
























Hence (here it becomes useful that we are dealing with the ℓk∞ norm, as it commutes with powering),

∀x, y ∈ M, dM(x, y)θ ⩽ max
i∈{1,...,k}

|fi(x)− fi(y)|θ ⩽
α

1 + δ
dM(x, y)θ.

By works of Kahane [?] and Talagrand [?], there is m = m(δ, θ) and a mapping (a quasi-helix) h : R → Rm

such that |s− t|θ ⩽ ∥h(s)− h(t)∥ℓm∞ ⩽ (1 + δ)|s− t|θ for all s, t ∈ R. The mapping

(x ∈ M) 7→
k⊕

i=1

h ◦ fi(x) ∈
k⊕

i=1

ℓm∞

is a distortion-α embedding of the θ-snowflake (M, dθM) into a normed space of dimension mk ≲α,θ nc/α1/θ . The
implicit dependence on α, θ that [?, ?] imply here is quite good, but likely not sharp as α→ 1+ when θ ̸= 1

2 .

Since the expressions in (12) are somewhat involved, it is beneficial to restate them on a case-by-case basis
as follows. For sufficiently large α, we have a bound4 that is sharp up to universal constant factors.

α ⩾ (log n) log log n =⇒ kαn(ℓ∞) ≍ log n

log
(

α
logn

) . (20)

For a range of smaller values of α, including those α that do not tend to ∞ with n, we have

1 ⩽ α ⩽ log n

log log n
=⇒ n

c
α ≲ kαn(ℓ∞) ≲ n

C
α . (21)

(21) satisfactorily shows that the asymptotic behavior of kαn(ℓ∞) is of power-type, but it is not as sharp as (20).
We suspect that determining the correct exponent of n in the power-type dependence of kαn(ℓ∞) would be
challenging (there is indication [?, ?], partially assuming a positive answer to a difficult conjecture of Erdős [?, ?],
that this exponent has infinitely many jump discontinuities as a function of α). In an intermediate range
(log n)/ log log n ≲ α ≲ (log n) log log n the bounds (12) are less satisfactory. The case α ≍ log n, corresponding
to the distortion in Bourgain’s embedding theorem, is especially intriguing, with (12) becoming

log n

log log log n
≲ kΘ(logn)

n (ℓ∞) ≲ log n. (22)

The first inequality in (22

















To verify the identity (35), consider the singular value decomposition

A = U



s1(A) 0 . . . . . . 0

0 s2(A)
. . . . . . ...

... . . . . . . . . . ...

... . . . . . . . . . 0
0 . . . . . . 0 sk(A)

ProjRkV, (37)

where U ∈ Ok and V ∈ On−1. If O ∈ On−1 is distributed according to HOn−1 , then by the left-invariance of
HOn−1 we know that VO is distributed according to HOn−1 . By rotation-invariance and uniqueness of Haar
measure on Sn−2 (e.g. [?]), it follows that for every z ∈ Sn−1 the random vector VOz is distributed according
to the normalized Haar measure on Sn−2. So, ProjRkVOz is distributed on the Euclidean unit ball of Rk, with
density (

u ∈ Rk
)
7→

Γ
(
n−1
2

)
π

k
2Γ
(
n−1−k

2

) (1− ∥u∥2
ℓk2

)n−k−3
2

1{
∥u∥

ℓk2
⩽1
}. (38)

See [?] for a proof of this distributional identity (or [?, Corollary 4] for a more general derivation); in codimension
2, namely k = n − 3, this is a higher-dimensional analogue of Archimedes’ theorem that the projection to R
of the uniform surface area measure on the unit Euclidean sphere in R3 is the Lebesgue measure on [−1, 1].
Recalling (37), it follows from this discussion that the Euclidean norm of AOz has the same distribution as
(
∑k

i=1 si(A)
2u2i )

1/2, where u = (u1, . . . , uk) ∈ Rk is distributed according to the density (38). The identity (35)
now follows by integration in polar coordinates (ω, r) ∈ Sk−1 × [0,∞), followed by the change of variable
s = 1/r.

Next, ψαn,k vanishes on [0, 1], increases on [1,α], and is smooth on [α,∞). The integrand in (36) is at most
s−k−1, so limσ→∞ψ

α
n,k(σ) = 0. By directly differentiating (36) and simplifying the resulting expression, one

sees that if σ ∈ [α,∞), then (ψαn,k)
′(σ) = 0 if and only if σ = σmax(n, k,α), where

σmax(n, k,α)
def
=

√√√√









The analogue of Question 41 is known to fail in some non-Hilbertian settings. Specifically, it follows from [?,
?, ?] that for every p ∈ (2,∞) there exists a doubling subset Dp of Lp(R) that does not admit a bi-Lipschitz
embedding into any Lq(µ) space for any q ∈ [1, p). So, in particular there is no bi-Lipschitz embedding of Dp

into any finite-dimensional normed space, and a fortiori there is no such embedding into any finite-dimensional
subspace of Lp(R). Note that in [?] this statement is made for embeddings of Dp into Lq(µ) in the reflexive
range q ∈ (1, p), and the case q = 1 is treated in [?] only when p ⩾ p0 for some universal constant p0 > 2.
The fact that Dp does not admit a bi-Lipschitz embedding into any L1(µ) space follows by combining the
argument of [?] with the more recent result7 of [?, ?] when the underlying group in the construction of [?] is the
5-dimensional Heisenberg group; interestingly we now know [?] that if one carries out the construction of [?] for
the 3-dimensional Heisenberg group, then the reasoning of [?] would yield the above conclusion only when p > 4.
A different example of a doubling subset of Lp(R) that fails to embed bi-Lipschitzly into ℓkp for any k ∈ N was
found in [?]. In L1(R), there is an even stronger counterexample [?, Remark 1.4]: By [?], the spaces considered
in [?, ?] yields a doubling subset of L1(R) that by [









Since we are assuming in Lemma 43 that the shortest cycle in the template graph G has length at least g, it
follows from Claim 42 that dGσ

(λ+i , λ
−
i ) ⩾ g for all i ∈ {1, . . . , n} and σ : E → {−,+}. So,

ds,Tσ (λ+i , λ
−
i )

(46)
= min

{
sdGσ

(λ+i , λ
−
i ), T

}
⩾ min{sg, T} (47)

= sg. (63)

Recalling (45), we have {λσ(i,j)i , ρj} ∈ Eσ for all (i, j) ∈ E. Hence dGσ
(λ
σ(i,j)
i , ρj) = 1 and therefore

ds,Tσ
(
λ
σ(i,j)
i , ρj

) (46)
⩽ sdGσ

(
λ
σ(i,j)
i , ρj

)
= s. (64)

Consequently, for every (i, j) ∈ E and σ ∈ B∆ we have

σ(i, j)aσij
(62)
⩾ 1

2
z∗σ,i
(
fσ(λ

+
i )− fσ(λ

−
i )
)
−
∥∥z∗σ,i∥∥X∗

σ
·
∥∥∥fσ(ρj)− fσ

(
λ
σ(i,j)
i

)∥∥∥
Xσ

(60)
=

1

2

∥∥fσ(λ+i )− fσ(λ
−
i )
∥∥
Xσ

−
∥∥∥fσ(ρj)− fσ

(
λ
σ(i,j)
i

)∥∥∥
Xσ

(59)
⩾ 1

2
ω
(
ds,Tσ (λ+i , λ

−
i )
)
− Ω

(
ds,Tσ

(
λ
σ(i,j)
i , ρj

))
(63)∧(64)

⩾ 1

2
ω(sg)− Ω(s)

(47)
> 0.

Hence, aσij ̸= 0 and sign(aσij) = σ(i, j) for all (i, j) ∈ E and σ ∈ B∆. This is precisely the setting of Lemma 44
(with m = |B∆|), from which we conclude that there exists τ ∈ B∆ such that

rank(Aτ) ⩾
c log |B∆|

n log
(

|E|
log |B∆|

) , (65)

where c ∈ (0,∞) is a universal constant. Henceforth, we shall fix a specific τ ∈ B∆ as in (65).
Since τ ∈ B∆ we have dim(Xτ) = ∆, so we can fix a basis e1τ, . . . , e

∆
τ of Xτ and for every j ∈ {1, . . . , n} write

fτ(ρj) = γ
1
τ,je

1
τ + . . .+ γ∆τ,je

∆
τ for some scalars γ1τ,j , . . . ,γ∆τ,j ∈ R. Hence,

(aτij)
n
i=1

(61)
= γ1τ,j

(
z∗τ,i(e

1
τ)
)n
i=1

+ . . .+ γ∆τ,j
(
z∗τ,i(e

∆
τ )
)n
i=1

− 1

2

(
z∗σ,i
(
fτ(λ

+
i ) + fτ(λ

−
i )
))n

i=1
.

We have thus expressed the columns of the matrix Aτ as elements of the span of the ∆+ 1 vectors(
z∗τ,i(e

1
τ)
)n
i=1

,
(
z∗τ,i(e

2
τ)
)n
i=1

, . . . ,
(
z∗τ,i(e

∆
τ )
)n
i=1

,
(
z∗σ,i
(
fτ(λ

+
i ) + fτ(λ

−
i )
))n

i=1
∈ Rn.

Consequently, the rank of Aτ is at most ∆+ 1 ⩽ 2∆. By contrasting this with (65), we see that
|E|

log |B∆|
log

(
|E|

log |B∆|

)
⩾ c|E|

2∆n
. (66)

We shall now conclude by showing that Lemma 43 holds true with η = c/2. Indeed, fix δ ∈ (0, 13 ] and
observe that we may assume also that δη|E|/n ⩾ 1, since otherwise the left hand side of (48) vanishes. Then,
by choosing ∆ = ⌊δη|E|/n⌋ ∈ N in the above reasoning it follows from (66) that

|E|
log |B∆|

log

(
|E|

log |B∆|

)
⩾ c

2δη
=

1

δ
⩾ 3 > e.

This implies that |B∆| ⩽ δ−δ|E|. Equivalently, P[B∆] ⩽ (2δ)−δ|E|, which is the desired bound (48). □

5. Nonlinear spectral gaps and impossibility of average dimension reduction

Fix n ∈ N and an irreducible reversible row-stochastic matrix A = (aij) ∈ Mn(R). This implies that there is a
unique8 A-stationary probability measure π = (π1, . . . ,πn) ∈ [0, 1]n on {1, . . . , n}, namely πA = π, and we have
the reversibility condition πiaij = πjaji for all i, j ∈ {1, . . . , n}. Then A is a self-adjoint contraction on L2(π),
and we denote by 1 = λ1(A) ⩾ λ2(A) ⩾ . . . ⩾ λn(A) ⩾ −1 the decreasing rearrangement of its eigenvalues.

8We are assuming irreducibility only for notational convenience, namely so that π will be unique and could therefore be suppressed
in the ensuing notation. Our arguments work for any stochastic matrix and any probability measure π on {1, . . . , n} with respect
to which A is reversible. We suggest focusing initially on the case when A is symmetric and π is the uniform measure on {1, . . . , n},
though the general case is useful for treating graphs that are not regular, e.g. those of Section 4. See [?] for the relevant background.
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