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Abstract. Fo Y ie &u e odel ,dee iigheu be ofce ®e s i
efe ed @a edelselecie .Thi 4 ¢ u's fo, ada @ e aic edels elec-
ie algeih baede Bg aia Yi g-Ya g(BYY)ha e lea i gfe xu e
of Gussia ‘ecas i cie al egasies ( x-GPFR) ‘ede.BYYha e
lea i gha bee quccastil], a “Tied @ he eodelselecie ~eble eof Gus -
sia  xu e eodel (GMM },h ica e bedieclusedfe ha ef =& -GPFR

odek . We'' do hecnscef hi “eble ad @ @cace g echa i of
u e ccesu cie baede Gussia ‘ecas (GP) edek, h @ gh, hichy, e
asfe a x-GPFR edeli @aGMM. This,, eca ake edelselecio
fo ﬂix.-GPFR edel  iaBYYha e lea igE ¢i e al au lsshe ha
¢ “eecda e aic edelselecié algeih ca ' d hee i alu be
ofce ®esi aulise cea yedaae.

KéP vords: Mixu & of Gussia P ecas B cie al Reg asies - Medel
Selec i® ~Ba§, @ia Yi g-Ya gHa o Lea i g-@ ,eReces ucie

1 Introduction

Gussia ‘ecas (GP) edek aea effec jceolfe Byaia elica @ Aa e-
icclasi'caie a d egesio ,eg.,clasif i g hei dgs efha d i e digis ad
odeli g hei\, esed a ig efa ebe a "[1].He g€, h%, ca e deal, ih uAI(i-
s@ cen | eda a es effec { el . Te qece ¢ hs i ‘i a‘io ,” xu eof Gussia e-
cas i cie al egasios ( k-GPFR) edek, ee ‘e ecd[2,3]ad he e esje
e_eaihha bee dg eed oa iﬂai g hei aa ees,a ag, 7i g hei éfe a ce,
ada [ighe eoeca eld eble s [4 8]
Like e he A ie ®u e edek, x-GPFR edel ale face he “eble of
edelselecie , a e| dee iigheu be ofGussia ‘ecas i cie al ega -
sie (GPFR)ce @ ¢és.Sicea ia “@ jaeu be of GPFRce @ ¢ s ill
igiabl lead ® ®e ge ealizaie abili , edelselecio & of g ea i @ acel
addiie "e aki g edelselecio u ilizi"gde ai k @ ledge e e ¢ ie cey, eca

The A he ¢)p de exchsjelicese S i ge¢ Nau eSi ga @ ePelL d. 2023
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akedaig a e aic edelselecie algeih s.The adiie al ehedi e cheece
hee i alu be of GPFRce @ ¢ s he ghce ai s ai icalselecie ciecie .
Fe xa Te,Qia ge al. [6] @ ®@ed hes i i g écaie - ai izaie (SEM)
algeih baede heBaaia i fe aie c ie‘io (BIC) [9]. He Q,e,all he e.s -
i gs ai icalselecie cileiaefe caiseca i ®¢ u be of GPFRce @ ¢ s
ad heuseeofas aj icalselecie ciecie i @ s ahigh i ece Tei ,si cg, €
ced @ ¢ éa hg, hele @a ee & i ai g ‘ecas fo diffete u bcs ef GPFR
ce ®c¢es.Me eq ¢ s ocha icsiu Al{a ie eched wcha g esibley "Ma ke,
chai Me e Cale [1_(3] a dDiichle ‘ecesa [11], hz{, calebee used odea), ih
he edels elec i eble of x-GPFR edek [5,7, 8]. He g€, he e ¢ hed

uiecelleci galageu be ofsa Tew hich au Is i ahighce u“aie alce .
* Fo Gassia &xu ¢ edel (GMM ), hea e aic edelsclecie algeih s
baede Ba aia Yi g-Ya gBYY)ha e lea i g[l12,13] he},e agu iedbe e
au ls a dhighe co u“aie s éed ha haebaede s ai icalselecie cieia
a ds echa icsiulaie ehed [14 20
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He e,si ce hei dicao\,aiableij.s calaw ede eci a zis cad of .Fe he GMM,
w €6 ablih hefellp i g BYY,;),.; e 1qz=g) =7 q(dz=8) =N n, Ty ;
I
p(9 =1 8(s«— ) ie hee Ticaldes LE
i=1

TN g, T
pz=gl9=—5 £ 3)
s=1 JTSN( ‘““s’ zs)
Me cq ey, eig ee he eg laizaie e r,iese r=1.The ehq,e
I G
1 7N g, T,
H(pllg) = 7(©) = 5 = £ TN g T, . @)
i=1 g=1 =1 N ( ling, )
w heeJ(®)i called ha .y i cie adO® = ng,ug,Zg 521.

Accedi g e BYYha e lea ig he aiu efJ(®)ce & €d e he

o 1 alu be of Gassia co” @ e sa dhebs aa ees [14 20].He ce, eca
ake edelselecie a de i ae he 4a ees b ai izi gJ(®).1 he “ecas
of a&i i7i gJ(®), he kig @ @ ies of e ed da Gussia co @ e s
ce cge ece. Ce i ed, ih hea o aic edelselecie algeih s baede
s ak icalselecie cieiaa ds echa icsi u laie ehed, hee baede BYY
ha ° lea i ghq,eaiu iedbe e auls a dhighe ce u“aie s éed[14 20].

3 Automatic Model Selection Algorithm Based on BYY Harmon’
Learning

Fis | €b ie‘*’ i et ce he &-GPFR edel. A GP s acellecie of a de

\,aia le ,a, " ieu be of hichiwu bjec eaGagssia di ib ie [1]. Tes “écif,

aGP{f(&)HEXgRD}W eo&, eed edee 1eis ea @i cie m(¢9a'd
c%aia ceti cie ¢ ¢ «y hee.

m(9=Ef(9 adec « { =E f(9—m())f « —m { . (3)

w he@ @ heGPi de ecda

F(O~GP m(9,c s € . (6)
I x-GPFR edek ,siceD = 1w ede @ec hei U" a xis ead of « The ,a

x-GPFR ede], ih G GPFR ce @ e s ca bea ablihed h @ gh he folle i g
fe u lae:

G
q(z = g) = mg, wheremy > 0a d Ty = 1; %
g=1
qO®lz =g) = GPFR xlbg, 05,7y =GP m xbg ,c x,x|0 +rg_18 x, x
®)
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I F‘.(S),Sx,x’ 5 heKe ecke delatli cie ,

2
x—x

-

, ©))

mxlb, = @) bya de x,x'|8, = ngoec. BTy
gl

w hee o) = o1 (x), 92(x), ..., op(0)]T & a cel yece of Bs Tia [21]ad
c x,{’|eg g«efe ed ea he.squ aede. @ e ialcg,aia celi cie .040,0,1,a drg
ae Qi'\,e aa ees. .

The Yi g achi eeof he x-GPFR edeli
q(z=g,y(x) = q(z = g)qy(x)|z = g) = 1gGPFR x|bg, 8¢, 1y (10)
adis Ya g achi ei
( @) = PO = glye) = p(yiey) —s TR Xb: b T
pZ=8,y\x)) =plyx))pz = glyx)) = plyx .
G TGP FR(x|by, 05, 1)

s=1

(11)

<We de eca aiiguo edaae a D = {C,'}f:m, hee C; = {(x,-n,y,-n)}f:];l
e @esa aiigao Veofle ghiN;. T & ge ealg, asu ed ha xj1,...,x, ae
‘do { di iboedi hei eyallx ix o] =1"...0)Le §= xi....x, T
i = Vil 2 dO©= 7, by 0,1 O Fe he k-GPFR edel,

G

Hpllg) =  [pOo@®)piz=_gly®)] (gz=g)g(y®)|z = g)dy() (12)
g=1

ca e bea T&i aedts,

1 G JTgN’ﬂm‘g,Cig

J(®) = -
1 i=1 g=1 ?:1 7Ts-/\/ i|mjs, Cis)

1 ngN’”migs Cig (13)

w ihmg=m ¢by adCyg=c « 40, +r; Iy heely,
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.y
Ci= xudm o fo filxy ihxy=x; +n—DAD iga Tig heaiace
of Gissia eiei

N;

2 1 ~ 2
o] = = Yin — fi(Xin) - (14)
Ni
n=1
1% clea ha
Ni
2 1 2
0y = —  in —fi(xin)) (15)
N;

i au biaede i acef he aia ccof Gussia eiei he Tocas ofsa i gC
feo f,(x) He ce, ali;agoode. i acef he\aia cee heagu Ge ha heecae
o ig i Yea diffe e ce bg, ee fi(x)a df,(x) Tu 1{ el, éii ageeda ““&i aie
ofC Tha s es g, hediffe e cebg, ee he e cie cafi cies ccqececdfe

C ad(, e eckeg ks ally, hick, 111be,ahdaed he ghe €1 e s i Sec.4.

R . T
Le D= G V= [x1, %2, ..., xy10, 2 dWi = i1, 9o, ..., 9iv . Pica be
i
egadeda asa Icof he fellp i g GMM:

G
q(z=g) =g heem, >0ad ma=1;qVz=g =Nng,Cg, (16)
g=1

heemg =m b, a dCy =c ¢« {0, +ry y. Is Yi g achi es
qz=8"V =qz=¢89qVz=2¢ —ngN[mg, (17)

adis Ya g achi ek

’ ’pZ—gr’ ’ ngNWm G ~ (18)

]T[.SN myg,

W

The ,is co @ ® di gha e_ i cie &
y
re ngN'nm,cg

G
s=1 TN iimg, Cg

J(©®) = - 1 7N 'g|mg,Cg . (19)
i=1 g=1

As hecag ihGMM, he xiu ef/(®)ce a @ d ehece 1 alu be

of GPFRce ® ¢ s a d heba aa ees.The cfe ey €ca ake edels elec io

adlea he @a eesh i izi gJ(®) heghu eicale 1 izaie ehed.

Afe he aiig “oces.sw eca dee ie heclas ofa aiiga | € acce di g
ehe xiu a & ciei 44'obabiliy,i.e. le
ﬂgN ,-|m ,Cg .
Zi= ag & i=12,...,1). (20)

G
¢el1.2,...G) o N Piimg, C

The ed Qa GPFRce e c s de ge a aligu & de o hei e
s all kig ‘@@ ies.Theclas ofa @ ©  €ca akebedee iei hi,
Bgida.fe a @ o e, eca ‘edic he & @ u's h calo lai g hei ce diie al
dis ib ie g{e hek @ @ U's.Thede aik ae efé ed e[4 8].
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4 E perimental Results

I hisecie g euse iAC‘s, heicdaaes a d, e ealy elddaaes oVei, he
effec { e as of @ ‘o s ed a‘o‘aic edels elecio algeih .Wece ae i-
GPFR  edel ai ed ia @ ‘@ acdalgeih w ihGP edek, x-GP ede},
GPFR edef,a d x-GPFR edef ai ed he gh he adiie alEMalgeih [2,
3]a d he SEM algeih [6].

Sice, eae ail cece ed, ih he “edicie abili, ef & -GPFR ed-
ek, he e@ed ea s;jUaece o (RMSE)i chee a heqal]laio e ic. I &
asu ed ha heeaefY & © aadheQCU<ofheth(t—12 ,T) &
a eaey,l,y,z,...,y,MW hgeco s o di g “edic ie m]le. aey,l,yg,...,jz,M,
8 eckeg I follg s ha

1 T M )
RMSE = m Ytm _j}tm . (21
t=1 m=1

44

A "ae g,,as alle RMSEi dicaa abe e ‘edicie aul.

4.1 On &nhetic Datasets

The i es, heicdaaes acde oeda S, 85, Slo, 3 ecke . he e hesu b-
scis e @ae heu bes efce @ c s.Fe cachce @c  ea Te20 aiig
a aale& a 3fo aG%, ih @ -zee ea @ cie . The ea @ cies
ad da ees ofheGuscla “ecasaused @ge eae he ies, heicdaaes
aels i Table I heeSl(l_ZS .,10)ae ge eaed% het‘ [ GR . Each
q\eco‘ss oflOO o sw heei u's ae a de tds ik edi [—3, 3]. The 60
o s @ helefsideofa a @« ,eaek@ adhed0e s @ he ighsideae
usedfe & i g.

Fis W ede es ae heeffecke as of y © ecos ucie baedoA GP edck
hughex i es.A allgu‘ek ade | chae fo cachce @e i So.
Fig el c-.ses he eces ucie v o of he ie aiigu a.Fig elice -
cedof9dl b4g1 &, eacho& hich "ae s a aiigao \,e,l.s eces Ucie U v &
adhei & cie ea 6 cies.A ca besec fe heA'g e,alhe gh heeae
s ig iVca diffe e ca bg, ee a aiiguo eadis ecesucie @ v & hei &-
cie eca fi cies aesi ilay hichi ﬁa ha @ '4'0‘§edu\,e eces u cie
baede GP edel 5 effec { e

Whe @ i go ‘o @ecdalgeih ,Gi iiializeda [+3fe S;. Teilis ae he
bad effec ofg, @ gu be of GPFRce @ ¢ s o “edic ie abiliyw e ai K-
GPFR edek cesi i gof/—1a dI+1GPFRce 3‘e.svia helﬂ;l‘\/[algoih [2,3],

w hichaede eeda, x-GPFR(-1) a d, 44K-GPFR(+1) , 8 e‘ci‘,e,.Si ila g,,
x-GP edel, ih/—1adl+1GPce ee¢saede oeda, x-GP(-1) a'd
. k-GP(+1), & éc'{,eg,.BaidQ,Pise ebe20.Table2 “ae s hee. €¢i e al
au s .

Fe Table2, esee ha he RMSE of he GPFR edela d he -GPFR edel
aes alle ha hecef he GP edela d he x-GP edel, a éc i eg, w hich

W
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Tablel. Mea 6 cies ad da ees of he Gussia ecasaused @ ge eae he ie
sy heicdaa es .

Mea @ cies o7 1
x2 [0.5,0.5] 0.15
—Ax+ 152 +9 1o+ 40— 152 =9 I [0.528,0.4] 0.144
8&i (1.5x—1) [0.556, 0.3] 0.139
si (150 +2x—5 [0.583, 0.2] 0.133
si (4x) — 0.5x2 — 2x [0.611,0.1] 0.128
—x2 [0.639, 0.1] 0.122
4x+1.5% =9 Iy + —40— 152 +9 lsq [0.667,0.2] 0.117
5ce 3x+2) [0.694, 0.3] 0.111
ce (1.5x) —2x+5 [0.722, 0.4] 0.106
ce (4x) + 0.5x% + 2x [0.75,0.5] 0.1

Fig. 1. The au ls of @ L€ eces ucie e hes, heicdaaes.The ed, gee ,bhe,ad
blacko 8 e @&e heeigi ala y& he ecosuceda e, he ‘@ cie ea fi cie of

\ ~ . . ~ .
heeigi alu _e,ad he & cie ea fi cie ef he ecces ucedun v& 8 éck,eg,.

v

de os aa heeffecie as of eodeli g he ea fi cie a ali ea ce bi aie
ofBs Tia.B ce 4ighe k-GP( &-GPFR) edela d he GP (GPFR) edel,
he eedfe i” edci g he xu esuc ek de o5 aed. B he eey eca
see ha g e gu be of GPFRce @ e s affecs he ‘edicie au ls bad] . Fe
S5, 83,...,8),beh he SEM algeih ade e @edalgeih N d he de ec
u be of GPFRce @ e s a d hei RMSE af:clg e.Hp ge,hei ece Tei,
of he SEMalgeih i highe ha ha ef@ ‘e @edalgeih .O hee eha d,
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he SEM algeih eced o ¢ éa hg, hele da ce lea i g ‘ecas fo diffee
u bes ofAC‘}PFR ce oes.0 he: he ha d,si ce_fliffe e aiigao v 8 hq, e
diffee i Usy ehge eise helee s uan ¢ he ‘ega ig This he ai
eae, h heSEMalgeih ha ahigh i ece Te.i. . Fe Sjo,si ce he SEM
alge ih faik eV dheueu be of GPFRce & ¢ s,is RMSE & lage ha
ha ef@ e @edalgeih

Taki g Sofe «a Te, ¢ ae hedis ei g auls of@ o @edalgeih
i Fig.2y, heediffee celes ¢ ae diffec ce @es.0O helef ad igh
side ef Fig.2ae hecls ei g auls of®@ ‘o @edalgeih e he aiigad
& daaes, @ 4éc'{,eg/.l iclea ha @ e @edalgeih ce ecg, N dall he

.

ce ® C 5.

Table2. RMSEa du i g i eefall he ehed e he.s), heicdaaes.

S S3 Sy
RMSE |Ti e( i) RMSE |Ti e( i) RMSE |Ti e( i)
GP 5.5831 |6.87 47878 |9.88 47798 | 13.09
&-GP (-1) 5.5239 |6.12 4.6125 |8.90 43580 |15.84
& -GP (+1) 4.8240 |7.39 4.6035 | 17.40 4.3488 |23.31
GPFR 5.0759 | 6.68 4.6864 | 12.42 43051 |17.72
x.-GPFR (-1) 5.0214 |8.07 0.9416 | 15.95 0.9510 | 18.93
& -GPFR (+1) 1.6846 | 14.20 1.0680 |22.66 0.9319 |25.79
& -GPFR (SEM) | 0.4312 |20.63 0.4856 |41.59 0.5469 |58.97
x-GPFR (BYY) |0.4401 |9.46 0.4746 | 15.03 0.5403 | 18.64
Ss Se S7
RMSE |Ti e( i) RMSE |Ti e( i) RMSE |Ti e( i)
GP 49213 |17.85 49897 |15.07 5.3096 |20.47
& -GP (-1) 4.4775 1 15.03 43834 |20.14 4.3025 |30.66
& -GP (+1) 4.5205 | 28.59 43813 |29.19 4.3082 |30.53
GPFR 4.8079 |26.73 4.8649 |24.25 49871 |21.45
& -GPFR (-1) 0.8756 | 31.66 1.0776 |29.67 1.3295 |32.09
& -GPFR (+1) 0.9252 |30.58 1.0270 |35.37 1.0281 |38.44
& -GPFR (SEM) |0.5638 |81.34 0.6057 | 87.52 0.6540 |92.78
®-GPFR (BYY) |0.5573 |25.49 0.6137 |23.66 0.6571 |27.82
S S9 S1o
RMSE |Ti e( i) |[RMSE |Ti e( i) [RMSE |Ti e( i)
GP 4.8180 | 19.67 4.4758 | 17.82 4.8438 | 21.67
& -GP (-1) 4.4904 |24.13 4.1223 | 32.36 4.5730 | 32.78

(continued)



A e aicMaedel Selecie Algeih Baede BYY Ha o, Lea ig 399

Table 2. (continued)

S S3 Sy

RMSE |Ti e( i) RMSE |Ti e( i) RMSE |Ti e( i)
x.-GP (+1) 44818 |23.70 4.1214 |30.95 4.5878 |28.14

GPFR 4.6871 |26.73 43686 |21.67 4.6865 |20.97

& -GPFR (-1) 1.5325 |33.78 1.0585 |40.27 1.5279 |41.56
& -GPFR (+1) 1.1891 |35.96 0.9789 |39.38 1.0343 [49.78
®-GPFR (SEM) |0.6448 |99.49 0.6233 | 116.85 1.4379 |130.65
x-GPFR (BYY) |0.6421 |28.91 0.6199 | 28.62 0.6317 | 32.46

Fig.2. Qis ei g auls of@ "o @eds e aic edelselecie algeih e Sya dSo.

4.2 On Real-World Datasets

He ey, eu ilize heelec ici, leaddaae ssuedh heNe h & Chi aGidCe -
a, [8ly hich ece & elec”ici, lead g e, 15 i‘i 2009 a d 2010. He ce, dail,
elec ici, lead ca be egaded’a aa v Sy ih96 @i s.Wedjide hedaae i @
w o b-daaes accedi g @ he eay hichae efe ed ea Ria dR», & ?:’c‘{, ek.
Eachar b-daae cosis of200" ai i gu (o foe adl65a o  a.Mecee, he
56 @i s @ helefsideefa a u\,eaekw adhed40e & @ he ighsideae
usedfe & i g
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Fig. 3. The aqu ls eof 0 (€ ecos u cie e heelec ici, leaddaae.The ed,gee , bl e,
a dblacka v 8 e ae he e igi alu v & he eces ucedu V& he & cie ea @ cie

of heeigi alu e ad he &« cie ea 6 cie of he ecos uceda (& 8 'éc'\,eg,.

Alhfl ghall heu V9 hq,e hesa ei ﬁ".sw e ea he a if hg de hek,e he
sa ei u's.Like hes, heicdgae.sw e ade | chewe9 aii'gua v of R,
W44hg44e eces ucie U & ae ‘se edi Fig.3.A ca besee fo he'g e, @

eecdu L& ccos u cie baede GP edek i effec i,efo he elec iciy lead
daae.

Sice he u bes of coé @es i RiadRyaecu kg L ese G =
3,6,9,12,15fe he x-GPa d x-GPFR edek ai edusi g he EMalgeih
Fe @« "o @cdalgeih ad heSEMalgeih ,Gise ebel5. Baida,Pise
obe30. Theex i e al auls aedacibedi Table3.Fe Rja dR,, he RMSE
ofe e scdalgeih is alle ha ha of heSEMalgeih si ce heu be of
ce ®esgieh heSEMalgeih is alle ha hee i ale e.Thechs ei g
auls ae @e edi Fig. 4.0 helef a d ighside ef Fig.4ae hecdls ei g
auls of@ ‘@ @edalgeih e he aiigadae daaes, & ‘éci,e%,.Fo Ri
a dAzzz, he u bes ofce @ c s go e Jlae ‘@ ecdalgeih ae443a d1i,
@ ccjel.A ca besee feo fig.4,u & bele gi g ediffee co e®csac
ol{, e } diffee i ace ai i 0" i ey al, ha i es %,, hechs ei g auls g'{,e
l%, healgeih ae eca e able.
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3

Fig. 4. Qs ei g auls of @

Table 3. RMSE a du

5

15 20

e T .
eecda e aic

igi eeofall he ehed @ Rja dRy.

401

edels elecie algeih e Rja dRs.

R1 Ra
RMSE Ti e( i) RMSE Ti e i)
GP 0.9599 19.43 0.8977 20.39
x-GP (3) 0.9390 20.33 0.8846 21.42
x-GP (6) 0.9387 22.54 0.8854 22.66
x-GP (9) 0.9380 25.99 0.8853 26.09
& -GP (12) 0.9395 29.83 0.8847 31.23
. -GP (15) 0.9401 34.76 0.8872 36.91
GPFR 0.5584 21.30 0.5499 21.59
& -GPFR (3) 0.2089 24.45 0.2133 20.64
& -GPFR (6) 0.1701 25.76 0.1731 24.77
& -GPFR (9) 0.1356 28.93 0.1455 29.45
x-GPFR (12) 0.1248 34.65 0.1314 33.63
® -GPFR (15) 0.1178 35.88 0.1301 36.78
& -GPFR (SEM) 0.1323 150.76 0.1377 170.17
x-GPFR (BYY) 0.1109 33.97 0.1201 34.58
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5 Conclusion

I hi 3¢, ¢ @aca u o aic edelelecio algeih baede BYYha e
lea i gfe x-GPFR edel. Si ce diffe e aiigu e hgediffee i u's,
BYYha e_ lea i gca e bedi ec& a “Tied @ he edelselecie “eble of

k. -GPFR ‘ede} . Te ackle h';w e e&cu (€ ccos u cie baede GP edel,
h e gl hich, e if hei u's ofall he aii gao v 8 . The w eca ake edel
selecie fo x-GP ode} v iaBYYha e_lea i g B ¢i e al auls @
s, heicad eal; elddaaes shg ha @ ‘eecda e aic edelselecie
dlgeih ca Y dhee i alu be ofce ®esi aulise cea ,cdaae
adis i ece Teciy i lg ¢ ha ha ef he SEMalgeih

Ackno wledgement. Thi,, ek i st @ ed ts he Na ie al K% R&DPega eof Chia
(2018AAA0100205).
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