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Abstract

In this report, the author computed the homotopy ring of topological modular forms (tmf)
at the prime 2 using the Adams spectral sequence under the assumption that tmf is an E
ring spectrum and an He ring spectrum with H*(tmf;Fs) = A ® 4(¢2) Fa.
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1 Introduction

The Bott periodicity theorem is equivalent to the 8-periodicity of homotopy of the spectrum bo,
the connective real K-theory. By theorem 5.7, ,(bo) can give some informations (imJ) of ,(S°),
while the latter is di cult to compute. It is interesting to note that H*(bo; F2) = A®a() F2, where
A is mod (2) Steenrod algebra and A(1) is its sub-algebra generated by {Sq'; Sq2}. It is nature to
consider if there is something with cohomology A ®a(.y F2 and whether its homotopy can give us
more information about ,(S°). Acturally, tmf, a spectrum constructed by Hopkins, Mahowald,
and Miller exactly has this property, and ,(tmf) detects many (v»-)periodic families in . (S°)
indeed.

In this article, 1 will compute the homotopy of tmf by the Adams spectral sequence. In
section 2, the May spectral sequence for tmf will be constructed and the structure of its E;-page
will be obtained. In section 3, | will compute di erentials in the May spectral sequence by the
direct computation of cobar complex, algebraic Steenrod operations, and Massey products. Having
obtained the structure of E..-page of May spectral sequence, we will face the extension problems,
which I will solve in section 4 by shu ing Massey products in Adams E,-page. In secction 5, | will
compute di erentials in the Adams spectral sequence using algebraic Steenrod operations and a
"zig-zag" of di erentials in the Mahowald square. In section 6, | will solve the extension problems
in the Adams spectral sequence by information in the sphere spectrum and the ring of classical
modular forms and by shu ing Toda brackets, which are possible to construct since tmf is a ring
spectrum. Then the homotopy ring of tmf is obtained.

In this article, all spectra are implicitly localized at the prime 2, and we use Z, to denote 2-adic
integers.

Acknowledgments. | do not claim originality of any of the results of this paper. The com-
putation was rst done by Hopkins and Mahowald and the result has been published in various
places.

I would like to thank Professor Houhong Fan, who leads me to get started in the eld of
algebraic topology and teaches me a lot. | am also very grateful to Zhouli Xu, who helps me to
learn many knowledge about Adams spectral sequence and May spectral sequence, and suggests
me to have a try to compute the homotopy of tmf.



2 The Construction of the May Spectral Sequence

To compute the homotopy of tmf, we will use the Adams spectral sequence which converges
to the homotopy.

Theorem 2.1 (Adams spectral sequence)([Ada58]). Let X be a connective CW spectrum of nite
type. Then there is a spectral sequence ESt with di erentials d, : ESt — ES*tr—1 sych that
B> = Exty (H*(X); F2) where A is the mod(2) Steenrod algebra;
-ESt is the group associated with a certain Itration of ¢ s(X) ® Z,. O

There are three problems to be solved in the process of computing homotopy by Adams spectral
sequence: the E,-page, the di erentials, and the extensions. For the computations of E,-page, we
will use the May spectral sequence. Before constructing the spectral sequence, we will rst introduce
some de nitions about Hopf algebroids and some relative algebraic structures as shown in [Rav04].

De nition 2.2 (Hopf algerboid). A Hopf algebroid (A; ) over a commutative ring K is a cogroupoid
object in the category of commutative K-algebras. The structure maps are denoted as

source [ :A—
target Rr:A—
coproduct > ®a
counit : — A
conjugation c: —

A graded Hopf algebroid is said to be connected if the left and right sub-A-modules generated
by o are both isomorphic to A.

It can be easily seen that to give a Hopf algebroid (A; ) with | = g is equivalent to give a
commutative Hopf algebra  over A.
The following de nition is an analogy of modules over an algebra.

De nition 2.3 (Comodule). A left -comodule M is a left A-module M together with a left A-
linear map : M — ®a M which is counitary and coassociative. A right -comodule is similarly
de ned.

To introduce more homological algebra in the category of -comodules, we need the following
theorem.

Theorem 2.4 ([HS71]). Suppose is at as an A-module, then the category of left -comodules is
abelian. =

In this article, we only consider the case that A is the eld F,, when is always at over A,
hence we may assume from now on that is at over A.

De nition 2.5 (Cotensor). Let M be a right -comodule, N be a left -comodule. Their cotensor
product over is a K-module M N de ned by the exact sequence

MAN-M® N
AL LA

00— M N —-M®aN M ®a ®aN



In fact, a left comodule M can be seen as a right comodule with the structure map

M- oM5B5Me M Me

where T interchanges two factors. Then it can be directly deduced by the de nition that
Proposition2.6. M N =N M O
The relationship between Hom and cotensor is shown by the following theorem

Theorem 2.7 ([Rav04]). Let M and N be left -comodules, M projective over A, then Homa(M; A)
is a right -comodule, and

Hom (M;N)=Homa(M;A) N
especially, Hom (A;N)=A N. O

By analogy with Ext and Tor in the category of modules, Ext and Cotor can be de ned in
the category of comodules as follows

De nition 2.8 (Ext and Cotor). For left -comodules M, Ext' (M;—) is the i*" right derived
functor of Hom (M; —); for right -comodules M, Cotor' (M; —) is the i" right derived functor
of M —.

The following lemma is a corollary of change-of-rings theorem, which will be of great help in
the computation later.

Proposition 2.9 ([Rav04]). Let K be a eld and f : (K; ) — (K; ) is a surjective map of Hopf
algebras. Then for any left -comodule N,

Ext (K; N) = Ext (K;N)
where the right -comodule structure is induced by f. O

Let’s turn to the case of tmf. We admit that H*(tmf) = A ®a(2) F2, where A is the mod(2)

Steenrod algebra and A(n) is its sub-algebra generated by {Sq';Sg?;---;Sq?"}. The following
theorem gives the Hopf algebra structure of A.

Theorem 2.10 ([Mil58]). A is a graded associative, cocommutative, coassociative Hopf algebra
with coproduct

k
(Sq¢)=> Sq' ® sg*!
i=0
O

Notice that A is not commutative but is cocommutative, its dual A, is commutative, hence
can be seen as a Hopf algebroid over F,. Besides, as we will show, A, has a clearer structure than
A. Therefore, we are more interested in A, and A(n)., the dual of A(n).

The following discussion on the structure of A, is shown in [Mil58].

Let x € A, bethedual of Sq'" € A, where I¥ is the admissible sequence (2K-1;2%=2;... ;1;0;- - -).
Let R be the set of all in nite sequences of non-negative integers with nitely many non-zero en-
tries. Let J be the subset of R consisting of all admissible sequences with lexicographical order
from the right. Let R denote the element ; .r for each R = (ry; r2;---) € R. Then there is a set

isomorphism

tJ =Ry (arsaz;c- a0 ) o (8 — 2az;82 — 2a3; - ak; 0500 )



Theorem 2.11 ([Mil58]). For 1;J € 7, if I < J, then ( ;Sqg'y = 0; if I = J, then
( Osg')y=1
Proof. LetJ = (ar;az;---;ak;0;---)and | = (by;by;--- ;bk;0;---), where ax > 1 and ax > b > 0.
Let 3’ =J — 1% then @ = O . Therefore, we have
( Oisa)y=( ©;sa")
=( g 4 (sq")
= > ( 9%80")(;Sq")

I1+1>=I

Notice that { «;Sq'2) # 0 if and only if Sq'2 has a summand of Sq'". However, consider Adem
relations

SqPsq® = (b; . 1)Sqa+“8qj (0<a<2b)
J

It can be seen that if a+b = 3j to make Sq?Sq appear on the right hand side, a — 2j must be
negative because a < 2b. As a result, Sq?SqJ can not appear in the Adem relations, hence Sq'2
has a summand of Sq'" exactly when 1, = 1.

If b =0, then I, # 1K and ( ©);Sq') =0. If b #0, then ( @;Sq')y = ( CO-1:5q'-1%).
By downward induction, we only need to consider the case that 1 = (0;- - -), when the proposition
follows directly. O

Corollary 2.12 ([Mil58]). A, =F,[ i:i1=1;2;---]

Proof. By the previous theorem, { ) :J ¢ 7} forms a vector space basis of A,, while { )}
runs over all the monomials generated by { ;}, hence the result follows. O

The following theorem illustrates the coproduct structure of A,.

Theorem 2.13 ([Mil58]).
k .
( k) = Z &1. X i
i=0

O
Notice that all the monomials of { ;} form a vector space basis of A,, we can consider its dual
basis in A, which is called Milnor basis. Denote the dual of [* J2--- by Sq(ry;rz;---). There are

some propositions about the Milnor bases.
Proposition 2.14. Sq(i;0;---) = Sq'

Proof. Notice that I; = (i;0;---) is the minimal admissible sequence | such that Sq' has degree i,
by Theorem 2.11, (x;Sq') # 0 ifand only if x= () = I hence Sq' is the Milnor basis dual
to 1. O

The product of two Milnor bases can be computed as follows.



Proposition 2.15 ([Mar83]).

Sq(re;ra;---)Sq(sy; sz ---) = Z (X)Sq(ty;to;--+) (2.15.1)
X

where X is a matrix with non-negative integer entries

*  Xo1  Xo2
X10 Xi11
X =

X20
with >, Xjj =s; and Zj 2inj =i,

X) = H(Xko;Xk—l;l; -+ Xok) € Z=2
K

where

i = QLB (e (e ()

Nny!-- Nl Ny Ny Nk

t = Z Xij

i+j=k

and

O

If we denote Sq(ry;rz;---) with rj = 0 for all i except that ry = 25 by P¢, there is a direct
corollary.

Corollary 2.16. P¢ is a summand of the right hand side of (2.15.1) if and only if the rst factor
of the left hand side is PS™*™* and the second factor is P$ .

Proof. In order to get the summand P¢, X;j must be zero except the ones with i +j = t. To
let (X) # 0, there can only be one non-zero entry in X. Suppose that Xx.t—x = 25, then the
only nonzero r; is r, = 25K and the only nonzero Sj IS si—k = 2%, which coincides with the
corollary. O

Then we can obtain the structure of A(n)..
Theorem 2.17. A(n)* = F2[ i=12n+ 1]:( izn+2—7:)

To prove this, we only need to prove that A(n) has a vector space basis {Sq(ry;rz;---) 1 ri <
2h*2=11 The following theorem will help on this.

Theorem 2.18 ([AM74]). The sub Hopf algebra of A generated by {P¢ : s < h(t)} as an algebra
is spanned by {Sq(ry;ra;---) : re < 2"®} as a vector space, where h is a function from {1;2;---}
to {0;1;--- ;00}. O

We can let h(t) = max{n + 2 — t;0} in this theorem, then it su ces to show that A(n) is
generated by {P¢ : s+t < n+1}. By proposition 2.14, A(n) is generated by {P{ : 0 < i < n},
hence the only remaining thing is that {P¢ :s+t<n+ 1} C A(n).



proof of theorem 2.17. We will prove this by induction on n. For the case n = 0, {P§ : s+t <
n+ 1} = {P?} is a subset of A(0) indeed. Suppose that A(n — 1) is spanned by {Sq(ry;rz;---) :
re < 2711 we will show that all the elements P,"**~%(t > 2) are decomposable in the terms of
P and terms in A(n — 1).

By corollary 2.16, to obtain P{"**~* as a summand, we need a product P **=*p ™17t The
second factor is contained in A(n — 1) by induction hypothesis, while the only known case about
the rst factor is P € A(n). So consider PP, then we get the following equations of the
matrix entries:

X10 + 20 Ix1 41 =27 X10 = 2" — 201y
{ 10 1;t—-1 { 10 1;t—-1 (2181)

— on+1—t — on+1—t
Xojt—1 + Xg;4-1 = 2 Xoit—1 =2 — X1;t-1

When t # 2, to make the corresponding summand not in A(n — 1), it is necessary that x;0 >
2" or Xoi1 > 2"27t or xp¢q > 2"t hence Xpp 1 = 2"t or x341 = 0. The case
X1:t-1 = 271t corresponds to the summand Pt””‘t, while the case Xi.t—1 = 0 corresponds
to Sq(2";0;--- ;2"*1-t:0;...). Therefore, it is natural to consider P{‘fllftP”, which gives the
equations:

(2.18.2)

Xt_1:0 + 2X¢_1;1 = 2"+t N Xo1 = 2" — X¢—1:1
Xo1 + Xg—1;1 = 2" Xe—1:0 = 2"t — 2%¢ 14

To make the corresponding summand not in A(n — 1), it is necessary that x¢_1.; = 0, which
is corresponding to Sq(2";0;---;2"*1-%0;...). Therefore, PM** "t + PPPN It + PIITPD ¢
A(n —1).

When t = 2, we still claim that P~ + PPt + PP € A(n — 1). By (2.15.1),

npn-1 _ . . . N-
PP = E (X103 X01)Sq(Xo1 + X10; X11;0; -+ +)
X10=2" —2X11
Xo1=2""1—x11

= Z (2" — 2x11; 2" = x11)Sq(2" + 2" — 3x11; %11 0; -+ -)
0<x;,<2n—1=3

+ P+ terms in A(n — 1)

n—1 — . . . N-
Py P = E (X103 X01)Sq(Xo1 + X10; X11; 0; -+ )
Xp1=2" —X11
X10=2" "1 —2x11

= > @M —2x152" = x11)Sq" + 2" — 3% X113 0; )

0<x11 S2"7123

+terms in A(n — 1)

Notice the fact that (a + 2X;b) = (a;b + 2X) € F, if a;b < 2¥, the proof is thus accomplished. [

Back to the case of tmf. By the duality of modules and comodules, the E,-page of Adams
spectral sequence can be reformulated as

E5" = Exty' (F2; H,(tmf))



where H, (tmf) is the dual of H*(tmf) = A ®a(2). F2. By the duality of modules and comodules
again, H.(tmf) = A, a(.F2. By lemma 2.9,

Ex'= Extii:z)*(Fz; Fy) = Cotoriﬁ}z)*(Fz; Fo) = ts(tmf)® Z,
To compute the cotorsion, we may refer to the cobar resolution.

De nition 2.19 (Cobar resolution). For Hopf algebroid (A; ), a left -comodule M, and a right
-comodule L which is projective over A, the cobar resolution C*(L; M) is de ned by CS5(L; M) =
L®a °®a M, where =coker . The coboundary map is given by
ds : C3(L; M) — C¥"H(L; M);
l® 1®--® s@mr— L® 1@ ® sem

+(DI® 199 (D@ s@m
i=1

+-1D)® 10 ® s® m(m)

The element I® 1 ®---® s®m is usually denoted by I[ 1|---| sJm, where | or m can be omitted
if | =1 or m =1 respectively.
Proposition 2.20 ([Rav04]). H(C*(L; M)) = Cotor (L; M) O

This proposition makes Cotorifz)*(Fz; F>) computable, but in practice, it can be really cum-
bersome. Therefore, some other methods are necessory. A feasible one is the spectral sequence
induced by Itration. The the case of decreasing Itration is similar to the increasing Itration, so
we will only introduce the increasing one below.

De nition 2.21 (Filtration). An increasing Itration on a Hopf algebroid (A; ) is an increasing
sequence of sub-K-modules
K=Fy CF; C---
with  =(JFs such that
‘Fs -Ft CFsst ,
«¢(Fs ) CFs , and
(Fs ) C ®p+q=s Fp ®aFq -

A Itered Hopf algebroid is one equipped with an Itration, where the Itration of A is induced
by the one on , i.e.,
FsA= L(A)NFs = rA)NFs = (Fs )

An increasing Itration on a -comodule M is an increasing sequence of sub-K-modules
K=FM cFMC---

with M = [JFsM such that
'FsA N FtM C F5+t 3 and
' (FSM) C @p+q=s Fp ®A FqM .

De nition 2.22 (Associated graded object). The associated graded object of A is ECA with
EJA = FsA=Fs_1 A, where we let F_;A =0. E® and E°M can be similarly de ned.



Proposition 2.23 ([May66]). (E°A;E° ) is a graded Hopf algebroid and E°M is a comodule over
it. ]

Theorem 2.24 ([May66]). Assume E° is at over E°A, L, M are right and left comodules. Then
there is a natural spectral sequence converging to Cotor (L; M) with E;"* = Cotorg, (E°L;E°M),
where the second grading comes from the Itration, and the di erentials d, : ES't — ES*Lt-r,

Proof. Cotorg, (E°L;E°M) = H(Cgo (E°L;E°M)) = H(E°C (L;M)), while Cotor (L;M) =
H(C (L;M)). Therefore there is a spectral sequence induced by the Itration on C (L; M), which
is the one stated in the theorem, where elements in each page is given by

EPY ={x e FyC®: x€Fyu (C*}=(Fy_1C°+ (Fus+r1C>1))

where C* = C*(L; M), and is the di erentials in C*. 6 O

In [May74], May gives A,, and hence A(2)., an increasing Itration called ME§ i9ARGNEFEE—0_ 98 {(E) B



3 Di erentials in the May Spectral Sequence
The di erentials on the May spectral sequence are induced by the di erentials on the cobar
complex, which give the most direct way to compute the di erentials.
By theorem 2.26, the E;-page of May SS for tmf is
E;™" = Fa[hio; h11; hiz; hao; hag; hao)
Proposition 3.1. dl(hi;j) = ZO<k<i hi—k;k+j hk;j

Proof. h;; is represented by [ 2'] € EQ;_;Cacz). (F2; F2), where

CZD= Y [ 2] Z1€Fa2Cae.(F2iF2)

O<k<i

Hence di1(hi;j) = > o<k<i Ni—kik+jhij- O

Table 3.1: May E;-page generators and their di erentials

generators di erentials

hig 0

hi1 0

hio 0

h2o hioh1a

hay hi1hgo

h3o hioho1 + hiohag

‘Now we have di-cycles hig, hi1, hiz, h3;, h3;, h3,. We only need to consider the di erentials
of hiohd, hky, where 0 <'i;j; k < 1. In fact,

d1(h20h21) = highi1ho1 + hithiohag = di(hi1hao)

hence hy1hzo+haghyy is a di-cycle, which is denoted by ho(1), then ho(1)? is decomposable in terms
of other cycles ho(1)? = h2,h3, + h3,h3,. Besides,

d1 (h20h30) = h1oh11hzo + h1ohaoh21 + hi2h3y = higho(1) + hi2h3,
d1 (h21h30) = h11hi2hze + hioh3; + hi2haohor = hioho(1) + hyoh3,

d1(h20h21h30) = di(haoho(1) + h11h3,) = ho(1)d1 (hao)
Therefore, we get the structure of E,-page:

generators: {hlo; h]_]_; hj_z; h%O' h%]_, hgm hO(l)}
relations: {hioh11; hi1hiz; hioho(1) + hioh3o;
hi2ho(1) + hioh3;; ho(1)? + h% h%, +h3;h3;}

Then consider di erentials on E>-page. Since any generator h;; has rst grading and third
grading odd, the rst grading and the third grading of all elements have the same odevity. While

10



dy : EStY — ES*LGU-T the even pages do not admit nontrivial di erentials. In particular, the
elements in E,-page are exactly the ones in E3-page.
As for the di erentials on E3-page, we only need to consider the generators of E;-page. Since
(%D =0in Cac). (F2; F2), there are no nontrivial di erentials of hy;; admitted on any page,
that is

Proposition 3.2. dr(hy;j) =0; vr O
Then consider ds(h3,), we have
Proposition 3.3. dz(h3,) = h$; + hZ,hy»

Proof.
0 # h%O S E§36;6 = {X c FBCZZG = F3C326}:(F502;6 + (F8C1;6))

where CSit = Ci(tz)*(Fz; F,). Notice that FgC?2® is spanned by

Table 3.2: A basis of FgC2%6

elements May Itration di erentials

[ 1] 7] 3 [ 1] 1] 11+ 4] 2] 4]

[122 5 [al 21 31+ 0ol 2120+ [ 2] 2| 1+ 1] 7] 1]
[£]1] 2 0

[fl12] 5 CElal 2+ 22 21+0 5 2] A+ 3] 2f 4
[3]3] 4 Lol 21 31+0 20 2l 51+ 3 ol 21+ 3] 4] 2]
[ 3 2] 5 Cal [ 20+ 022l 2+ 3] 114l

[ 2] 3] 5 [2) 2 51+ 102 2l 21+ 12| 3] 4]

[ 2] 2] 6 [£] 2] 21+ 2] 2 4]

[1] 7] 2 0

[12/2] 5 Cal ol Z14 02121214032 81+ 2] 4l 2]
[ 3] 4] 3 [a] 71 2+ 7] 2l 1

[f204 5 L33 A+ [ 2l al+[al 8l ad+[3] a4l

For an element x representing h3,, x should have May Itration 6 with May Itration of
dx being less than 3. From the table above, it can be gured out that h3, can be represented
by [ 2] 2l +[ | 1 21+ [ f 2| 1], and hence ds(h3,) can be represented by [ {| £| f1+[ 7| 1| 1].
Therefore, dz(h3,) = h$; + h3,hy,. O

It can be seen that the direct computation is really complicated, some other indirect methods
should be used, such as algebraic Steenrod operations and Massey products.

Like the ordinary Steenrod operations acting on the cohomology, there is an analogy that acts
on the Cotor as follows.

Theorem 3.4 ([May70]). Let be a Hopf algebroid over F, and M; N right and left -comodule
algebras. Denote Cotor>*(M;N) by HSt, then there exists natural homomorphisms

Sqi: Hs;t_> Hs+i;2t
fori> 0 such that:
Sg'=0ifi>s;

11



-Sq8(x) = x? for x € HSt;

-Sq! is the Bockstein homomorphism;

If x € HSt is represented by m[ 1|---| s]n, then Sq°(x) is represented by m?[ 2|...| 2]n2;
-Sq' satis es Cartan formula and Adem relations, that is

Sq'(xy) = > Sal()Sq' I (y)

j=o0
Sqasqb — Z <b —i- 1) Sqa+b—isqi (a < 2b)
- a—2i
i>0
O
It can be deduced immediately that
Corollary 3.5. Sq°(hi;j) = hi;j+1 Where h;.j with i +j > 3 is viewed as 0. O
Then several di erentials can be computed by comparing the Adams SS and May SS.
Another proof of proposition 3.3. Notice that hjph;; = 0 in Adams SS, we have
0 = Sq*(hiohi1) = h3; + h3yhy
in Adams SS, hence it must be killed in May SS. It is an element in E3%3, while E3®* = 0 and
EZ®* is spanned by h3, € E5®°, the only possibility is that dz(h3,) = h3; + hZhy,. 0

Proposition 3.6. d3(h3;) = h3,

Proof. h3, = Sq'(h11h12) = 0 in Adams SS, hence must be killed by some May di erentials. Notice
that h3, cannot support a nontrivial di erential by proposition 3.2, while E3"*%™ is spanned by h3,,

therefore, d3(h3,) = h3,. O
Proposition 3.7. ds(h%,) = h11h3;
Proof. Whatever ds(ho(1)) is, d3(ho(1)?) = 0, where ho(1)? = h?,h%, + h3,h3,. Therefore,
hi1d3(h30) = da(h3oh3;) = haa(hioh2i + hashao)? + hijh3, = hih3,
While E3*** is spanned by h;1h3;, the only possibility is that dz(h3,) = hi1h3;. O
The following theorem will be useful in the computation of higher di erentials.

Theorem 3.8 ([Nak72]). For x € EZtY (r > 3) in May SS and i such that s—i is even, there exists
an element in Epr+1-page represented by Sq'(x) such that its di erential is the element (possibly
zero) to which Sqg'(dr(x)) survives. O

Proposition 3.9. d;(h3,) = hixh3,

12



Proof. Consider hZ, € E3**'°, we have
d7(h30) =d7(Sq*(h%))
=S0%(ds(h%))
=Sq*(h11h3,)
=hy2h3

O

Then we will introduce the Massey product, which turns out to be useful in the computation.
We will assume from now on that 2 = 0 so that signs can be ignored.

De nition 3.10 (Massey products). Let C be a di erential graded algebra (DGA), 1;---; n €
MH*(C) such that the adjacent two matrices are compatible with entries of their products homo-
geneous. Their Massey product ( 1;---; n) is de ned if there is a de ning system a;.;; € MC for
0 <i<j <nsuch that:

- j can be represented by aj_1.i;

-d(ai;j) = Y- aikax;j for (i;j) # (0;n).
and ( 1;---; n) is de ned to be {the homology class represented by > aop.kax.n}. It is said to be
strictly de ned if all lowerproducts have trivial indeterminacy (hence are {0}).

About the indeterminacy, we have the following theorem.

Theorem 3.11 ([May69]). Let ( 1;---; n) be de ned. For 1 < k < n let the degree of xx €
MH*(C) be one less than that of  k+1.

AIn( 1 25 3) =U( X2 + X1 3)

Af ( 1; 2; 3; 4) is strictly de ned, then

In( 1; 27 30 4)=UW 15 2:X3) +( 1:X2; a) + (X1; 37 4)) O

One reason that Massey product is useful is that there are relations between Massey products
and ordinary products as stated in the following theorem, which will be used widely in dealing with
extension problems.

Theorem 3.12 ([May69]).

Af( 1;--; n)isde nedthen { 1;---; a)T=( i )

If ( 5;---; n)isde nedthen 1( 2;---; n)C{ 1 2, 33 n)

If {1 2 3-+; nyisde nedthen ( 1 2; 3;---; n)C{ 1, 2 3) 4"} n)

Af( 1;---5 no1)and ( 2;---; n) arestrictly de ned then 1( 2;---; a)={( 1;---; n-1) n

If( 15 k-5 n)isde ned, ( 15---; ;- n) isstrictly de ned then
(- ks mCln s s 5 k+ W n)

Af ( 2;---; n)yisde nedand I, 1 <I|<n, is given with { 1;---; j)={0} for 1 <j <, then
{2 ) Sy )y s ) O

Another reason is that in the spectral sequence induced by a Itration on a DGA, the di er-
entials of Massey products can be computed using the following theorem.

Theorem 3.13 ([May69]). Let C be a DGA equipped with a regular increasing Itration with the
inducing spectral sequence indexed such that d, : EP9 — EP*LA-r_ Let ( 4;---; n) be de ned
in E,.1, where each ; is a matrix with entries being permanent cycles and ; converges to ; €
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MH*(C). Let k be with 1 <k < n-—2such thateach { j;---; j+k) is strictly de ned in H*(C) and
that if an entry of aj;; with 1 < j —i <k in the de ning system for ( 1;---; n) has bidegree (p;q),
then each element of EP>™ with m > 0 is a permanent cycle. Let s > r be such that for each
(p;q) as above with k <j —i<n and for each t with r <t <s, EP*5 9 ' =0, and if j —i >k +1

then EPT29 ' =0. Then foreach € ( 1;---; n)
de( )=0 VvVr<t<s

Besides, there are permanent cycles ; € ME;s+; for 1 < i < n — k converging to elements in

(i;-+-; i+k) such that { 1;---; n_k) is de ned in E,+; and contains an element surviving to
ds( ), where
_ . _( i+ O . . _ n
1=(1 1) i= ) ) @<i<n-k);, k=
i i n—k
Assuming further that each ; is unique, that each ( 1;---; i-1; i; i+k+1; ' n) IS strictly de-
ned, and that all Massey products in sight, except possibly ( i;---; i+k), have zero indeterminacy,
then we have
n—k
ds({ 1;---; n)) = Z< 15 =1 i ikt s on)

i=1
O

There is also a converging theorem assuring that Massey products converge to the correspond-
ing Massey products if some conditions are satis ed.

Theorem 3.14 (May’s Convergence Theorem)([May69]). With notation as above let { 1;---; n)
be de ned in E,+1, where each ; is a matrix with entries being permanent cycles and ; converges
to i € MH*(C). If ( 1;---; n) is strictly de ned, and there are no crossing di erentials, i.e., if
an entry of a;;j; with 1 <j —i <n in the de ning system for ( 1;---; ) has bidegree (p;q), then
each element of EP31T with m > 0 is a permanent cycle. Then each element in ( 1;---; ,)isa
permanent cycle converging to an element in { 1;---; n). O

There is also an analogy of this theorem assuring that Massey products in Adams spectral
sequence converge to the corresponding Toda brackets if similar conditions are satis ed, which is
called Moss’s Convergence Theorem ([Mos70]).

Then we can use the Massey products to compute some di erentials in May SS.

Proposition 3.15. dz(ho(1)) = hioh?,
Proof. Consider (hi1;hio;hi1;hio) in Ex-page of May SS, it has a de ning system:

hyy hio hyy hio
hoo hoo hoy
0 h3o
Hence ho(1) € <hll;h1(_);_h11;h12g_- By theorem 3.11, (hji;hip;h11) and (hio; hi11;hi2) have zero

indeterminacy since E;* = E;*®* =0, 50 (ha1; hio; h11; h1o) is strictly de ned. By theorem 3.11
again, (hi1;hi0;h11;h12) has zero indeterminacy, thus (hy;; hio; hi1;h12) = {ho(1)}.

14



In theorem 3.13, let r = 1. hyg, hy1, hy» are permanent cycles, hence converge to elements in
Adams E,-page, temporarily denoted by X, y, z respectively. Since highi1 and hyihy, are killed by
d; in May SS and there is no elements for extensions, xy and yz are 0 in Adams E,-page. Therefore
{y;x;y) and (x;y;z) are de ned and hence strictly de ned since every 2-fold product has trivial
indeterminacy, so we can let k = 2 in theorem 3.13. Nonexistence of crossing di rentials is easy
to be veri ed. For hgg € E”;5 in the de ning system, E3""* = 0; for 0 € E;™" in the de ning
system, E3”°® = 0, but E3*>? is spanned by hlohlg, hence we can let s = 3 in theorem 3.13.

Then consider (y; X; y> in Adams E;-page. E2 = 0, hence it has zero indeterminacy. There is
a de ning system

[ %] [ 4] [ 7]
[ 2] [2+ 3]
{y;x;y) = {the homology class of [ {| >+ ?]+[ 2| {1}, where ([  2])+[ 1| 1 ]—[%L2+ 31+ 2l 2
hence (y;x;y) = {xz}, to which only highi» converges. On the other hand, E5>’"* = 0 in May
spectral sequence, hence the uniqueness of ; is satis ed, where 1 = h;ghio and 5, = 0. Then by
theorem 3.13, dz(ho(1)) = hioh?,. O

So far we have computed all the di erentials in the E3-page.

Table 3.3: May E3-page generators and their di erentials

generators di erentials

h1io 0

h11 0

h% h$; + higha,
h3, h,

h% hi1h3,

ho(1) h1oh%,

The di erentials of monomials of the generators have the form of
h h?:lz_h h4n4h4n5 4n5 h0(1)2n7d3(h2I1 2I2 2I3h0(1)l4)
where iy;i5;13; 14 € {0; 1}, which can be listed as follows:

Table 3.4: The di erentials of monomials of generators in E3-page

monomials di erentials

h3 hi; + hishi,

h3, h

h3o hi1h3,

ho(1) hioh?,

h5oh3, h?,d3(h5p)

hzohso h11ho(1)? + hf;hi2h3,
h3oho(1) h?1ho(2)

(to be continued)
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(continued)

monomials di erentials

h3,h3, hi,h3o + h11h3,
hZ,ho(1) 0

h3sho(1) h11h3;ho(1) + hyoh%,h%,
h3,h3,h3, ho(1)%ds(h%y)

h5oh3;ho(1) ho(1)2d3(ho(1))
h3,h%oho(1) hi1ho(1)®
h3;h%ho(1) h11h3,ho(1)
h3,h3,h35h0(1)  ho(1)?ds(ho(1)hy)

Then we can get the structure of E4-page:

generators: {hio; hi1; hio; hi1ho(1); h3g; hioh;

ho(1)%; h12h%e; h31ho(1); h3;; h3o}
relations: {hio - h11; hi1 - hi2; hio - hitho(1); hiz - hiiho(1);

h11 - hioh%g; i1 - hi2h3y; hitho(2) - hioh3o;
hi1ho(1) - h12h3,; hi, - h3g + hiy - ho(1)%;
hio - ho(1)? + hyo - h%lho(l); hys - h%lho(l) + hyo - hgl;
(ho(1)?)? + ho - h3y; hiy +hio - hizi hiy; hao - hiy;
ha1 - ho(1)® + o - hizh3g; hi; - hisho(L);
hiz - hi2h3o + hay - h3y; hig - h3;ho(1) + hi; - hioh?;
hi1ho(2) - ho(1)?; hizho(1) - h3;
and relations which can be seen by the expressions}

Notice that hy;j € EY2'1, hZ; € E2@ -D2"4i-2 and hy(1) € E29¢, each generator in E5™%"
has the property that u — s is a multiple of 4. Hence for r > 2, d, is nontrivial only when r + 1 is
a multiple of 4. So let us turn to E;-page.

Consider all possible di erentials on generators of E;-page, the only possibly nontrivial one is
d7(h3,) = hi2h%,, which is proposition 3.9, while di erentials on other generators must be trivial
because of degree reasons.be. Td [(h)]TJ/F7 6.9738 Tf 5.74Qso nerators m; h



4 Extensions in the May Spectral Sequence

Although we get the structure of E..-page of May spectral sequence, we only obtain the
structure of associated graded object instead of the object it converges to, in other words, EStY =
FuH®S'=F,_1HS*. Then the extension problem comes out that even if an element is 0 in ESY,
there may be the case that it is nonzero in HS but with a lower Itration degree.

To distinguish the elements in May SS and Adams SS, x;:; will be used to represent the element
in E3"'"*J of Adams SS to which an generator of May E.-page converges.

Table 4.1: Names of elements in Adams SS and May SS

Adams SS May SS

Xo1 hio

X11 hig

X31 hi>

Xg3 h11ho(1)
Xga hZo

X123 hioh3,
X144 ho(l)2
X153 h12h3,
X174 h%1 ho(1)
X204 h3;

X255 h11h%,
X327 h11h3,ho(1)
X488 h%,

Then consider generators of all relations in E..-page of May SS, where the extension problems
may live in.

Table 4.2: Extension problems in May SS

relations (t—s;s;u) extensions  proof

X01X11 (1;2;2) 0 degree reasons
X3,X31 + X3, (3;3;3) 0 degree reasons
X11X31 4;2;2) 0 degree reasons
X01X5; (6;3;3) 0 degree reasons
X01X83 (8;4;8) 0 degree reasons
x3; (9;3;3) 0 degree reasons
X2, Xg3 (10;5;9) 0 degree reasons
X31X83 (11;4;8) 0 degree reasons
X11X123 (13;4;12) 0 degree reasons
X31X144 + X531 Xg4 (14;6;14) 0 degree reasons
X01X153 + X31X123 (15;4;12) 0 degree reasons
X11X144 + X01X31X123 (15;5;13) 0 degree reasons
X11X153 (16;4;12) 0 degree reasons
X33 (16;6;14) 0 degree reasons

(to be continued)

17



(continued)

relations (t—s;s;u) extensions  proof

X01X174 + X31X144 (17;5;13) 0 degree reasons
X11X174 + X4 X123 (18;5;13) 0 degree reasons
X01X204 + X31X174 (20;5;13) 0 degree reasons
Xg3X123 (20; 6;18) X3, X144 proposition 4.1
X11X204 + X531 X153 (21;5;13) 0 degree reasons
Xg3X144 (22;7;19) 0 degree reasons
X31X204 (23;5;13) 0 degree reasons
Xg3X153 (23;6;18) 0 degree reasons
Xo1X255 (25; 6; 22) 0 degree reasons
Xg3X174 (25;7;19) 0 degree reasons
X31XgaX153 + Xo1X123X144  (26; 8; 24) 0 degree reasons
X21 X255 + X31X303 (27;7;23) 0 degree reasons
X31X255 (28; 6; 22) 0 degree reasons
Xg3X204 (28;7;19) 0 degree reasons
XgaX204 + X344 (28;8;24) 0 degree reasons
X123X174 + X144X153 (29;7;23) 0 degree reasons
X31X123X153 (30;7;23) 0 degree reasons
X123X204 + X153X174 (32;7;23) 0 degree reasons
X01X327 (32;8;28) X31X144X153  proposition 4.5
X31X%53 (33;7;23) 0 degree reasons
X11X327 + Xg3Xoss (33;8;28) 0 degree reasons
X144X204 + X374 (34;8;24) 0 degree reasons
X11Xg3X255 (34, 9; 29) X01X144X204 proposition 4.8
X31X153X174 (35; 8; 24) 0 degree reasons
X31X327 (35; 8;28) 0 degree reasons
X123X255 (37;8;32) X174X204 proposition 4.11
XgaX3sg + X353X144 (38;10;34) © degree reasons
X144X255 + X203X153 (39;9;33) 0 degree reasons
X31X303 (39;10;34) 0 degree reasons
X153X255 (40; 8; 32) X304 proposition 4.14
Xg3X327 (40;10;34) O degree reasons
X174X255 + x123x§53 (42;9;33) 0 degree reasons
X123X327 (44;10;38) O proposition 4.15
X204X255 + X353 (45;9;33) 0 degree reasons
X144X327 (46;11;39) O proposition 4.17
X153X327 (47;10;38) O proposition 4.18
X841 Xag8 + X103 (48;12;44)  XgaX304 proposition 4.19
X174X327 (49;11;39) O proposition 4.20
X21 X488 + X355 (50;10;42)  x%55X204 proposition 4.21
X204 X327 (52;11;39) O proposition 4.22
X11Xg3Xag8 + Xo55X327 (57;12;48) 0 proposition 4.23
X357 (64;14;54) 0 proposition 4.24
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The extension problems are mainly proved by shu ing Massey products and analyzing the
product structure.

Proposition 4.1. Xg3X123 = X3;X144
Lemma 4.2. Xgz = (X11; Xo1; X31)

Proof. Since Ezl;3 = E22;9 = 0, (X11;Xo1;X%,) is strictly de ned with zero indeterminacy, while
(h11;hi0; h%,) is de ned in May E,-page, and there are no crossing di erentials. It has a de ning
system:

hi1  hy h?,

0 ho(1)

So Xs3, the element to which hi1ho(1) converges, must belong to the Massey product (X11; Xo1; x§1>,
which has exactly one element. O

Lemma 4.3. Xiaq = (X123; X11; Xo1)
Proof. As proved in proposition 3.15, (X11;Xo1;X11) = Xo1X31. Hence we have
X11X144 = Xo1X31X123 = X123(X11; X01; X11) = (X123} X11; X01)X11
Then the lemma follows form the fact that the multiplication of x;; on E;‘?“’ is an injection. O
Similarly, there are

Lemma 4.4. X174 = (X153; X11; Xo1)

Proof. X11X174 = Xo1X31X153 = X153(X11; Xo1; X11) = (X153; X11; Xo1)X11 41
Then the lemma follows form the fact that the multiplication of x;; on E;**" is an injection. [

Proof of proposition 4.1.

_ o w2\ — o . 2 _ 2
Xg3X123 = X123(X11; Xo1; X51) = (X123; X11; X01)X51 = X51X144

Proposition 4.5, Xg1X327 = X31X144X153
Lemma 4.6. X37 = <Xg3; X204, X31>

Proof. Since 53;35 = E;‘;ZS = 0, (Xa3; X204; X31) IS strictly de ned with zero indeterminacy, while
(h11ho(1); h3;;h1o) is de ned in May Eg-page, and there are no crossing di erentials. It has a
de ning system:

h11ho(1) h3, hio

0 h3,

S0 X377, the element to which hy;h3;ho(1) converges, must belong to the Massey product (Xsz; X204; X31),
which has exactly one element. O

Lemma 4.7. X144X153 = {Xo1; Xa3; X204)
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Proof. Since E5™% = ES® = 0, (Xo1; Xga; X204) is strictly de ned with zero indeterminacy, while

{(h10; h11ho(1); h3;) is de ned in May E4-page, and there are no crossing di erentials. It has a
de ning system:
hio hi11ho(1) h3,

0 h3,h3;ho(1)

S0 X144X153, the element to which high3;h3;ho(1) = hixh3;ho(1)? converges, must belong to the
Massey product (Xo1; Xs3; X204), Which has exactly one element. O

Proof of proposition 4.5.

X01X327 = Xo1(X83; X204; X31) = (Xo1; X83; X204)X31 = X31X144X153

Proposition 4.8. X11Xg3X255 = X01X144X204
Lemma 4.9. Xo55 = <X11; X31;X204>

Proof. Since E3” = E5?® = 0, (x11;Xa1;X204) is strictly de ned with zero indeterminacy, while
(h11;h12;h3,) is de ned in May Eg-page, and there are no crossing di erentials. It has a de ning
system:

hit  hp h3,
S0 Xs5, the element to which hy;h%, converges, must belong to the Massey product (X11; Xa1; X204),
which has exactly one element. O
Lemma 4.10. Xo1X144 = (X11X83; X11; X31)
Proof. Since Eg;ﬁ = E%ﬂ = 0, (X11Xs3; X11; X31) is strictly de ned with zero indeterminacy, while
(h2,ho(1); h11;hy2) is de ned in May E4-page, and there are no crossing di erentials. It has a
de ning system:

hZ,ho(1) hiy  hyp
hZsho(1) 0

S0 Xo1X144, the element to which hjzh3;ho(1) = hioho(1)? converges, must belong to the Massey
product (X11Xs3; X11; X31), Which has exactly one element. O

Proof of proposition 4.8.

X11Xg3X255 = X11Xg3(X11; X31; X204) = (X11X83; X11; X31) X204 = X01X144X204

Proposition 4.11. X123X255 = X174X204

Lemma 4.12. X174 = <X123; X11; X31>
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Proof. Since E3'*" = E57 =0, (X123; X11; Xo1X31) has zero indeterminacy. Thus

Xo1X174 = X31X144 = (X123; X11; X01)X31 = (X123; X11; X01X31) = (X123} X11; X31)X01
Then the lemma follows form the fact that the multiplication of Xp; on E§;21 is an injection. [
Similarly, there are
Lemma 4.13. Xo04 = (X153; X11; X31)

Proof. Since Eg;zo = E§;7 =0, (X153; X11; Xo1X31) has zero indeterminacy. Thus

X01X204 = X31X174 = (X153; X11; X01)X31 = (X153; X11; X01X31) = (X153; X11; X31)Xo01
Then the lemma follows form the fact that the multiplication of xo; on E5** is an injection. [

Proof of proposition 4.11.

X123X255 = X123(X11; X31; X204) = (X123; X11; X31)X204 = X174X204

Proposition 4.14. X153X255 = X304

Proof.
_ . . _ . . _ 2
X153X255 = X153(X11; X31; X204) = (X153; X11; X31)X204 = X504

Proposition 4.15. Xji23X327 =0
Lemma 4.16. X123 = (Xo1; X11; X31; X31)

Proof. Since EZ” = E3*** =0, the lower threefold products of (Xo1;X11;Xa1;%%,) are 0, hence it is
strictly de ned. Since E21’7 = E§'14 =0, it has zero indeterminacy. (hio;h11;hi2;h%,) is de ned in
May E4-page, and there are no crossing di erentials. It has a de ning system:

hio  hir  hp h2,
0 0 hg
0 h3

S0 X123, the element to which hg h%o converges, must belong to the Massey product (Xo1; X11; X31; x§1>,
which has exactly one element. O

Proof of proposition 4.15.
_ . . .2 . . L2 _ . . 0
X123X327 = (Xo1; X11; X31; X31)X327 C (Xo1; X11; X31; X51X327) = (Xo1; X11; X31; 0)

Since E5'7 = E;%°® = 0, the lower threefold products of the right-hand-side are 0, hence it is
strictly de ned. Since E§’7 = E§'53 = 0, it has zero indeterminacy. However, there is a de ning
system {a;;j } with aj.2 = 0, hence the only element it contains is 0, thus X123Xz27 = 0. O
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Proposition 4.17. Xi44X327 =0

Proof.
X144X327 = (Xo1; X11; X123) X327 C (Xo1; X11; X123X327) = (Xo1;X11;0) =0

The last equality holds since E5*°® = E;%° = 0. 0
Proposition 4.18. Xj53X327 =0

Proof.
X153X327 = X153(X83; X204; X31) = (X153; X83; X204)X31

where <X153; X83, X204> S Eg;53 =0. O
Proposition 4.19. xg;Xags + X},3 = XgaX304

Proof. Notice that X§_123X255 = X§23X174X204 # 0, while X31X488X255 = 0, hence X81X488 + XiZS ;t 0.
The only possibility is that xg¢; Xags + X},3 = XgaX304- O

Proposition 4.20. X174X327 =0

Proof.
X174X327 = (Xo1; X11; X153) X327 C (Xo1; X11; X153X327) = (Xo1;X11;0) =0

The last equality holds since E5*°* = E;%° = 0. 0
Proposition 4.21. X%;Xgg + X355 = X353X204

Proof. Notice that X31X488X205 = 0, While X355X3,53 = X3,4X50, 7 0, hence X3;Xagg + X355 # 0. The
only possibility is that x%;X4gg + X355 = X253X204- O

Proposition 4.22. Xo04X327 =0

Proof.
X204X327 = (X31; X11; X153) X327 C (Xa1; X11; X153X327) = (X31;X11;0) =0

The last equality holds since E5*° = E3%*° = 0. 0
Proposition 4.23. X11Xg3Xagg + X255X327 = 0

Proof. If X11Xg3Xags+X255X327 # 0, then X11Xg3Xags+X255X327 = X174X304. HOWEVET, X11X53X488X204 =
X255X327X204 = 0, While X174%30, # 0, which prevent this from happening. O

Proposition 4.24. x%,;, =0

Proof.
X§27 = X327(Xg3; X204; X31) = (X327X83; X204; X31) = (0; X204; X31) = 0

The last equality holds since E5*™* = E5*® = 0. 0
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5 Di erentials in the Adams Spectral Sequence

After accomplishment of the computation of extension problems in May spectral sequence, we
now get the full structure of the Adams E,-page as an algebra. Actually, it is a free F[Xg4; X4g8]-
module (see table A.1 for its basis) and a nitely-generated algebra. Now we will determine the
di erentials.

The di rentials of other generators as an algebra are 0 because of degree reasons except
X11; X123, X153, X255, X488-

Proposition 5.1. Xj; is a permanent cycle.

Proof. Suppose that x;; supports a nontrivial di erential, say d,(X11) = ngl, then 0 = dy (Xo1X11) =

r+2

Xp1 ~» Which leads to a contradiction. O
Proposition 5.2. dy(X2s55) =0

Proof. Suppose that Xpss supports a nontrivial dy, then da(Xzs5) = Xo1X3,3. However, Xo1Xzs5 = 0
while x3;x%,; # 0, which leads to a contradiction. O

To achieve other di erentials, we may refer to Atiyah-Hirzebruch spectral sequence (AHSS).

Theorem 5.3 (AHSS)([AH61]). For a spectrum E and a CW spectrum X, there is a spectral
sequence with Eg;q = Hp(X; Eq(pt)) converging strongly to E.(X). O

Let E be the sphere spectrum, then Ej,, = Hy(X; ) where 2 is the stable homotopy of
spheres. It is actually induced by the exact couple

(X" ~(XT)

~
~
~
~

*(anxnfl)

It can be seen that the construction of the di erentials in AHSS exactly coincides with the con-
struction of Toda brackets. For example, let X be a CW spectrum with three cells in the dimension
0, n+1, n+ m+ 2 whose attaching maps can be detected by < S and < S respectively.
Let x[n] denote the element in +¢(S™) for an n-cell and x € . Consider the di erentials of

[Mm+n+2] € ((XMFn+2=xm+n+ly —  (SM+N+2)  Gince the attaching map is detected by
Om+1( M+n+2)= [n+1.If =0¢c 2, dnsn+2( [M+n+2)) is constructed by

—1Cone( ) sn

AL S

Sm+n id Sm+n CSm+n

AN

St—2 Cst—Z St—2

Cone( )

FUC/

SO
A
gm+n

G N\

id

St—2

where F is the homotopy between and 0, and G is the homotopy between and 0. Hence
dmen+2( M+n+2))=(; ; )[0].
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Actually, there is an analogy of AHSS called algebraic Atiyah-Hirzebruch spectral sequence
(AAHSS) de ned for CW spectrum X with short exact sequences

0 — H*(X"=X""") - H*(X") = H*(X"™") =0

The spectral sequence is then induced by the exact couple

Ext(X"1) Ext(X")
~

~
~
~
~

Ext(Xn=X""1)

where Ext(X™) = Exta(H*(X"™); F2). The di erentials in this spectral sequence, similarly, coincide
with Massey products. A trick due to Mahowald is the Mahowald square as below:

cellwise

@ Ext(SM) Adams SS @ .(s")

AAHSS“ “AHSS

Ext(X (X
) Adams SS )

Mahowald Square

Then we can nish the computations of d, in Adams SS.
Proposition 5.4. dz(Xlzg) = X31Xg4

Proof. Notice that tmf is a CW spectrum with H*(tmf) = A ®a(2) F2, by minimal cell structure
theorem, the 13-skeleton of tmf is homotopy equivalent to a CW spectrum with three cells on
dimension 0, 8, 12. Consider the action of Steenrod algebra on H*, their attaching maps can



Proof.
Xo102(X153) = d2(Xo1X153) = U2(X31X123) = X5 X84 = X31X144

Then the proposition follows from the fact that the multiplication of Xo; on Eg;lg is an injection. O
Proposition 5.6. dy(X4g8) = X353X174

Proof. By information of Adams E4-page, dsq(X2;X4ss) = da(X353X204 + X355) # 0. However, if
d2(X4g8) = 0, then x4gg survives to Es-page by degree reasons, then ds(x3;Xagg) = 0, which leads
to a contradiction. Hence the only possibility is that d,(Xsgg) = x§53x174.

Note that the argument is not circular since we only need to use the information of E4 in the
range t — s < 48, the inference process of which is independent of d>(X4gs). O

So far we have computed all the di erentials in Adams E,-page.

Table 5.1: Adams E,-page generators and their di erentials

generators di erentials

Xo1 0

X11 0

X31 0

Xs83 0

Xsga 0

X123 X31X84
X144 0

X153 X01X144
X174 0

X204 0

X255 0

X327 0

X488 X§53X174

After listing all elements in Adams E,-page and computing their di erentials, we can list all
the elements in Adams Ez-page and nd its generators as an algebra:
generators: {Xo1; X11; Xa1; Xg3; Xs4; X81X123; X144; X174;
Xo04; X337 Xos67 X123X153; Xisz; X153X174;
X327, X01X?23; Xo1X488, X11X488; X31X488;
Xg3X488, X81X123X488; X327X488; X01X§23X488; Xﬁgg}

On the premise that di erentials of all generators with lower t — s degree have been computed,
di erentials of other generators are 0 because of degree reasons except Xi74, X3,3, X253, X11X4s8,

2
X488-
To compute d3(X174), we will rst refer to the following theorem which gives a description of
imJ.

Theorem 5.7 ([Ada66] and [Qui71]). J: k(SO) — E is a monomorphism for k =0 or 1 mod 8
and J( 4k_1(S0)) is a cyclic group whose 2-component is Z,=(8k). If we denote by Xx the generator
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in dimension 4k — 1, then X,k and 2xyx are generators of imJ in dimensions 8k and 8k + 1,
respectively. O

Proposition 5.8. d3(X174) = Xg3Xg4

Proof. By the previous theorem, 3% has a Z=32 summand for imJ, whose generator 15 € {h3h4}
must support an -extension. By the commutativity of S, notice that has an odd degree, 2 2
must be zero, hence hoh3 must be killed. The only possibility is that d,(hs) = hoh3. Both hohy
and h3h, can not survive in Adams SS because of the order on imJ, thus they must support
nontrivial dz. Therefore do detects an element € $, with 2 = 0. By Toda brackets shu ing,

2 =(2,;2) =2(;2, )€ 3 hence 2 =0and ;s is detected by Pco. The image of 15
under the Hurewicz map ,(S°) — . (tmf) is 0, hence Xg3Xg4 can not survive. The only possibility
is that d3(X174) = Xg3Xg4. ]

Proposition 5.9. d3(X2,3) = X11Xg4X144

Proof. Consider h§[Sq®Sq'®] in AAHSS, d24(h3[SqSql®]) = (hg; hs;hy)[0], where (h;h3;hy) =
h3,h4 in May Eg-page and converges to P h, = hpg by May’s convergence theorem. This di erential
passes to d4(16[Sq8Sql6]) = [0] in AHSS by cellwise Adams SS according to Mahowald square.
Then d»4(64[Sq®Sq*®]) = 4 [0] in AHSS. However, there exists an extension that 4  can be
detected by hiPdg [MT67], hence {h1P do}[0] is Killed in AHSS and X11Xg4X144 is Killed in Adams
SS. The only possibility is that d3(x2,3) = X11Xg4X144- O

We will introduce another method used frequently to determine Adams di erentials that uses
Steenrod operations in Adams SS.

Theorem 5.10 ([BMMS86]). Let Y be an H,, ring spectrum, x € ES* in the Adams SS for Y .
Then ) )
d.SgIx =S¢ " 1d, x+T>

For A with Itration degree s, By with Itration degree s + r; and B, with Itration degree s+ ry,

dr, A = By; if ri <ry;
d.A=B1¥By <= (drA=B1 +B; ifri=r=r;
dr,A = By; if ri > ry:
0; v>k+1lor2r—2<v<k;
T2 =  axdyX; v=Kk+1;

aSg*Vx; v=kor (v<kandv < 10):

where k =s — j.9626 Tf 10.516 0 Td [(5 T(for 8.855 23.432 Td [(dD]TI/F10 6.9738 TdD]TI/F10 6.97



Then in the previous theorem, k = 0, v = 1, and a is the map of degree 2, hence T, = Xg1X31Xg4X123 =
X11Xg4X144. On the other hand, by Cartan formula,

Sq*(X31Xs4) = Sq*X3150°Xas + Sq°X31S0* X4

where Sq°x3; € E¥® =0 and Sq®xgs € E7?4 = 0. Therefore Sq*(X31Xgs) = 0, and Xy1XgaX144 =
d. (Xf23) = d3(x3z3).- [

Proposition 5.11. d3(X%53) = X11Xg84X204

Proof.
Xgal3(X3s3) = d3(XaXZsg) = d3(XIp3X144) = X11X54X204

Hence d3(X353) # 0, the only possibility is that d3(X3s3) = X11Xg4X204- O
Proposition 5.12. d3(X11X488) = X8aX304

Proof. The candidates for dz(X11X4ss) are {0; Xg; Xags; XT03; XsaX304 }- Notice that Xo;d3(X11X488) =
d3(Xo1X11X488) = 0, X3;Xags and X3,; are excluded. If d3(X11X4gs) = 0, X11X48g SUrvives to Es-
page, and hence ds(x%;X4gg) = 0, which leads to a contradiction. The only possibility is that
d3(X11X488) = XgaX304- O

Proposition 5.13. d3(X3gs) = X153X304
Proof. Again, we refer to Bruner’s method.
d.(X7gg) = d.(Sq®xass) = Sq°(daXags)+ T2 = Sq°(Xis3X174)+ T2
k =0, v =1, hence T, = Xo1X353X174X488 = 0. On the other hand, by Cartan formula,
Sq°(Xfs5X174) = (SU>X153)?SU3X174 = X153S0> X174

By [Mil72], Sq3¢y = m in Adams SS for S°. By naturality of squaring operations, Sq3xi74 =
X153X204. Hence XE53X204 = X153X‘2104 = d*(X£2188) = d3(X£2188)' O

So far we have computed all the di erentials in Adams E3-page.

Table 5.2: Adams E3-page generators and their di erentials

generators  di erentials
Xo1
X11
X31
Xg3
Xg4
X81X123
X144
X174 Xg3Xg4
X204 0

X123 X11X84X144
(to be continued)

OO OO OoOoOoOo
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(continued)
generators  di erentials

X255 0
X123X153 0

stg X11X84X204
X153X174 0

X327 0
X01X323 0
Xo1X488 0
X11X488 X84X%o4
X31X488 0
Xg3X488 0
X31X123Xa8g O
X327X488 0
X01X3p3Xags O

X38s X153X304

After computing di erentials in Adams E3-page (see table A.2), we can list all the elements in
Adams E4-page and nd its generators as an algebra:

generators: {Xoi; Xi1; Xa1; Xs3; Xg4; XgyX123; X144 Xo04;
X01X§23; X255, X123X153; X144X174; X153X174,
X327, X01X§23; X174X204; X144Xf53; X01X488,
X153X%74; X§53X204; X31X488; X153X§o4;
Xg3Xass; Xo1X123Xags; Xo1Xio3Xass; X327Xags
X01X323X488; Xo1X5gs; X11X5gg; Xa1Xags: X83Xige;
Xg4X3gg; Xo1X123X5gg; X144X3gg; X01X323X5gs:
X123X153X42188; X144X174X¢2188J X153X174X42188; X327X¢2188;
X01X323X4gg; X174X20aX5sg; X144X353X588) X01Xdgg;
X153X374X5ss; Xi1X4gs; X31X3gg; X83Xigs:
X31X123X388) X01Xi23X4a3; X327X3gg; X01Xi23X4gs: Xags )

In Adams E4-page, di erentials of other generators are 0 because of degree reasons except the
ones computed in the following propositions.

Proposition 5.14. d4(X174X204) = X34X204

Proof. By [MT67], d4(eog) = Pd3 in Adams SS for S°, hence by naturality, d4(X174X204) = X3,X204-

O
Proposition 5.15. d4(X144X174) = X§4X144
Proof.
X20404 (X144X174) = Ua(X144X174X204) = Xg4X144X204
thus d4(X144X174) # 0, the only possibility is that ds(X144X174) = x§4x144. O
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Proposition 5.16. d4(X144X%53) = X52;4X123X153

Proof.
2 N\ 2 U2y _ _ W2
X14404(X144X753) = da(X144X753) = 4(X123X153X144X174) = XgaX123X144X153

thus ds(X144X%253) # 0, the only possibility is that ds(X144X353) = X3,X123X153- O
Proposition 5.17. d4(Xo1X488) = XgaX3,3X153

Proof.
_ _ _u2 3
X1440d4(X01Xa88) = 0a(Xo1X144X488) = U4(X174X204X255) = Xgs X153

where the second equality holds since do(X153X488) = Xo1X144X488 +X174X204X255. Hence d4(Xo1Xags) #
0, the only possibility is that ds(Xo1X4s8) = XgaX293X153. O

Proposition 5.18. d4(X153X374) = X34(X153X174 + X327)

Proof. The candidates for d;(x153%3,,) are spanned by_x_§4x153x174, X34X327, and x§;Xags. Notice
that Xo1ds(X153X37,) = d4(Xo1X153%374) = 0, the remaining candidates are 0 and x3,(X153X174 +
X327). However, it can not be zero since X1440d4(X153X27,) = d4(X144X174X153X174) = x§4x144x153x174.

O

Proposition 5.19. d4(X%53X204) = Xg4X123X144X153
Proof.

Xg404(X355X204) = da(XgaX3s3X204) = da(X123X153X144X174) = X34X123X144X153
thus d4(X%53X204) ?ﬁ 0, the onIy pOSSIbIlIty is that d4(X%53X204) = Xg4X123X144X153. O
Proposition 5.20. d4(X153X%04) = Xg4X144X153X174
Proof.

Xg404(X153X504) = da(XaaX153X504) = Ua(X144X174X153X174) = X34X144X153X174
thus ds(X153X%304) 7 0, the only possibility is that d;(X153X304) = XgaX144X153X174- O
Proposition 5.21. d4(X144X174X3gg) = X34X144X3gg
Proof.

X14404(X144X174X588) = 04 (X344X174X5a5) = a(X144X174X144X368) = X34X204X588
thus ds(X144X174X3g5) 7 O, the only possibility is that ds(X144X174X3g5) = X84X144X5gg- O
Proposition 5.22. d4(X174X204X4gg) = X34X204X3gs
Proof.

X14404(X174X204X558) = Ua(X144X174X204X5g8) = Ua(X174X204X144X588) = X54XT74X588

thus d4(X174X204X‘2188) # 0, the only pOSSIbIlIty is that d4(X174X204X‘2‘88) = Xg4X204X£88. O
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Proposition 5.23. d4(X144X%53X42188) = X§4X123X153X‘2188

Proof.
2 2 N _ 2 2 N2 2
X14404(X153X144X388) = 4(X144X753X144X7g5) = Xg4X123X144X153X388

thus ds(X144X253X255) 7 0, the only possibility is that ds(X144X253X3g5) = X34X123X153X5g8- O
Proposition 5.24. d4(Xo1X3gs) = X8aX323X153X3555

Proof.
d 3 =d 3 =4 2 — 3 2
X14404(X01X458) = da(X144X01X388) = da(X01X488X144X3g8) = X8aX153Xag8

thus d4(X01X43188) ?ﬁ 0, the only pOSSIbIlIty is that d4(X01X288) = X84X%23X153X42188. O
Proposition 5.25. d4(X153X%74X£88) = X§4(X153X174 =+ X327)X42188

Proof. The candidates for da(X153X37,X5gg) are spanned by x§4x_15_3x174x§8_8, X34X327X3gg, and x§; X3gg.
Since Xo104(X153X374X3g8) = da(Xo1X153X37,X3g8) = 0, the remaining candidates are 0 and x3,(X153X174+
X327)X4gg. However, it can not be zero since

2 2\ — 2 2\ — 2 2
X14404(X153X774X488) = U4(X153XT74X144X488) = XgaX144X153X174X7gg

O
Proposition 5.26. d4(X2;X3g5) = X84X123X144X153X3g5
Proof.
2.3\ — 2.3\ — 2 2 2 2
Xgada(X11X388) = da(X8aX11Xagg) = da(XsaX355X3g8) + da(XgaX153X204X2g8)

_ 2 2 2

= da(X255X84X388)d4(X144X174X123X153X385)

_ 2 2 _ 2 2

= 0 + Xg4X123X144X153X385 = Xg4X123X144X153X7gg
thus ds(x2,x3gg) # 0, the only possibility is that dq(x2;X3gg) = X8aX123X144X153X5gg- O

So far we have computed all the di erentials in Adams E4-page.

Table 5.3: Adams E4-page generators and their di erentials

generators di erentials
Xo1
X11
X31
X83
Xga
X81X123
X144
X204
X01X723
X255
X123X153
(to be continued)
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(continued)

generators di erentials
X144X174 X§4X144
X153X174 0

X327 0

X01X323 0

X174X204 X§4X204
X144%53 X§4X123X153
X01X488 X84X%23X153
X153X374 X34 (X153X174 + X327)
X%53X204 XgaX123X144X153
X31X488 0

x153x§04 XgaX144X153X174
Xg3Xags 0

X31X123Xa88 O

X01XZp3Xagg O

X327X488 0

X01X3p3Xage O

X01X3gg 0

X11X7gg 0

X31X7gg 0

Xg3Xgg 0

XgaX3sg 0

X31X123%5gs O

X144X488 0

X01Xfp3X3gs O

X123X153X45gg O

X144X174X42188 X§4X144X¢2188
X153X174X42188 0

X327X488 0

X01X3p3X3gs O

X174X204X588  X§4X204X588
X144XT53XGgs  XB4X123X153X]ss
X01X3gs XgaX23X153X388
X153X374X388 X34 (X153X174 + X327)X3gg
Xflxisg X84X123X144X153X42188
X31X3g8 0

X83X3s 0

X31X123X4gs O

Xo1X$p3XGss O

X327X388 0

X01X3p3X3es O

Xags 0
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After computing di erentials in Adams E4-page (see table A.3), we can list all the elements in
Adams Es-page and nd its generators as an algebra:
generators: {Xo1; X11; Xa1; Xg3; Xsa; Xg1X123; X144; X204;
2 . . . . . 3 .
X01X723; Xo55; X123X153; X153X174; X327, X01X323;
2 . . . 2 .
Xp1Xas8; X31X488; X83Xasg; Xo1XsaXags + X123X144X7s53;
3 . 2 . . 3 .
Xp1X123X488; X01X7123X488; X327X488; X01X723X488;
2 . 2 . 2 . 2 . 2 .
X01Xg88: X11X488: X31X488: X83Xsg8: X84X4gg,
3 2 . 2 . 2 2 . 2 .
X01X123X388: X144Xzgg: X01X7123X488: X123X153X4g8:
2 . 2 . 3 2 . 2 3 .
X153X174X488: X327X488: X01X123X488: X01X488;
3 . 3 . 3 2 2 .
X31X3g8; X83X388: X01X84X3gg + X123X144X753X4g31
3 3 . 2 U3 . 3 . 3 3 . 4
X01X123X1g8; X01X123Xags; X327Xagg; X01X123Xa88; Xass )

Notice that for a permanent cycle x with xy = 0, there is xdr(y) = 0. By letting x = x{y,
X4, OF XgaX3gg (When analyzing d.(X11X%gg)), and by degree reasons, all generators in Es-page
cannot support higher di erentials, hence the Es-page is the E.-page (see table A.4). E_ -page
is a free Fp[X3gg]-module, and there is no relations involving x3g5. Therefore, there is an element

X[192;32] € 19o(tmf) to which xJgg converges, such that Vy € . (tmf) nontrivial, x[192; 32]y is
also nontrivial.
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6 Extensions in the Adams Spectral Sequence

The only problem remained in the computation of

Adams SS.

«(tmf) is the extension problem in the

To distinguish the elements in Adams SS and the homotopy ring, we will use X][i; j] or y[i; j] to
i(tmf) with Adams Itration degree j to which an generator of Adams
E..-page converges. Explicitly,

represent the element in

Table 6.1: Names of elements in homotopy and Adams SS

homotopy Adams SS

2 Xo1

y[1; 1] X11

y[3;1] X31

y[8; 3] X3

X[8; 4] X84

x[12; 6] X31X123
y[14; 4] X144

y[20; 4] X204

X[24; 7] X01X353
y[25; 5] X255

y[27; 6] X123X153
x[32;7] X327

y[32;7] X327 + X153X174
X[36;10]  Xo01X35s
X[48;10]  X3;X4gs
y[51; 9] X31X488
X[56; 11] Xg3Xags
X[56;13]  Xo01XgaXags + X123X144X5s53
X[60;14]  X3;X123Xas8
X[72;15]  Xo1X3p3Xass
X[80; 15] X327X488
X[84; 18] X01X323X488
x[96; 17] X01X5gg
y[97:17]  X11X3gg
y[99; 17] X31Xgg
y[104;19]  Xg3Xggg
X[104;20]  XgaX3gg
x[108;22]  X3;X123X4gg
Y[110;20]  X144XZgg
X[120;23]  Xo1X$23X4gs
y[123;22]  X123X153X5gs
X[128;23]  Xap7X3gg
y[128;23] (X327 + X153X174)X5gg
X[132;26]  X01X3,3X3gs
X[144;26]  X3;X3gg

(to be continued)
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(continued)

homotopy Adams SS

Y[147;25]  X31Xjgg

X[152;27]  Xg3X3gg

X[152;29]  Xo1Xg4X3gg + X123X144X253X 250
X[156, 30] X81X123X288

X[168;31]  Xo1Xfp3Xiss

X[176;31]  X327X3gs

X[180;34]  Xo1X3,3X3gs

X[192;32]  XJgg

As shown in [DFHH14], there is a ring homomorphism : ,(tmf) — MF,, where MF, =
Z[ca;ce; 1=(c3 —c3 — 1728 ) is the ring of classical modular forms. The cokernel of the map can
be described explicitly as

— 8 . — .
Z—igcd(s;ﬁz, n = 24k;
coker( ) ®Z; =< (Z=2)"z1; n=4 (mod 8);
0; otherwise:

which are generated by K and 2cYcs respectively.

Consider the elements with nontrivial image under this homomorphism. In dimension 8, there

must be a generator of the homotopy ring with image c4. Notice that c3 is in the image, while

16(tmf) is generated by X[8;4]2, X[8;4] must have nontrivial image. Meanwhile, y[8;3] can be
chosen to be the image of € g(S°) under the Hurwicz homomorphism, then 2 = 0, and 2y[8; 3]
is trivial. Then y[8; 3] has the trivial image under

Similarly, x[12;6] and x[24;7] have image 2cs and 8 respectively. In dimension 32, there
should be a generator of the homotopy ring with image ¢, . Both 2x[32; 7] and 2(x[32; 7]1+Y[32; 7])
are not zero, then we can change y[32;7] to be the representative of X327 + X153X174 such that
2y[32;7] = 0, and hence y[32; 7] cannot have nontrivial image under . (Actually, we will show
that the y[32; 7] chosen by this is in the image of Hurwicz homomorphism.) Therefore, the image
of x[32;7] is ¢4 , and 8x[32;7] has image 8c4 , hence supports an extension. All elements with
higher Itration degree has nontrivial image, and the only one with image 8c4 is X[8; 4]x[24; 7].
Then we get the extension 8x[32; 7] = X[8; 4]x[24; 7].

It can be similarly checked that all x[i; j]’s have nontrivial image, and all y[i;j]'s have triv-
ial image. All extensions only involving X[i; j]'s can be derived similarly since all candidates for
extensions have nontrivial image.

It needs to be note that x[56; 13] = 2x[56; 11] and x[152; 29] = 2x[152; 27]. Therefore, they are
not generators of the homotopy ring.

Then we only need to deal with extension problems involving y[i; j]’s. All relations in Adams
E.-page should be considered, which are listed as follows:
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Proposition 6.1. y[3;1]° = y[1;1]y[8; 3]

Proof. By [Tod62], + = (; ; ) in sphere spectrum; by [Ada60], 2=( ; ; ), hence y[8;3] =
(y[3; 1 y[1: 1 y[3; 1)) and y[3; 11 = (y[1; 11;y[3; 1] y[1; 1]).

y[L; 11y[8; 3] = y[L; 1(y[3; 1L; y[L; 11 y[3: 1) = (y[L: 1L y[3; 11 yIL: y[3: 1] = y[3; 11°

O
Proposition 6.2. y[8; 3ly[14; 4] = X[8; 4]y[14; 4]
Proof. Inspherespectrum, 3=4 .Hence ((+ ) + 2 )=0.Then(+ ) = 2 insphere
spectrum by degree reasons, and therefore, y[8; 3]y[14; 4] = y[1; 1]2y[20; 4] = X[8; 4]y[14; 4]. O

Proposition 6.3. y[3; 1]y[25; 5] = y[8; 3]y[20; 4] = y[1; 1ly[27; 6] = y[14; 4]?

Proof. By the proposition above, y[14; 4]y[20; 4](y[8; 3]+X[8; 4]) = 0. However, x[8; 4]y[14; 4]y[20; 4] #
0. Then y[8; 3]y[20; 4] is nontrivial, and hence equals to X[8; 4]y[20; 4] = y[14; 4]?, since other candi-
dates are X[8; 4]-stable.

Note that hy;hd, = (h3;;hiz;h11) in May Eg-page, y[25;5] € (y[20;4];y[3; 1]; y[1; 1]), whose
indeterminacy is annihilated by y[3;1]. Then

y[25;5]y[3; 1] = (y[20; 4]; y[3; 1], y[1; 1])y[3; 1] = y[20; 4]{y[3; 1]; y[1; 1]; y[3; 1]) = y[20; 4]y[8; 3]
Note that hiohioh3, = (h3;;hiz;hiohin) in May Eg-page, y[27;6] = (y[20;4]; y[3; 1]; 2y[3; 1]).

On the other hand, in an E..-spectrum, {y;X;y) N (x;y;2y) # @ for odd-dimensional classes y
([Tod62]). Therefore,

y[8: 3] = (y[3; 1L y[1: 1] y[3; 1]) = (y[L; 11 y[3: 11 2y[3; 1) = (y[L; 1]; 2y[3; 1]; y([3; 1])
and we have
y[27; 6]y[1; 1] = (y[20; 4], y[3; 11; 2y[3; 1])y[1; 1] = y[20; 4)(y[3; 1]; 2y[3; 1], y[1; 1]) = y[20; 4]y[8; 3]
O

Proposition 6.4. y[3; 1]y[32; 7] = y[1; 1]y[14; 4]y[20; 4] = X[8; 4]y[27; 6];
2y[20; 41> = y[8; 3]y[32; 7] = x[8; 4ly[32; 7] = y[1; 1]y[14; 4]y[25; 5]

Proof. As shown in [BMT70], {q} can be represented by ( ; 2;2; ) in the sphere spectrum. Con-
sider = (y[1;1];y[14;4]?;2; y[1; 1]), which is strictly de ned and has zero indeterminacy. Note
that

2 = 2(y[1; 1], y[14;41%; 2, y[1; 1) = (2;y[L; 11, y[14; 41 2)y[1; 1] € y[L;1] s1(tmF) =0
Then s either y[32; 7] or 0. Besides,

y[3:1] = (y[1; 11 y[14; 4% 2;y[1; 1)y[3: 1] = y[1; 1)(y[14; 41%; 2;y[1; 11: y[3; 11) = y[L; 1]y[14; 4]y[20; 4]
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where the last equality holds since y[20;4] = (y[14;4]; 2;y[1; 1]; y[3; 1]) according to [MT63]. By

[Tod62), if € | such that (1 — (—=1)X) =0, there is an element * € o4+, such that * ¢

( ; ; )forany . Note that (2;y[1;1];2) = y[1;1]?,

y[8;31 = (YIS yIL ALY ) = (VI3 L y[L 5 yI3 1] ) = (yI3; 11 y[L; 1]; yI1; 1y[14; 4])y[20; 4]
= (y[3; 11 IL; 11; (2; y[14; 41; 2))y[20; 4] = (y[3; 11; y[L; 1]; 2; y[14; 41)2y[20; 4] = 2y[20; 4]

If 2y[20;4]2 = 0, then y[1; 1]y[20; 4]2 = (2;y[20; 4]%;2), and hence
x[8; 41y[14; 4]y[20; 4] = y[1; 1]?y[20; 41 = y[1; 1])(2; y[20; 41%; 2) = 2(y[1; 1]; 2; y[20; 4]%)

which is impossible by degree reasons. Then 2y[20;4]?> # 0. The only possibility is that 2y[20; 4]* =
X[8; 4]y[32; 7] since it has trivial image under . And # 0, hence =y[32;7].

Finally, note that in Adams E3-page, X11X144 = (Xaa; X31; X01X31), and therefore y[1; 1ly[14; 4] =
(x[8; 41, y[3; 1]; 2y[3; 1]). Then

y[1; 1]y[14; 4]y[25; 5] = (x[8; 4]; y[3; 1]; 2y([3; 1])y[25; 5] = X[8; 4](y[3; 1]; 2y[3; 1]; y[25; 5])

where
y[1; 1(y[3; 1; 2y[3; 1]; y[25; 5]) = (y[1; 11 y[3; 1]; 2y[3; 1])y[25; 5] = y[8; 3]y[25; 5]

Hence (y[3; 1]; 2y[3; 1]; y[25; 5]) can be linearly generated by y[32; 7] and 2x[8; 4]*. y[1; 1]y[14; 4]y[25; 5]
must be X[8; 4]y[32; 7] then, since it is not X[8; 4]-stable. O

Proposition 6.5. y[1;1]y[51;9] = y[25; 5]y[27; 6]; 2y[3; 1]y[51; 9] = y[14; 4]y[20; 4]?

Proof. Consider (y[20;4]; y[27;6];Y[3;1]) € s51(tmT), which has indeterminacy generated by 4y[51; 9].
Note that

(Y[20; 4]; y[27; 6], y[3; 1])y[1; 1] = y[20; 41(y[27; 6]; y[3; 1], y[1; 1])
where

(y27: 6L y[3; 11 y[1; 1])y[3: 1] = y[27; 6](y[3; 1] y[1; 11 y[3; 1]) = y[8; 3]y[27; 6] # O



In Adams E4-page, (Xoss; X204X3s5; X11) = X11X2gg, then y[97; 17] € (y[25; 5]; y[20; 41y[25; 5]2; y[1; 1]),
which has indeterminacy y[1;1] g6(tmf). Therefore,

y[3; 11y[97: 17] = (y[25; 5]; y[20; 4ly[25; 5] y[L; 1])y[3; 1] = y[25; 5](y[20; 4]y[25; 5] y[1; 1]; y[3; 1))

Note that (h8;;hi1;hip) = h3,hS, in May Eg-page, (X30,;X11;X31) = X355 in Adams E,-page, and
hence X353 € (X353X304; X11; X31), Which has indeterminacy generated by X3iX%,5Xsgg. Therefore,
(v[20; 41y[25; 5]%; y[1; 1]; y[3; 1]) = y[25;51°, and y[3; 1]y[97; 17] = y[25; 5]*. O

Proposition 6.7. y[20; 4]x[80;15] =0

Proof. In Adams E3-page Xs27Xass = (X327; X204; X123X153), then x[80; 15] € (x[32; 7]; y[20; 4]; y[27; 6]).
Therefore,

y[20; 4]x[80; 15] € (x[32; 71, y[20; 4]; y[27; 6])y[20; 4] = x[32; 7](y[20; 4]; y[27; 6]; y[20; 4])

Then y[20; 4]x[80; 15] is divided by x[32;7], and hence cannot be y[20;4]°. Thus it must be 0 by
the reason of im( ). O

Proposition 6.8. 2y[104;19] =0

Proof. Since XgaXigg = (Xs3;X3s5; X204) in Adams E,-page, y[104;19] can be chosen to be the
element in (y[8; 3];y[25; 51%;y[20;4]). Then 2y[104;19] = (2;y[8;3]; y[25;5]3)y[20; 4] is divided by
y[20; 4], which must be zero because of im( ). O
Proposition 6.9. y[3; 1]y[51; 9]% = y[25; 5]x[80; 15] + y[20; 4]*y[25; 5] + X[8; 4]y[97; 17]

Proof. Note that y[3;1]y[51;9]? is annihilated by x[8;4] and y[20; 4], the only possible nontrivial
candidate for it is y[25; 5]x[80; 15] + y[20; 4]*y[25; 5] + X[8; 4]y[97; 17]. Then

y[3; 11y[51; 91* = y[3; 11°y[99; 17] € (y[25; 5]°; y[20; 41; y[3; 11°) = (y[25; 5]; y[20; 4]; y[1; 11y[8: 3])

Since (X3gs; X204; X11X83) = X11XgaXigg IN Adams E4-page, y[3; 1ly[51;9]? is nontrivial, then the
proposition is derived. O

Proposition 6.10. 2y[110;20] = y[14; 4]x[96; 17] = y[20; 4]3y[25; 5]?
Proof. Suppose 2y[110;20] = 0, then y[1; 1]y[110; 20] = (2;y[110; 20]; 2), and hence
y[1; 1]y[14; 4]y[110; 20] = (2;y[110; 20]; 2)y[14; 4] = 2(y[110; 20]; 2; y[14; 4]
which is impossible by degree reasons. Therefore 2y[110; 20] = y[20; 4]3y[25; 5]°. Also note that
y[14; 41x[96; 17] = (y[20; 41y[25; 5], y[25; 5]; 2)y[14; 4] = y[20; 4ly[25; 5] (y[25; 5]; 2; y[14; 4])
where
2(y[25;5]; 2, y[14; 4]) = (2;y[25; 5]; 2)y[14; 4] = y[1; 1]y[25; 5]y[14; 4] = 2y[20; 4]
Hence y[14; 4]x[96; 17] = y[20; 4]3y[25; 5]°. O
Proposition 6.11. y[1;1]y[20; 4]y[97; 17] = y[14; 4]y[104; 19] = y[14; 4]x[104; 20]
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Proof.
y[L; 11y[20; 41y[97; 17] = (y[25; 5]; y[20; 41y[25; 5]%; Y[1; 11°y[20; 4])
= (y[25; 5]; y[20; 4]y[25; 5]%; X[8; 4]y[14; 4]) = y[14; 4]x[104; 20]
by the Massey products in Adams E4-page. Note that y[1; 1]y[110; 20] = (y[104; 19]; y[3; 1]; 2y[3; 1])

by the Massey product hi;ho(1)? = (h11ho(1); hi2; highyz) in May E4-page, if y[14; 4]y[104; 19] = 0,
then

y[1; 1]y[14; 4]y[110; 20] = y[14; 4](y[104; 19]; y[3; 1]; 2y[3; 1]) = (y[14; 4], y[104; 19]; y[3; 1])2y[3; 1]
while y[1; 1]y[14; 4]y[110; 20] cannot be divided by 2 by degree reasons. O
Proposition 6.12. y[1;1]y[123; 22] = y[20; 4]x[104; 20]

Proof. By the Massey product in Adams E,-page, y[123;22] € (y[25;5]3;y[20; 4]; y[27; 6]), which
has indeterminacy generated by 2y[123;22]. Therefore,

y[L; 11y[123; 22] = y[1; 1](y[25; 5]°; y[20; 4]; y[27; 6])
= (y[1; 11; y[25; 5]°; y[20; 4])y[27; 6] = y[97; 17]y[27; 6] = y[20; 4]x[104; 20]
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Appendix A Tables and Charts

Table A.1: Basis of Adams E,-page as an F»[Xgs; Xagg]-module

elements (t—s;s) elements (t—s;s) elements (t—s;s)
X0y 0;n) X01X174 7;5) X327 32;7)

X11 1) X31X153 (18;4) X01X327 (32;8)

X5, (2;2) X11X174 (18;5) X871 X327 (32,9)

X31 @1 X01X204 (20;5) X11X327 (33;8)
X01X31 (3, 2) X31X204 (20, 6) X%1X327 (34, 9)

X3, (3;3) X11X204 (21;5) X0 X303 (36;9+n)
X3 (6:2) X0y X523 (24,6 +n) | xPp3Xis3 (39;9)

Xg3 (8:3) X255 (25;5) X123X144X153  (41;10)
X11Xg3 9:4) X11X255 (26;6) X123X553 (42,9)




(continued)

Xga-Stable Xga-unstable
elements (t—s;s) elements (t—s;s)
X144X174 (31,8)

X327 (32;7)
X153X174 (32,7)
X01X327 (32;8)

X1 X327 (32;9)
X11X327 (33;8)

X374 (34;8)

X0y %305 (36;10 + n)
X174X204 (37,8)
X$23X153 (39;9)

X504 (40;8)
X123X144X153 (41,10)
X123X%53 (42, 9)
X144X%53 (44, 10)
X353 (45;9)
X144X153X174 (46;11)
X0 X488 (48:9 + n)
X11X488 (49;9)
X153X%74 (49, 11)
X%1X438 (50, 10)
X%53X204 (50, 10)
X31X488 (51,9)

X374 (51;12)
X153X174X204 (52;11)
X%74X204 (54, 12)
X153X%04 (55, 11)
Xg3Xag8 (56;11)
X123X144X353 (56;13)
X11Xg3Xag8 (57,12)
X174X%04 (57, 12)
X304 (60;12)
X01 *X123Xags  (60;14 +n)
X01X144X488 (62,13)
X01X31X123X488  (63;13)
X01X174X488 (65;13)
X31X123X488 (66; 13)
X153X?74 (66, 15)
X01X204X488 (68;13)
X11X204X488 (69;13)
X153X274X204 (69;15)
X0 X% ,5%ags (72315 + n)
X11X255X488 (74;14)

(to be continued)
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(continued)

Xga-Stable Xga-unstable

elements (t—s;s) elements (t—s;s)
X31X%23X488 (75, 15)

X327Xa88 (80, 15)

X01X327X488 (80, 16)

X3, X327 X488 (80,17)

X11X327X488 (81;16)

X$1 X327 X488 (82;17)

X0y 1x3aXags  (84;18 +n)

Table A.3: Basis of Adams E4-page as an Fy[x3gg]-module

Xga-Stable Xga-Unstable
elements (t—-s;s) elements (t—-s;s)
X1 ©O;n) X31 31
X11 @G Xo1X31 3:2)
x4 (2;2) X3 (3:3)
X0 3 X123 (12;6 +n) X3, (6:2)
X144 (14;4) Xg3 (8;3)
X204 (20, 4) X11Xg3 (9;4)
X05 X353 (24;7+n) X11X144 (15;5)
X255 (25;5) Xo1X174 7;5)
X11X255 (26;6) X01X204 (20;5)
X123X153 (27;6) X§1 X204 (20;6)
X144X174 (31,8) X11X204 (21,5)
X327 (32;7) X31X393 @7
X153X174 (32;7) X11X327 (33;8)
X01X327 (32;8) X304 (40; 8)
X§1X327 (32,9) Xg1X31X488 (51, 10)
X 34;8 X34 X, 51;11
o Gae) | e (110
Xo1 ~ Xi23 (36;10 +n) | X51X4ss (54;10)
X174X204 (37;8) X§74X204 (54;12)
X2,3X153 (39,9) X174X504 + X11Xg3X4g8 (57;12)
X123X144X153 (41, 10) X§O4 (60, 12)
X%44X%53 (44, 10) X21X174X488 (65;13)
X$s53 (45;9) X$53X204 (65;13)
X144X153X174 (46;11) X31X204X488 (68;14)
X0 X488 (48;9 +n) XZe3X304 (70;14)
X153X374 (49;11) X153X304 (75; 15)
X2, X488 (50; 10) X304 (80; 16)
X$53%204 (50;10) X353%504 (85;17)
x§1x488 ESl; 9) ) XZe3X304 290; 183
X153X174X204 (52;11) X01X31X5g8 (99; 18)

(to be continued)
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(continued)

Xga-Stable Xga-unstable

elements (t—s;9) elements (t—s;s)
X153X504 (55;11) X31X588 (99;19)
Xg3X488 (56, 11) X204 (100, 20)
X123X144X553 (56; 13) X31X5g8 (102; 18)
X11Xg83X488 (57, 12) X83X42188 (104, 19)
X8f3X123X438 (60, 14 + n) X11X83X42188 (105, 20)
X01X144X488 (62, 13) X§53Xgo4 (105, 21)
X153X374 (66; 15) X2e3X304 (110;22)
X01X204X488 (68;13) X11X144X35g (111;21)
X153X274X204 (69; 15) X01X174X3gg (113;21)
X0y X3 03X 488 (72;15) X01X204X488 (116;21)
X31X%23X488 (75, 15) Xng204X‘2‘88 (116, 22)
X327X488 (80; 15) X11X204X588 (117;21)
X01X327X488 (80, 16) X31X%23X42188 (123, 23)
X51X327X488 (80, 17) X11X34X204X‘2188 (125, 25)
X11X327X488 (81;16) X11X327 X588 (129; 24)
X21X327X488 (82;17) X2e3X304 (130; 26)
XD X3 55X a8 (84,18 +n) | Xo1X31X3gg (147; 26)
X0y X588 (96,17 +n) | x3;x3gq (147;27)
X11X3gg (97;17) X3, X388 (150; 26)
X§1X4gs (98;18) X$74X204X5gs (150;28)
XgaXigs (104; 20) X174X304X3g5 + X11Xg3X3gg  (153; 28)
XDi 3 X123X4gg (108;22 + n) | Xo1X174X3gg (161; 29)
X144X42188 (110, 20) X%1X204X388 (164, 30)
X0y X203 X588 (120;23 + n)

X11X255 X358 (122;22)

X123X153X5g8 (123;22)

X84X204X42188 (124, 24)

X144X174X£2188 (127, 24)

X327X42188 (128, 23)

X153X174X5gg (128;23)

X01X327X3g8 (128; 24)

X31X327X58 (128; 25)

X%74X388 (130;24)

X011 X393 X588 (132;26 +n)

X174X204X42188 (133, 24)

X323X153X58s (135;25)

X123X144X153X5gg  (137; 26)

X144X253X250 (140; 26)

X144X153X174X5gg  (142;27)

X0y 1 x3gs (144; 25 + n)

X153X274 X258 (145; 27)

X{1X3ss (146; 26)

(to be continued)
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(continued)

Xga-Stable Xga-unstable
elements (t—s;9) elements (t—s;s)
X31X3gg (147, 25)
X374%583 (147;28)
X153X174X204X5gg  (148;27)
Xg4X353X388 (149; 29)
Xg3X3gs (152;27)
X123X144X355X5es  (152;29)
X11X83X§188 (153, 28)
X84X%53X204X¢2188 (154, 30)

XDi 3 X123%3 g8 (156; 30 + n)
X01X144X288 (158, 29)
X84X153X%04X¢2188 (159, 31)
X153X374 X488 (162;31)
X01X204X288 (164, 29)
X153X{74X204X3gs  (165;31)

X0r X33 X3gg (168;31 +n)
X31X223X3gg (171;31)
X327X3g8 (176;31)
X01X327X3g8 (176; 32)
X(2)1X327X§188 (176, 33)
X11X327X388 (177, 32)
X21X327X3gg (178; 33)
X05 X353X38 (180;34 +n)

Table A.4: Basis of Adams E,-page as an F,[x4gg]-module

Xga-Stable Xga-unstable

elements (t—s;s) elements (t—-s;s)
X01 (0;n) X31 (3;1)
X11 1;1) X01X31 3;2)
X4y (2:2) X3y (3:3)
Xp1 >X123 (126 +n) | x5 (6:2)
Xo1 X503 (24,7 +n) Xg3 (8:3)
X255 (25;5) X11Xg3 (9:4)
X11X255 (26, 6) X144 (14, 4)
X327 (32;7) X11X144 (15;5)
X01X327 (32;8) X01X174 @ar;5)
X1 X327 (32;9) X204 (20;4)
Xp1 X3p3 (36;10+n) | Xo1X204 (20;5)
X0; *Xags (48,10 +n) | X31X204 (20;6)
X555 (50;10) X11X204 (21,5)
Xg3X488 (56;11) X8aX144 (22;8)
X01X84X488 + X123X144X353 (56, 13) X123X153 (27,6)

(to be continued)
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(continued)

Xga-Stable Xga-unstable
elements (t—s;9) elements (t—s;s)
X11Xg83X488 (57, 12) X31X%23 (27, 7)
X0h3X123Xag8 (60;14 +n) | XgaXo04 (28;8)
X1 X353 X488 (72;15+n) | X327 + X153X174 (32;7)
X327X488 (80;15) X11X327 (33;8)
X01X327X488 (80, 16) X374 (34,8)
X31X327Xa88 (80;17) XgaX123X153 (35;10)
X11X327X488 (81;16) X493X153 (39;9)
X%1X327X488 (82, 17) X%O4 (40, 8)
X0 X353 X488 (84,18 +n) | Xga(Xzz7 + X153X174) (40;11)
X05 "X (96,17 +n) | X123X144X153 (41;10)
X11X3gg (97;17) Xga4X37, (42;12)
X$1X388 (98;18) X353 (45;9)
XgaX3gg (104; 20) X144X153X174 (46;11)
XSI-SX123X£2188 (108, 22 + n) X31X488 (51, 9)
X0y X253 X588 (120;23 +n) | Xo1X31X488 (51;10)
X11X255X42188 (122, 22) X§1X488 (51, 11)
X327X388 (128; 23) X153X174X204 (52;11)
X01X327X£2188 (128, 24) X84X%53 (53, 13)
X31X327X3g8 (128; 25) X31 X488 (54;10)
Xg4X255X388 (129; 25) X224%204 (54;12)
X0h X33 X5gs (132;26 +N) | X174X504 + X11Xg3X488 (57;12)
XSI_ZXigg (144, 26 + n) X31XgaX488 (59, 13)
Xg3X3gs (152; 27) X304 (60;12)
X01X84X3gg + X123X144X353X555  (152; 29) X84X153X174X204 (60; 15)
X11X83X3g8 (153;28) X01X174X488 (65;13)
Xg4X555X3gg (154; 30) X353X204 (65;13)
XDy 3X123X3g8 (156;30 + n) | x153%37, (66; 15)
Xo1  X323X5es (168;31 +n) | X§1X204Xas8 (68;14)
X327X388 (176; 31) X253X204 (70;14)
X01X327X288 (176, 32) X153Xgo4 + X31X%23X483 (75, 15)
X31X327X3gg (176; 33) X304 (80; 16)
X11X327X3gg (177, 32) X353X304 (85;17)
X$1X327X388 (178;33) X%55X304 (90;18)
Xo1 X323X5es (180;34+n) | Xa1X3gg (99;17)
X01X31 X388 (99;18)
X31 X458 (99; 19)
X504 (100; 20)
X3, X355 (102; 18)
Xg3X5gs (104; 19)
X11X33X‘2188 (105, 20)
X353X304 (105; 21)
X144X42188 (110, 20)

(to be continued)
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(continued)

Xga-unstable s
s (t—s;9) eleme?ts RN
elements X53X504 , T

X11X144X‘2188 (113;21)

RO (116;21)

X01X204X42;33 (116, 22)

X51X204X]gs (117 21)

X11X204X5g8 (18, 26)

X84X144X‘21§8 (123;22)

X123X153)§488 (123 23)

X31X%23X£2188 (124, 24)

Xg8aX204X3g8 ) (125: 25

X11X84X204X488 ) 128, 23)

X174)X4gg (128;

(X327 + X153X17 (129,229

e an (130; 24)

X%74X§188 (130, 26)

X153%X204 ) (131, 26)

g (135; 25)

X123X153X388 ) o

Xfls4(X327 + X1523X174)X488 82? 26;

X123X144X153X3gg (138, 28)

X84X574X588 ) (142, 27)

X144>§153X174X438 (147: 25)

e (147; 26)

030 Wi (147;27)

X31X3ss ) (148, 27

X153X174X204X488 (149, 29)

X84X353X588 (150, 26)

X31 X388 ) (150, 28)

X%74X20‘)1(X48§< 4X%gg (150; 31)

Xg4X144X153X174Xy .

X174%504 X488 + X11X83X3gg 822 gg;

gt 2 (156; 31)

X84X153X174X204 X438 (161, 29)

XOleMXigB (162;31)

X153X374 X388 (164, 30)

X31X204X388
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