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Abstract. Model selection for Gaussian mixture learning on a given
dataset is an important but difficulty task and also depends on the
feature or variable selection in practical applications. In this paper, we
propose a new kind of learning algorithm for Gaussian mixtures with si-
multaneous model selection and variable selection (MSFS) based on the
BYY harmony learning framework. It is demonstrated by simulation ex-
periments that the proposed MSFS algorithm is able to solve the model
selection and feature selection problems of Gaussian mixture learning on
a given dataset simultaneously.
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1 Introduction

Finite mixture models [1] are flexible and powerful statistical tools for data
analysis and information processing. In fact, they been extensively used in a
variety of practical applications such as clustering analysis, image segmentation
and speech recognition. Among these applications, the Gaussian mixture model
is very popular and very important in theory and practice. In order to solve the
problem of Gaussian mixture modeling, several statistical learning methods have
been established, such as the EM algorithm [2]-[3]. However, the conventional
learning algorithm cannot solve the model selection problem, i.e., to determine
the number of Gaussians for a given dataset. When the Gaussian mixture model
is applied to clustering analysis, the model selection problem is just to determine
the number of clusters for a dataset. Since the number of Gaussians or clusters
is not available in the general cases, model selection must be made with the
parameter estimation, which is a rather complicated and difficult task [4].

The other crucial problem on Gaussian mixture learning is feature selection.
In principle, the more information we have about each individual, the better
a learning method is expected to perform. But in practice, some features are
noises and may degrade the learning performance, especially in high-dimension
circumstances. A genic dataset usually has a limited number of observations with
thousands of features. Actually, there are a large number of features which are
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irrelevant to the learning or classification problem. So, feature selection is neces-
sary. In fact, feature selection has been investigated in the context of supervised
learning scenarios [5]-[8]. It was shown in [9] that feature selection can improve
the performance of a supervised classifier on learning from a limited number of
data points. But for unsupervised learning or clustering analysis, because of the
lack of labels as guidance, it is rather difficult for a learning method to achieve
the feature or variable selection together with the parameter learning.

As the model selection is related to the feature selection on Gaussian mixture
learning, it is reasonable to consider the two selection problems simultaneously
under a unified framework. In fact, there have been two investigations on this
aspect directly for clustering analysis. Martin et al. [10] proposed a simultane-
ous feature selection and clustering method using mixture models through the
concept of feature saliency and the EM algorithm. On the other hand, Li et
al. [11] proposed a simultaneous localized feature selection and model detection
for Gaussian mixtures by Bayesian variational learning. Now, we try to propose
a a simultaneous model selection and variable selection (MSFS) algorithm for
Gaussian mixtures based on the Bayesian Ying-Yang (BYY) harmony learning
system and theory [12]-[13].

The remainder of this paper is organized as follows. We begin with a brief
description of related works on model selection and feature selection in Section 2.
In Section 3, we present our simultaneous model selection and feature selection
algorithm for Gaussian mixtures. Section 4 contains the experimental results.
Finally, we conclude briefly in Section 5.

2 Related Works

2.1 Feature Selection

Feature selection algorithms can be broadly divided into two categories: filters
and wrappers. The so-called “filter” approaches select proper features before
the learning process or clustering analysis. They evaluate the relevance of each
feature to the learning problem using the dataset alone [14]-[15]. Independent
selection of the features may influence the effect of learning or clustering. On
the other hand, the so-called “wrapper” approaches combine the learning or
clustering algorithm with evaluating the quality of each feature. Specifically,
a learning algorithm (distance-based [16]-[17] or model-based [18]-[19]) can be
implemented for each feature subset. Then this feature subset is evaluated by the
performance of learning or clustering. From this point of view, the “wrappers”
approaches are usually more computationally demanding since they evaluate all
feature subsets.

Intuitionally, feature selection is choosing relevant features, and there are
many definitions of feature irrelevancy for supervised learning, such as the
correlation or mutual information. Here, we adopt such a definition of feature
irrelevancy for unsupervised learning that the i-th variable is irrelevant if its
distribution is independent of the class labels. This means that the i-th variable



Simultaneous MS and FS via BYY Harmony Learning 49

is irrelevant when it comes from a common distribution p(yl|λl) which is inde-
pendent with labels. By contrast, we define the density of a relevant feature l by
p(yl|θjl) for j-th component of the mixture model. Based on these definitions, if
we assume that these variables are independent, the likelihood function can be
written as the following form (refer to [10],[11]):

p(y|θ) =
k∑

j=1

αjp(y|θj) =
k∑

j=1

αj

D∏

l=1

(ρlp(yl|θjl) + (1 − ρl)q(yl|λl)), (1)

where ρl is the probability that i-th feature is relevant and θjl and λl are the
parameters.

2.2 Model Selection

The traditional approaches to solving the compound Gaussian mixture modeling
problem of model selection and parameter learning or estimation are to choose
an optimal number k∗ of Gaussians as the clusters in the dataset via one of the
information, coding and statistical selection criteria such as the famous Akaike’s
Information Criterion [20], Bayesian Inference Criterion (BIC) [21], Minimum
Description Length (MDL) [22], and Minimum Message Length (MML) [23].
Among them, Akaike’s information criterion (AIC) and the MML criterion are
often used. However, the validating processes of these approaches are compu-
tationally expensive because we need to repeat the entire parameter learning
process at a large number of possible values of k, i,e, the number of Gaussians
in the mixture. Moreover, these existing selection criteria have their limitations.

Since the 1990s, there have appeared some statistical learning approaches
to solving this compound modeling problem. The first approach is to utilize
certain stochastic simulations to infer the optimal mixture model. Two typi-
cal implementations are the methods of Dirichlet processes [24] and reversible
jump Markov chain Monte Carlo (RJMCMC) [25]. These stochastic simulation
methods generally require a large number of samples through different sampling
rules. The second approach is the Bayesian model search based on optimizing
the variational bounds [26]-[27]. This approach implements a new selection cri-
terion with the Bayesian variation bound. The third approach is unsupervised
learning [28] on finite mixtures (including Gaussian mixture as a particular case)
which introduces certain competitive learning mechanism into the EM algorithm
such that the model selection can be made adaptively during parameter learn-
ing by annihilating the components with very small mixing proportions via the
MML criterion. Recently, the Bayesian Ying-Yang (BYY) harmony learning sys-
tem and theory [12]-[13] haven been developed as a unified statistical learning
framework and provided a new statistical learning mechanism that makes model
selection adaptively during parameter learning for Gaussian mixtures [29]-[32].
In the following, we will use the BYY harmony learning system as our unsuper-
vised learning framework for Gaussian mixtures.
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3 Simultaneous Model Selection and Feature Selection

3.1 BYY Harmony Learning for Gaussian Mixtures

A BYY system describes each observation x ∈ X ⊂ �n and its corresponding
inner representation y ∈ Y ⊂ �m via the two types of Bayesian decomposition
of the joint density: p(x, y) = p(x)p(y|x) and q(x, y) = q(y)q(x|y), which are
called Yang machine and Ying machine, respectively. Given a sample dataset
Dx = {xt}N

t=1 from the Yang or observable space, the goal of harmony learning
on a BYY system is to extract the hidden probabilistic structure of x with the
help of y from specifying all aspects of p(y|x), p(x), q(x|y) and q(y) via a harmony
learning principle implemented by maximizing the following functional:

H(p||q) =
∫

p(y|x)p(x) ln[q(x|y)q(y)]dxdy. (2)

For the Gaussian mixture model with a given sample dataset Dx = {xt}N
t=1,

we can utilize the following specific Bi-architecture of the BYY learning system.
The inner representation y is discrete in Y = {1, 2, · · · , k} (i.e., with m = 1),
while the observation x is continuous from a Gaussian mixture distribution. On
the Ying space, we let q(y = j) = πj ≥ 0 with

∑k
j=1 πj = 1. On the Yang space,

we suppose that p(x) is a latent probability density function (pdf) of Gaussian
mixture, with a set of sample data Dx being generated from it. Moreover, in
the Ying path, we let each q(x|y = j) = q(x|mj , Σj) be a Gaussian probability
density with the mean vector mj and the covariance matrix Σj , while the Yang
path is constructed under the Bayesian principle by the following parametric
form:

p(y = j|x) =
πjq(x|mj , Σj)

q(x|Θk)
, q(x|Θk) =

k∑

j=1

πjq(x|mj , Σj), (3)

where Θk = {πj , mj , Σj}k
j=1 and q(x|Θk) is just a Gaussian mixture model that

will approximate the true Gaussian mixture model p(x) hidden in the sample
data Dx via the harmony learning on the BYY learning system.

With all these component densities into Eq.(2), we get an estimate of H(p||q)
as the following harmony function for Gaussian mixtures with the parameter set
Θk:

J(Θk) =
1
N

N∑

t=1

k∑

j=1

πjq(xt|mj , Σj)∑k
i=1 πiq(xt|mj , Σj)

ln[πjq(xt|mj , Σj)]. (4)

According to theoretical and experimental results on the BYY harmony
learning on the BI-architecture for Gaussian mixtures [29]-[30],[32]-[33], the max-
imization of the harmony function J(Θk) is able to make model selection adap-
tively during parameter learning when the actual Gaussians in the sample data
are separated in a certain degree. That is, in such a situation, if we set k to be
larger than the number k∗ of actual Gaussians in the sample data, the maximiza-
tion of the harmony function can make k∗ Gaussians from the estimated mixture
match the actual Gaussians, respectively, and force the mixing proportions of
k − k∗ extra Gaussians to attenuate to zero.
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3.2 Proposed BYY Harmony Learning Algorithm

By a transformation, J(Θk) can be divided into two parts:

J(Θk) = L(Θk) − ON (p(y|x)), (5)

where the first part is just the log-likelihood function:

L(Θk) =
1
N

N∑

t=1

ln(
k∑

j=1

(πjq(xt|mj , Σj))), (6)

while the second part is the average Shannon entropy of the posterior probability
p(y|x) over the sample dataset D = {xt}N

t=1:

ON (p(y|x)) = − 1
N

N∑

t=1

k∑

j=1

p(j|xt) ln p(j|xt). (7)

According to Eq.(5), if −ON (p(y|x)) is considered as a regularization term, the
BYY harmony learning, i.e., maximizing J(Θk), is a kind of regularized ML
learning. This regularization term contributes to avoiding over-fitting and achiev-
ing model selection.

If we replace the Likelihood part with (1) and assume that these variables are
independent, the maximization of J(Θk) will be able to make model selection
and feature selection simultaneously.

J(Θk) =
1
N

N∑

t=1

log(
k∑

j=1

αj

D∏

l=1

(ρlp(xtl|θjl) + (1 − ρl)q(xtl|λl)))

+
1
N

N∑

t=1

k∑

j=1

p(j|xt) log p(j|xt), (8)

where θjl, λl are the parameters of Gaussian densities and

p(j|xt) =
αj

∏D
l=1(ρlp(xtl|θjl) + (1 − ρl)q(xtl|λl))∑k

i=1 αi

∏D
l=1(ρlp(xtl|θil) + (1 − ρl)q(xtl|λl))

. (9)

Actually, there have been many learning algorithms to maximize J(θ). Here, we
adopt the fixed-point learning paradigm (refer to [32]) and the learning algorithm
can be derived as follows.

Define:

γj(t) = 1 + log p(j|xt) −
k∑

i=1

p(i|xt) log p(i|xt) (10)

utjl =
ρlp(xtl|θjl)

ρlp(xtl|θjl) + (1 − ρl)q(xtl|λl)
; vtjl = 1 − utjl (11)
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By derivation, we have the derivatives of J(Θk) with respect to αj , θjl and
λl, respectively. Letting these derivativ
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Fig. 1. The sketches of estimated ρl for (a). Dataset 1, (b). Dataset 2, (c). Dataset 3.

The Distributions of the three classes are N (mi, 1.414 ∗ I), i = 1, 2, 3, where I is
still the identity matrix, m1 = (5, 5, 5, 5, 0, 0, 0, 0), m2 = (0, 0, 0, 0, 0, 0, 0, 0) and
m3 = (−5,−5,−5,−5, 0, 0, 0, 0).

4.2 Simulation Results

We repeat our proposed model selection and feature selection algorithm for Gaus-
sian mixtures on each of these three datasets 50 times with the parameters being
randomly initialized. Here, our attention is just focused on the feature selection.
So, we only show the average value of ρl over 50 experimental results in Fig.
1. It can be seen that our proposed algorithm can successfully distinguish the
informative features from the noises, especially for the first dataset on which the
last four irrelevant features are found out exactly. The average values of ρl are
in a descending order just as those features in the second dataset are designed
in a descending order of relevance. It can be also noticed that there are some
fluctuations along the downtrend. This may be caused by the local optimization
of the modified harmony function and can be solved by some global optimization
technique.

As for model selection, when k is set to be 2k∗ (k∗ is the true number of
Gaussians or classes in the dataset), our proposed algorithm achieves the classi-
fication accuracy rates of 66% ,82% and 76% over the three datasets, respectively.
Clearly, the model selection result on the first dataset is not so satisfied. In fact,
the structure of the first dataset is indeed complicated. For comparison, we im-
plement the RPCL algorithm [34] on the first dataset and generally get a poor
clustering result. As for the third dataset, 36 tries out of 50 make the correct
model selection and the rest 14 tries lead to 4 clusters. Actually, the largest
component is split into two clusters.

5 Conclusions

We have investigated the problem of simultaneous model selection and feature
selection for Gaussian mixtures and proposed a new BYY harmony learning
algorithm for solving it. The proposed algorithm is constructed in the fixed-point
learning paradigm. It is demonstrated by the simulation experiments that the
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proposed algorithm can simultaneously detect the number of actual Gaussians
in the dataset and recognize the informative features accurately.
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Appendix

Define:

htjl =
p(xtl|θjl) − q(xtl|λl)

ρlp(xtl|θjl) + (1 − ρl)q(xtl|λl)
.

The gradient and Hessian of J(Θk) with respect to ρl are:

∂J(θ)
∂ρl

=
1
N

N∑

t=1

k∑

j=1

p(j|xt)γj(t)htjl;

if l �= m,

∂2J(θ)
∂ρl∂ρm

=
1
N

N∑

t=1

k∑

j=1

p(j|xt)
[
htjmhtjlγj(t) + htjmhtjl

−
k∑

i=1

p(i|xt)htimhtjlγj(t) −
k∑

i=1

p(i|xt)htilγj(t)htjm

]
.

if l = m,

∂2J(θ)
∂ρ2

l

=
1
N

N∑

t=1

k∑

j=1

p(j|xt)
[
htkl − 2

k∑

i=1

p(i|xt)htilγi(t)
]
htil.
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