonklon veetol q

_ T n?
qd— G11,921, " ,Gn1, 12,922, > Gn25" " 1 q1n, @205 " 1 Gnn - € R™ .
Takin® hedenvaiive of £ e (12) yiels

O?’L(R, ) .
Oryori; )G ) Vi + iy ()

whele 64 ). ;) Qenotes the Kionecker I netions eh that 1t eq ab o 1 o
(@,7") — (4,7) (napel @— 7' afl 5 j) afl %16 oterwse i follovs f1g,
re (1) hat

U- - RTB. (17)

WhenR-— R* 5 ape}n tationy, at1x p tos18n ufletely, macy U* (s oc1aid
wih AY) will ke a 1agonalmat11xB v the corfl ition hat k‘” > 0 at every

|7"”‘ - ] 1t i‘O,HOV\S that u
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s by atiees Kip afl Ko tert Collesp ofl 8 k;; ale all psitve Thelelotke
‘hesepe}n tation y atlcs ((p tosdn ufletel, macey) ale all local y) axy, a of
J(R) g leally thele ale pl(n —p)ls ¢h pel, tation ) atlces, For 0 < p <
n the nmkbl o hee peln taton p atlces s {ag1y ]alge ”,[helefole thele
alway's exs & m a1y localy, axyp, a of J(R) hat Collebp.o.rfi to hes tabe feas 1 be
sol tom of hely plobly, ! Tn ohe! woll wely wlobg, has gy any s tabe
fess1be sol o1 Ifiel e one bty aichn® Codi 1ton via locally ) axyy 14m8
e objective I netion J(R)

’n thesyy al context we canp love he {ollowin® heolqy,

Theorem 2. IfR* is a permutation matriz up to sign indeterminacy and k;; < 0
at all the positions where |r -1, it corresponds to a local minimum of the objective
function J(R).

Remark 2. ¢cofm8 to Theolg, 2 afl 1fler he one Bty awhn® con
dition f e non%lo elep en® d a pel, tation py atlx ale all m thes D
matices Ko arfl Ko 183 a local jymyy m od JR) That s 1t 5 pos1
ble hat he loCa]mmhl m d the objectl\’ef neton can ke a fessibe sol
tion of hely ploblg, Wwhih act ally explaus why a local 81l enidescent
sealkh of he ob‘]ecnvef 1€ tion €an ako led 0 afesiblesol tion of hel o

ploble, 1n celtamn scenalis ¥ owevel hw kufl of pel, taton ) atlx can
onl} exptin hespecial cse whele n — 2p (1e hall s pel  assian afl palf
s b agsian)

~Moleove! since he Corfimon(s) B ak o necess aly fola]ocalqo‘qn m sol ton
(o &y m olmmm m) o e com ttamedd { netion we can concl de hat i
te n gy R o peitve arfl neSative ki; at he peitiors whele ITU\ — 1 alke
both Sleate! han 1 R* will ke as#dje p ot of e obective { netion J(R)
olkall s & apel, taton y atlx Senelally exs & afl ako Collesp.orfls to
a feasibie sol ton of the o Iobk'm with m.1Xed s pel afl s b assian
so ke leowevel hssol tion s always 15 ta bl

Tos m @ he above I 18 we have o tabshd hat el he one bit
matﬂhlngcoxfi 1ton thele alwad's eXs 4y any s tabie feas 1 bles ol o of hely

p loblg, via locally m #X3 14n8 he objechve { netion (r> m the ;) eanvhile
theley, & eXpisqpe 15 table feas 1Des ol tiom of hel o plob]em méjdmon
tele ;& exst local gy a of J(R) hat Collespmfi to he s table fess b
sol i 1n he ¢a s ;ofle s pel afls b agssianso e,

1j|

4 Con lusion

In s papel we have analy 4 e fesibesol tom of el Is ploble, n

del the one Dty aichn® corfl1tion B v ) athey atical anal’ss we have p Toved
fat hele always X 6, any s taDle feas 1Des ol tioms of hely, plobley el
e one ity ateh 18 corfl 1on 'n ey eanwhile el he one bltm athmn®
COl’filtIQn thele ) & exstsqpe 1B tabe feas1ble sol wom of el ) pIob
len moleowﬂ thele & exstlosal ) iny, a of J(R) collsp ol in8® o hesta
be feas1ble s ol toms of thely plob]em with m.1Xed s pel afls b assian
so e,
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